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Ergodic measures with infinite entropy
by

Eleonora Catsigeras (Montevideo) and Serge Troubetzkoy (Marseille)

Abstract. We construct ergodic probability measures with infinite metric entropy for
generic continuous maps and homeomorphisms on compact manifolds. We also construct
sequences of such measures that converge to a zero-entropy measure.

1. Introduction. Let M be a C' compact manifold of finite dimension
m > 1, equipped with a Riemannian metric dist. The manifold M may
or may not have boundary. Let C°(M) be the space of continuous maps
f: M — M with the metric

If = gllco := maxdist(f(2), g(x)) Vf.g€ C°(M).

We denote by Hom (M) the space of homeomorphisms f : M — M with the
metric

1f = glltom := max {|[f = gllco, | " = g7 oo}  V¥f.g € Hom(M).

We note that the topology induced in Hom(M) by the above metric
is the subspace topology induced by C°(M). Nevertheless, the metrics are
different.

Since the metric spaces C°(M) and Hom(M) are complete, the Baire
category theorem holds, namely a countable intersection of open dense sets
is dense. A subset S C C°(M) (or S C Hom(M)) is called a Gs-set if it is
a countable intersection of open subsets of CO(M) (resp. Hom(M)). We say
that a property P of maps f € CO(M) (or f € Hom(M)) is generic, or that
generic maps satisfy P, if the set of maps that satisfy P contains a dense
Gs-set in C°(M) (resp. Hom(M)).

The main result of this article is the following theorem.
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THEOREM 1.1. A generic map f € C°(M) has an ergodic Borel proba-
bility measure p such that h,(f) = +o0o and there exists p > 1 such that p
1s mizing for the map fP.

REMARK. In the case where M is a compact interval, Theorem [I.1] was
proved in [CT) Theorem 39, and p. 33, second paragraph|. The statements
and proofs of [CT] also hold for continuous maps of the circle S*. In fact,
each f € C(S') can be represented by a continuous map f in [0, 1] such that
f(0) = f(1). In the proof of genericity of the properties studied in [CT], no
restrictions on the images of the endpoints 0 and 1 are imposed. In particular,
the proof of the denseness condition was obtained by perturbing the map only
in the interior of a finite number of compact subintervals contained in [0, 1].
Finally, if a one-dimensional compact manifold M is not connected, the
arguments of [CT] applied to a recurrent connected component of M extend
the results to C'(M). This is why in this paper we will prove Theorem
only for m-dimensional manifolds with m > 2.

Yano proved that generic continuous maps of compact manifolds with or
without boundary have infinite topological entropy [Yal. Therefore, from the
variational principle, there exist invariant measures with metric entropies
as large as required. Nevertheless, this property alone does not imply the
existence of invariant measures with infinite metric entropy. In fact, it is
well known that the metric entropy function p — h,(f) is not upper semi-
continuous for C%-generic systems. Moreover, we prove that it is strongly
non-upper-semicontinuous in the following sense:

THEOREM 1.2. For a generic map f € C°(M) there exists a sequence of
ergodic measures i, such that for all n > 1 we have hy, (f) = +oo and

Bm* p, = p with  h,(f) =0,

n—oo

where im* denotes the limit in the space of probability measures endowed
with the weak® topology.

Theorem holds for any m-dimensional manifold, including m = 1.
In this paper we will prove it for m > 2, but the proof for m = 1 is easily
obtained by repeating our proof after some trivial substitutions that are
explained at the beginning of Section [f]

Even if we had a priori some f-invariant measure p with infinite metric
entropy, we do not know if this property alone implies the existence of er-
godic measures with infinite metric entropy as Theorems and state.
Actually, if © had infinitely many ergodic components, the proof that the
metric entropy of at least one of those components must be larger than or
equal to the entropy of p uses the upper semicontinuity of the metric entropy
function (see for instance |[Ke, Theorem 4.3.7, p. 75|).
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Yano also proved that generic homeomorphisms on manifolds of dimen-
sion 2 or larger have infinite topological entropy [Ya]. Thus one wonders if
Theorems and hold also for homeomorphisms. We give a positive
answer to this question for m > 2. If M is one-dimensional then a homeo-
morphism of M has zero topological entropy, so the following two theorems
do not hold for one-dimensional manifolds.

THEOREM 1.3. If dim(M) > 2, then a generic homeomorphism f €
Hom(M) has an ergodic Borel probability measure p satisfying h,(f) = 400
and there exists p > 1 such that p is mizing for the map fP.

THEOREM 1.4. If dim(M) > 2, then for a generic homeomorphism f €
Hom(M) there exists a sequence of ergodic measures pi, such that for all
n > 1 we have hy, (f) = +00 and

im* p, = with  h,(f) =0.

n—oo

To prove Theorems and [L.4)in dimension 2 or larger, we construct
a family H of continuous maps, called models, on the cube [0, 1]™, including
some homeomorphisms of the cube onto itself, which have a complicated
behavior on a Cantor set (Definition [2.5). In the proof of Theorem in
dimension 1, the family H of model maps in M we use is the set of continuous
maps that have an “atom doubling cascade”, according to [CT), Definition 35|.

In any dimension m > 1, a periodic shrinking box is a compact set
K C M that is homeomorphic to the cube [0,1]™ and such that for some
p > 1,thesets K, f(K), ..., fP~1(K) are pairwise disjoint and fP(K) C int(K)
(Definition [4.1)).

The main steps of the proofs of Theorems and are the following
results.

LEMMA [3.1} For m > 1, any model & € H on the cube [0,1]™ has a
D-invariant mizing measure v such that h, (®) = +00.

LEMMAS and . For m > 1, generic maps in C°(M), and generic

homeomorphisms of M, have a periodic shrinking boz.

LEMMAS and . If m > 1 then generic maps f € CO(M), and if
m > 2 also generic homeomorphisms of M, have a periodic shrinking box K
such that the return map fP|x is topologically conjugate to a model ® € H.

We prove and use Lemma [3.1] only for m > 2 since the case m = 1 was
proven in [CT| Theorem 38|. The other results in the above list will be fully
proven here even in the case m = 1, independently of [CT].

A good sequence of periodic shrinking bozes is a sequence {K,}n>1 of
periodic shrinking boxes which accumulate (with the Hausdorff distance) on
a periodic point xg, and moreover their iterates f7(K,) accumulate on the
periodic orbit of xg, uniformly for j > 0 (see Definition . The main tools
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used in the proofs of Theorems and are Theorems (for m > 1)
and [I.3] and Lemmas [£.2] [A.5] [4.7] and [£.8] together with

LEMMA If m > 1 then a generic map f € CO(M), and if m > 2
also a generic homeomorphism f, has a good sequence {Ky,} of boxes such
that the return map fPr|g, is topologically conjugate to a model @, € H.

2. Construction of the family of models. We call a compact set
K C D™ :=[0,1]™ or more generally K C M (where M is an m-dimensional
manifold with m > 1) a boz if it is homeomorphic to D™. Models are certain
continuous maps of D™ that we will define in this section.

We denote by Emb(D™) the space of embeddings ¢ : D™ — D™ (i.e.,
& is a homeomorphism onto its image), with the topology of a subspace

of CO(D™).

DEFINITION 2.1. For m = 1 a model is a map that has an “atom doubling
cascade” according to [CT) Definition 35]. Let H be the set of all model maps.

In the rest of this section we construct the family H of model maps for
m > 2.

DEFINITION 2.2 (®-relation from a box to another). Let & € C°(D™).
Let B,C C int(D™) be two boxes. We write

BEC if o(B)Nint(C) £ 0.

Observe that this condition is open in CY(D™). Let A be a finite family of
boxes. Denote

A% .= {(B,C)e A2: B % (1,
A¥ = {(D,B,C) e A*: D2 B, B Y.
For all n > 0 we now define atoms of generation n for a map ¢ € C°(D™).

DEFINITION 2.3 (Atoms of generations 0 < n < k; see Figure [1)). Fix
@ € C°(D™) and collections Ag, Aj, . . . , A of boxes contained in the interior
of D™. For n > 1 and for (D, B,C) € A3* | we define

2,(B) :={G € A, : G C int(B)},
2,(D,B) :={G € 2,(B): D % G},
I(D,B,C):={G e 2,(D,B): G % C}.
Suppose that the following conditions hold for all 1 <n < k:

(i) The family A, consists of 2" pairwise disjoint boxes.
(ii) For all B € A,,

#{Cedy:BSHCr=2", #{DecA,:DL B} =2
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Fig. 1. An atom A of generation 0 and two atoms B, C of generation 1 for a map & of D?.

Suppose furthermore:

(a) #20(B) = #2,(B') for all B,B' € Ap_1, and A, = Upea, , 2n(B).

(b) For all (D, B) # (D', B') € A* |,

#0,(D,B) = #02,(D',B") and ,(D,B)N2,(D',B') = 0.
Moreover, 2, (B) = UD:(D,B)EAi’il 2,(D,B) for all Be€ A,,_;.

(c) Forall (D,B,C)# (D',B',C") € A> ,,

#Fn(D,B,C) = #Fn(D/aB,,Cl) and Fn(D,B,C)ﬂFn(D,,B/,C,) = @,
and for all (D, B) € A%*

n—1
(2.1) 2,(D,B) = U I, (D,B,C),
C:(B,C)eA2" |
(d) For each (D, B,C) € A3* | and each G € I,(D, B, C),
S(G)NE=0 VEeA,\ 2,(B,C).
Then we call the members of A,, atoms of generation n or n-atoms.

REMARK 2.4. From conditions (i), (ii) and (a)—(d) of Definition [2.3] we
deduce the following properties of the families of atoms for @ € C°(D™):

e #0,(B) = 2271 for all B € A,_1. In fact, the families (2, (B) are
pairwise disjoint because any two different atoms of generation n are disjoint.
Therefore, from condition (a), we obtain

hence #£2,(B) = 22n~1,
e #0,(D,B) = 2" for all (D, B) € A% |. In fact, from condition (b),

2,(B) = U Q,(D,B) VYBe A,_1,
D:(D,B)eA%* |
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where the families of atoms in the above union are pairwise disjoint. Thus,
for any B € A,,_; we have

#0,(B) = #{D € Ay_1: D % B} - #0,(D, B)
=2""1 #0,(D,B) = 2",
hence #(2,(D, B) = 2".
e #I,(D,B,C) = 2 for all (D,B,C) € A% ;. In fact, from conditions

(ii) and (c), for each 2-tuple (D, B) € A2* ; the collection £2,(D, B) is par-
titioned into 2"~! pairwise disjoint subcollections I',(D, B,C), where the
atoms C' € A,_; are such that B 2 C. Since #$2,(D,B) = 2" (proved
above), we deduce that #1,(D, B,C) = 2. For example, in Figurewe have
I,(C,B,C) ={F,G}.

Fig. 2. An atom A of generation 0, two atoms B, C' of generation 1, and 16 atoms of gen-
eration 2. In particular, the two atoms G, H of generation 2 satisfy I>(C, B,C) = {G, H}.

e As a straightforward consequence of conditions (a)—(c) we obtain
(2.2) A= |J (D B,O),
(D,B,C)eAT
where the families of atoms in the union are pairwise disjoint.

e For each (D,B,C) € A3* |, each G € I,(D,B,C) and all E € A,,

n—1»
either G 2 E, and this occurs if and only if £ € £2,,(B,C), or ®(G)NE =0,
and this occurs if and only if E ¢ 2,(B,C). In fact, from condition (d), if
&(G) N E # 0 then E € 2,(B,C). So, recalling condition (ii), we obtain

2" = #{E € A, :GD E}
<H#H{EeA,: P(G)NE #£0} < #02,(B,C) =2".

Hence, all the above inequalities are equalities and the assertion is proved.
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o #A3* = 27420 I fact, all the 3-tuples (D, B,C) € A%* can be con-
structed by choosing freely D € A, later choosing B € A,, such that

D 2~ B, and finally choosing C' € A,, such that B KiNYo3 Taking into
account the equalities in (i) and (ii) we deduce

#A% = 4{(D,B,C) e A3 : D 2% B B 2o )

= #A, #{Be A, DI B #{Ce A,: BLSC)
— 2n22n2n _ 2n2+2n.

NOTATION. In certain statements we refer to families of atoms for several
different maps. When necessary we will write A € A, (®) or (B, D) € A% (®),
etc., where @ is the map to which the family of atoms is associated.

DEFINITION 2.5 (Models). We call @ € C°(D™) a model if &(D™) C
int(D™) and there exists a sequence {Ay,}n>0 of finite families of pairwise
disjoint boxes contained in int(D") that are atoms of generations n > 0 for
& such that
(2.3) lim max diam(A) = 0.

n—00 A€ A,

Denote by H the family of all models in C°(D™).

DEFINITION 2.6. For any @ € H, we denote by Hg the family of maps
in C°(D™) that have the same atoms of all generations as ®. Note that

He C H.

Construction of models. The rest of this section is dedicated to the
proof of the following lemma.

LEMMA 2.7. The family H N Emb(D™) is nonempty. As a consequence,
we can choose a map @ in this family such that the subfamilies He and
He N Emb(D™) are nonempty Gs-sets in C°(D™) and Emb(D™) respec-
tively.

Proof. For each fixed n > 1 the conditions (a)—(d) of Definition are
open conditions. So, for fixed n > 0, and for any given map @ having families
Ag, A1, ..., Ay, of atoms of generations 0,1, ..., n, the set of maps that have
the same families of atoms of generations up to n as @ (for that fixed n and
not necessarily for all n) is an open set. Moreover, the condition ¢(D™) C
int(D™) is open.

From Definition [2.6) we deduce that if there existed some & € H, the
family He C H would be a nonempty Gs-set in CY(M). In other words,
‘H would contain a nonempty Gg-set if H were nonempty.

Analogously, if there existed & € HNEmb(D™) (note that Hg is not nec-
essarily composed of embeddings of D™), it would contain Hg N Emb(D™),
which would be a nonempty Gs-set in Emb(D™).
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The difficult part is to prove the first assertion: H N Emb(D™) # (). This
will be proved in Lemma[2.8]below, in which we give a procedure to construct
a map in that family. m

Note that the nonempty Gs-set Hg is not necessarily dense in CO(D™)!

LEMMA 2.8. For all f € Emb(D™) such that f(D™) C int(D™), there
exists ¥ € Hom(D™) such that

Ylopm =id|gppm and @ :=1Po f € HNEmb(D™).

We now outline the strategy of the proof of Lemma [2.8] The homeomor-
phism v is constructed as the limit of a convergent sequence 1, € Hom(D™)
such that @, := ¢, 0 f € Emb(D™) is convergent. The embedding &,,, by an
inductive hypothesis, has atoms of generations 0, 1, ..., n. Further, &, will
be constructed so that it coincides with @,, outside the interiors of all atoms of
generation n for @,. Hence, the collections of atoms of generations 0,1,...,n
for @, is also a collection of atoms of the same generations for @, (see the
proof of Lemma [2.11](a)).

To change @,, in the interior of each atom A of generation n for &,,, we
will change v, only inside some properly defined boxes f(R) such that R C
int(A) is a box (recall that f is an embedding). We will construct ¥n11](r)
so that ¥ny1laf(r) = Ynlof(r), and finally extend 1 y1(7) := () for all x
in the complement of the union of all boxes f(R).

The new homeomorphism 1,41, if properly constructed inside the
boxes f(R), will allow us to define the atoms of generation n+ 1 for @, =
Wn+1 © f. These atoms will be many little boxes in the interior of each box
fYf(R)) = R C A, where A is an atom of generation n for both &,
and D, 41.

Lemma [2.8) will be proved by induction via several technical lemmas.
One inductive hypothesis in the proof is that for a fixed n > 0 we have
constructed an embedding &,, along with associated atoms of generations
0,1,...,n. For each (P,Q) € A%, we will choose a connected component
S(P,Q) of ®,(P)NQ. For each (D, B, C) € A% we choose two disjoint boxes
Go(D, B,C), G1(D, B,C) contained in int(S(D, B) N ®,1S(B,C)). By an
additional inductive hypothesis on @, a choice of the connected components
S(D, B) and S(B, () is assumed to exist such that the interior of this inter-
section is nonempty.

REMARK 2.9. We provisionally adopt an abusive notation for the families
of such boxes G.(+, -, -). Even if they are not atoms of generation n+1 for @,
we use the notation as if they were. We use this notation since in the proof of
Lemma @ we will modify @,, to construct a new embedding @,,+1 for which
the same atoms up to generation n for @, are also atoms up to generation n
for @,41, and moreover the boxes G.(-, -, -) are the atoms of generation n+ 1
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for @,,11. In brief, we first choose the boxes, candidates to be the atoms of
generation n + 1 for a new embedding @,,41, and later we construct @, 1.
Let

Ant1:={Gj(D, B,C) : j €{0,1}, (D, B,C) € A7 (5)};
2n1(B) == {G;(D. B,C) : j €{0,1}, (D, B,C) € A (®n)}
for each fixed B € A, (®,);

24+1(D, B) == {G;(D,B,C) : j € {0,1}, B 2% C}
for each fixed (D, B) € A2 (®,,); and
(2.4) Ihi1(D,B,C):={G;(D,B,C):je{0,1}}

for each fixed (D, B,C) € A3 (&,). We will apply this abusive notation in
Lemmas 2,10l and 2.1T] and in Remark 2.121

LEMMA 2.10. For all (B,C) € A2*(®,) and all E € A,i1 we have
E C &,;1(S(B,0)) if and only if E € I,11(D, B,C) for some D € A,, such
that D 2% B.

Proof. By the construction in Remark 2.9 for all E € A,11 we have
Ee€T,1(D,B,C)={IyD,B,C), I(D,B,C)} for some (D, B,C) € A%".
This means that £ = G;(D, B,C) C int(S(D, B) N®,,}(S(B, C))) for some
j = 0,1. Therefore, E C ®_;'(S(B,C)) if and only if there exists D € A,

such that D 2% B and E € I,41(D, B,C). =
LEMMA 2.11. Suppose that
int(S(D, B) N ®,'S(B,C)) #0  V(D,B,C) € Ay (Py).

Consider any $p11 € Emb(D™) which satisfies @pi1(x) = Dy (x) for each
€T € U(B,C)G.A,Q.L*((Pn) mt(@ng(B, C)) Then:

(a) For all 0 < j < n and any atoms B,C € A?((Pn) we have ®,(B) =
¢n+1

&, 11(B); hence B EiNYe! if and only if B —— C.

(b) # A, =20D* und ENF =0 for all E,F € Apy1 such that E # F.

(¢c) The family Ap+1 is partitioned into the pairwise disjoint subfamilies
2n11(B) where B € A,,. Moreover, #2,,1(B) = 22" and £2,,,1(B) =
{G € Ayy1: G Cint(B)} for all B € A,.

(d) For all B € A, the family of boxes 2,+1(B) is partitioned into the
pairwise disjoint subfamilies (2,+1(D, B) where D € A, is such that
DL . Moreover, for all (D, B) € A2*(®,,11) we have #2,+1(D, B)

= 91 and Q1 (D, B) = {G € 2,41(B) : D 2% ).
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(e) For all (D,B) € A% (®py1) the family of boxes 2,+1(D, B) is parti-
tioned into the pairwise disjoint subfamilies I',+1(D, B, C), where C € A,
is such that B "% Moreover, for all (D,B,C) € AX(®,.1) we
have #1n+1(D,B,C) = 2 and I[,+1(D,B,C) = {G € 2,41(D,B) :

G 2 o,
(f) For all (D, B,C)€ A (Pny1), all GET,11(D, B,C), and all E€ A, 1,

¢n+1(G) nE 7& @ Only Zf E e QnJrl (Ba C)

Proof. (a) We prove (a) under the more general hypothesis @,1(z) =
@y () for all z & (g 4, int(B). (Note that z ¢ int(S(D, B) N &, 18(B,0))
implies z € B.)

By hypothesis, @, 41 € End(D™) and D, |94 = Prr1|oa for the boxes
A€ Aj for all 0 < j < n (recall that, from condition (a) of Definition
each atom of generation n for @,, is contained in the interior of an atom of
generation 0 < j < n). Then @,11(A4) = P, (A) for all B € (Jy<;<, A;. Part
(a) follows immediately.

(b) By construction, £ = G;(D,C,B), F = Gy(D',B",C"). If E # F,
then either (D,C,B) = (D',C’,B’) and j # j', or (D,C,B) # (D', C’, B").
In the former case, by construction,

Go(D,C,B)NG1(D,C, B) =0,
in other words E N F = (). In the latter case, either D # D’ or B # B’
or C # C'. By construction, G;(D,B,C) C &,(D)N BN &, (C) and
Gj/(D',B',C") C @,(D') N B' N &, (C"). Since members of A,, are pairwise
disjoint, and @,, € Emb(D™), we deduce that G;(D,B,C)NG;/(D',B’,C")
= (), hence EN F = () as required.

By the construction in Remark

An+1 = U FnJrl(DaBaC)’
(D,C,B)eA3*

where the families in the union are pairwise disjoint and each one has two
different boxes of A,,41. Therefore, taking into account the last assertion of
Remark we deduce that

B =2 #AP = 2. 2720 — o(nt1)?,
(c) Using the notation of the end of Remark [2.9 we have
An+l = U QnJrl(B)
BeAy

Moreover, for all G € A,41 we have G C int(B) if and only if G € §2,11(B),
because by construction, G C int(S(D, B)) C int(B) for some B € A,,. Since
members of A, are pairwise disjoint, we deduce that £2,,11(B)N2,11(B’) =0
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if B # B’. We conclude that the above union of different subfamilies §2,,+1(B)
is a partition of 4,11, as required.
Note that

QnJrl(B) = U U Fn+1(D7B>C)>
DEA,, DB CeAy, BEC
where the families in the union are pairwise disjoint and each of them has

two different boxes. Therefore, taking into account that A, is a family of
atoms for @, (by hypothesis), equality (ii) of Definition [2.3| implies

#0001 (B) =2 -#{D e A,: D 2% BY - #{C € A, : B2 C}
=2.2".2" =221
(d) By the construction at the end of Remark

-QnJrl(B) = U 'QnJrl(DvB)'
DeA,, D25
Moreover, 2,,11(D, B) N 2,41(D',B) = 0 if D # D' in A,, since different
atoms of generation n are pairwise disjoint, and G € (2,11(D, B) implies
G C @,(D), which is disjoint from &,,(D’) since &, is an embedding.
By the construction in Remark [2.9]

Iwi1(D,C,B) = {Go(D,C, B),G1(D,C, B)},

where Gy and G; are disjoint, hence different. Thus the cardinality of
Ih+1(D,C,B) is 2.

Also, 2,+1(D,B) = I'h+1(D, B,C). Moreover,

CeAn: B2
Fn+1(D,B,C) N F»,H_l(D,B,C/) == @

if C' # O’ in A, because any two different atoms of generation n are disjoint
and G € I,11(D, B,C) implies G C ¢,,1(C).

From the above assertions and from the equalities in (ii) of the definition
of atoms of generation n, we deduce that

#0,.(D,B)=2-#{C €A, : B2 Cy=2.2m = 27,
Finally, for all G € (2,,11(B) there exists a (unique) D € A,, such that

G C S(D,B) C $,(D) = ¢,,1(D). Hence D 2% G if and only if G €
Q2(D, B).

(e) Above we proved that (2,,+1(D, B) is partitioned into the pairwise
disjoint subfamilies I'},11(D, B, C), where C is such that (B,C) € A%*.

We have also noticed that #I,1(D,B,C) = 2. Finally, by the con-
struction of Remark for all G € 2,41(D, B) there exists C' € A,, such
that G € S(D, B)N®,,1(S(B, C). Therefore @,,11(G) C @p11(D,,1(S(B,C)).
This latst set coincides with &, (@, (S(B,C)) because, by hypothesis, &,
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and &, 1 are embeddings and coincide outside the interiors of all the sets
@, 1(S(B,C)). We deduce that
8,11(G) C 8,1 (S(B,C)) € ,(3;(S(B,C))
cS(B,C)co,(B)NnC CC.
Thus, the interior of @,41(G), which is nonempty because G is a box and
®,+1 is an embedding, is contained in the interior of C' € A,,. Since mem-
bers of A,, are pairwise disjoint, we conclude that, for all G € 2(D, B),
G € a1 (D, B,C) if and only if G ™% €, as required.
(f) f G € I,41(D, B,C) then G C S(D, B) C ¢,(D) N B. Therefore

D 11(G) C Ppy1(B) = @, (B).
Moreover, we have proved above that
(ﬁn—i—l(G) cC.

Assume that @,11(G) N E # () for some E € A,,11. Since E € 2,41(B',C")
for some (B',C") € A2*, we have

EcS(B,C')co,(B)YnC".
Since @,,41(G) N E # 0, we deduce that &,(B) N, (B )NCNC" # (. Since

distinct atoms of generation n are disjoint and &,, is one-to-one, we conclude

that B=B',C=C"and E € 2,11(B,C). n
REMARK 2.12. Lemma [2.11fa) immediately implies that for 0 < j < n:

o the families .AJQ-* and A?-* for @, and for @,11 coincide,
e the members of the same families A; are also atoms of the respective
generations 0,1,...,n for @,4.

Parts (b)—(e) of Lemma ensure that the family A, 11 of boxes con-
structed in Remark [2.9| satisfies conditions (i) and (a)—(d) of Definition
for &,,11. Thus, the members of A, 1 are good candidates to be atoms of
generation n + 1 for @, 1.

To actually obtain atoms of generation n + 1 for @,,1 we will further
modify the map in the interior of S(D, B) N &,1S(B,C) for all (D, B,C)
€ A3*(&,) in such a way that for the new embedding @, the boxes of
A, 41 also satisfy condition (ii) of Definition

LEMMA 2.13. Keeping the notation of Remark let En+1 C D™ bea
finite set of cardinality 2"tV 27 with a unique point ¢;(E) € Lyt for
each (i, E) € {1,...,2""1} x A, 1. Assume that

&(B) eint(E) Vi, E) € {l,...,2" ™} x Apy1.

Then there exists a permutation 0 : En+1 — an such that:
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(a) For all (i,E) € {1,...,2""} x I,.1(D, B,C) for some (D,B,C) €
AL (Dn),
0(€:(E)) = ey (E)
for a unique i’ € {1,...,2""} and a unique E' € 2,,1(B, O).
(b) For all (D,B,C) € A¥(®,), all E € I,.1(D,B,C) and all F €
2n41(B, C) there exists a unique
(i,4) € {1,...,2""1}?

such that 0(e;(E)) = ey (F).
(c) For all (B,C) € A% (d,),

9({@@) Ec U Ti(D,B,C),ie{1,... ,2n+1}})
DeAy: (D,B)EAZ"
={e/(F): F € 2,,1(B,C), i €{1,...,2""}} = L,.1 N S(B,O).
Proof. From the construction of A,,;1 (see Remark , we deduce that
forall E € A, 1 there exist a unique j € {0,1} and a unique (D, B, C) € A>*
such that
E= Gj(D,B,C) S Fn+1(D,B,C)

(recall (2.4)) and thus we will write
€i(G4(D, B,C)) = &(E)

for all (i, E) € {1,...,2""1} x A,41.
By hypothesis, A, is the family of atoms of generation n for @,,, thus we
can apply the equalities in (ii) of Definition So, for each B € A,, we can

index the different atoms D € A,, such that D 2ny B as follows:

(2.5) {DeA,: D2 By ={D;(B),...,Dy(B)},
where D, (B) # D, (B) if k1 # ko.

Analogously,
(2.6) {CeA,: BTy C)y={C(B),...,C5(B)},

where CZT(B) # Cl';(B) if Iy # lo.
Now, we index the distinct points of L, as follows:
éij(k, B,1) :== &(G;(D, B,0)) = &(G;(Dy (B), B,C/"(B)))
for all (4,4, B, k,1) € {1,...,2""1} x {0,1} x A, x {1,...,2"}%
Define a correspondence 6 : L1 — Lyy1 by
0k, B,1)) = & (K, B',1),

where
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B':=C/"(B),
o k' is such that B = D, (C) (exists and is unique because B Lo, C,

by [2.3)),

e I’ =1i (mod 2"),
e //=0ifi<2"and j/=11ifi > 2",
o i/ =k+j-2™

Let us prove that 6 is surjective; hence it is a permutation of the finite
set Lpy1. B

Let e; jo(k', B',l') € L,+1 be given, where

(', 5, B K1) e {1,...,2"} x {0,1} x A, x {1,...,2"}°.
Construct:
e i:=10"4+7-2" Then ' =i (mod 2"), ;' =0if i < 2" and j' =1 if i > 2.
e B:=D,,(B'). Then B 2n, B/, So, there exists [ such that B/ = CH(B).
e k:=14 (mod 2"), j := 01if ¢/ < 2" and j := 1 if ¢/ > 2" Therefore
i =k+2"j.

Thus we have constructed some 6~ such that fof~! is the identity map.
So, 8 is surjective, hence also one-to-one in the finite set L1, as required.

Now, let us prove that 6 satisfies the assertions of Lemma [2.13

(a) Fix €;(F) € Ly41. By construction, 6(¢;(E)) = ¢y (E') C int(E") for
some (i, E) € {1,...,2""1} x A,11. Since members of A, 41 are pairwise
disjoint (recall Lemma[2.11|(b)), the box E’ is unique. Moreover, by hypoth-
esis, €y (E') # ey (E') if i # j'. So, the index ¢’ is also unique. Therefore,
to finish the proof of (a), it is enough to check that E' € 2,,1(B,C) if
E € (D, B,C).

By the definition of the family I),+1(D, B,C) in Remark , if £ e
I (D, B,C), there exists j € {0,1} such that £ = G;(D,B,C). Thus,
using the notation at the beginning, ¢;(E) = €;(G;(D, B,C)) = €; j(k, B, 1),
where D = D, (B) and C = C;"(B). Then, using the definition of the
permutation § and the computation of its inverse §~!, we obtain e;(F) =
9(&i(E)) = ey y (K, B',l"), where

B'=C!(B)=C, D =D,(B)=B.

We have proved that €;(E') = €y(G;(B,C,C")). Finally, from the def-
inition of the family 2,,41(B,C) in Remark we conclude that E' €
2n41(B,C), as asserted in part (a).

(b) Fix (D, B,C) € A%* and E C I,11(D, B,C). Then, using the defini-
tion of I}, 41(D, B,C), we have a unique (4, k,1) € {0,1} x {1,...,2"}? such
that E = G;(D, B,C), D = D, (B), C = C;(B). Consider the finite set Z
of 2"+ distinct points €;(E) =¢; ;(k, B,l), with j, k, B, fixed as above and
i€ {1,...,2""1}. Let ¢/ := k + 2"j; then the image of each point in Z by
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the permutation 0 is §(&;(E)) = € (G (B, C, C") (here we use assertion (a)).
Since k, j are fixed, we deduce that there exists a unique ¢ such that all the
points of #(Z) are of the form €;(F), F = G (B,C,C") with j' € {0,1},
C'=CH(C), K € {1,...,2""1}. We have proved that the permutation 6|
is equivalent to
{1,...,2"" Y s (5,K) € {0,1} x {1,...,2"}

such that 0(&;(E)) = €;(G;/(B,C,C5(C))) with i’ fixed.

Since #{1,...,2" "1} = #({0,1} x {1,...,2"}), from the injectivity of &
we deduce that 6(Z) = {0,1} x {1,...,2"}. Thus for every F' € 2(B,C)
there exists a unique ¢ such that 6(¢;(F)) = €;y(F) (where ' is uniquely
defined given E). This ends the proof of (b).

(c) For fixed (B, C) € A%, denote

P= {a(E) Ec |J La(DBO)ic {1,...,2”“}},
DeA,, D2 B
Q:={ew(F): F e 2,1(B,0), 7 €{1,...,2"™}} C Ly

Applying (a) we deduce that 8(P) C Q. So, to prove that §(P) = Q it is
enough to prove that #P = #@Q. Applying Lemma for the family of
boxes A, 11 for the family of atoms 4,,, we obtain

4P =21 4, (D,B,C)-#{D e A, : D 2% B} = 2nt1 2. 0m,
#Q = 2" #0,11(B,C) = 2" 2mH,

which proves that #P = #Q and thus 0(P) = Q.

Finally, let us prove that QQ = szrl N S(B,C). On the one hand, if
F € 2,41(B,C), then F = G;(B,C,C") for some (j,C"). Applying the
construction of the boxes of A, 11 in Remark we obtain F' C S(B,C),
hence &;(F) € Lpy1 Nint(F) C Lyy1 N S(B,C). This proves that Q C
Lni10S(B,0).

On the other hand, if &:(F) € Ly U S(B,C), then F € A,y1. We
obtain F = G;(D',B',C") C S(D',B’) for some (D', B',C") € A3*. Since
S(D',B") ¢ &,(D') N B" and S(B,C) C &,(B) N C, we deduce that
S(D', B)NS(B,C) = 0if (D', B') # (B, C). But & (F) € int(F)nS(B,C) C
S(D',B")nS(B, C). Consequently, (D', B') = (B, C), thus F = G;(B,C,C")
€ 2n11(B,C), hence ey (F) € Q. We have proved that En+1ﬁS(B, C)CQ. =

LEMMA 2.14. Assume the hypotheses of Lemmas and|2.13| Let ®p41
€ Emb(D™) moreover satisfy

D, 11(6) = 0(8) Ve € Ly,
where 0 is the permutation of En+1 constructed in Lemma , Then:
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(a) Ao, A1,...,App1 are collections of atoms up to generation n + 1
fO?" ¢n+1 .
29 .
(b) For each (E,F) € A2, such that E — F, there exists exactly one

point €;(E) € Ly Nint(E), and exactly one point €;(F) € Lyy1 N
int(F), such that
P11(ei(E)) = ex (F).

Proof. (a) By Remark[2.12] it is enough to establish the truth of condition
(ii) of Definition [2.3| with n + 1 instead of n.

Take E € Ay,11. There exists (D, B,C) € A3 with E € I,.1(D, B, 0).
Take F € £2,41(B,C). By Lemma [2.13|(b), there exists a unique (,4’) such
that 6(¢e;(E)) = €y (F). Therefore

Pri1(€i(E)) = € (F).
As €;(F) € int(F) and ey (F) € int(F'), we conclude that ®,,11(E) Nint(F)

# (), that is, F Pty g We have proved that

FE —>¢n+l F VE € FnJrl(DanC)a VF € 'QnJrl(B’O)'

Combining this with Lemma 2.11|f), we deduce that for all (D, B,C)
e A all E€T,.1(D,B,C),and all F € A1,

(2.7) EZ P ifandonly if F € Qn01(B,C).

Given E € A,, let us count how many F' € A, satisfy E @) F.
Given F, there exists a unique (D, B,C) € A3 with E € I,.1(D, B,C).
Applying (2.7) and Lemma [2.11)(d), we deduce

H{F e Ay E 2N FY = 0,04(B,C) = 27+,

P
Finally, given F € A,, let us count how many E € A, satisfy E —— F.

Given F, there exists a unique (B,C) € A2* such that F € 2,,1(B,C).
Applying (2.7), Lemma [2.11)(e), and Definition [2.3{ii) for the atoms of gen-

eration n (for @,, and for &,1), we obtain

#{EeA,:E I F)
— #{E € Apy1 - 3D € A, such that D 2% B E € I, (D, B,C)}

—#{DeAy: DT BY #1,.1(D,B,C) = 2" -2 = 2"+L,

We have proved that the boxes of A,,;1 satisfy the equalities in (ii) of Defi-
nition [2.3| for @,1. The proof of (a) is complete.

(b) Take (D, B,C) € A% and E € I},11(D, B, C). Take F € Ay 1. From
Remark (putting n + 1 instead of n), we know that @, 1(F)NF # ()
if and only if F' € 2,41(B,C). Applying Lemma (b) we find a unique
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(i,4) € {1,...,2""1}2 such that &, 1(&;(E)) = 0(¢;(E)) = €y(F). The
proof of part (b) is complete. u

LEMMA 2.15. Let ¢p € Emb(D™), r > 1, P1,..., P, C D™ be pairwise
disjoint bozes, and Q; = ¥ (Pj) for all j € {1 r}. Fork>1and j €
{L,....r}, let prj,...,pk; € mt( i) be distinct pomts and qij,...,qr; €
int(Qj) also be distinct points. Then there ezists a ¢* € Emb(D™) such that

V(@) =vte) Vog Jim

Jj=
¢*(pi,j)ZQi,j ( ) { ..,kI}X{l,...,T}.
Proof. This is straightforward. =

Proof of Lemma[2.8 We divide the construction of ¢ and ¢ € H into
several steps:

STEP 1: Construction of the atom of generation 0. Since f(D™) Cint(D™),
there exists a box Ay C int(D™) such that f(D™) C int(Agp). The box
Ag is the atom of generation 0 for the embedding @y := f which satisfies
@y = g o f, where 1y is the identity map. By the Brouwer Fixed Point
Theorem, there exists a point ey € int(Pg(Ap)) such that Py(eg) = eg. Define
S(Ap, Ap) to be the connected component of Ay N Py(Ag) containing eg.

Note that Ag N Py(Ap) = P(Ap) is connected. We introduce the notation
S(Ap, Ap) to stress that the inductive hypothesis is satisfied for n = 0.

STEP 2: Construction of the atoms of generation n 4+ 1. Inductively as-
sume that we have constructed the families Ag, A1, ..., A, of atoms up to
generation n for @, = 1, o f, where v, € Hom(D™), satisfying:

(I) ¥nlapm is the identity map.

IT) maxpge4, max{dlam( ),diam(f(B))} < 1/2¢ for i € {0,1,...,n}.
(III) ®;(x) = Pi—1(z) for x € D™\ Upey, , Band i€ {1,...,n}.

(IV) For all (D B,C) € A% (®,) there exists a point e(D, B, C) such that

L, :={e(D,B,C): (D,B,C) € A>*}

—~

is @,,-invariant, and
(2.8) e(D,B,0) € int(S(D, B) N &, (S(B,0))),

where S(D, B) and S(B,C) are (properly chosen) connected compo-
nents of BN, (D) and of CN®,(B) respectively. (Recall the notation
in Remark [2.9). Note that the sets S(B,C) and S(B’,C’) are disjoint
if (B,C) # (B',C"), because two different atoms of generation n for
&,, are disjoint (recall Definition and @,, is one-to-one.
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Next we will construct the family A,,+1 of boxes, candidates to be atoms
of generation n+ 1 for a new embedding ®,,11 (as in Remark, and ¥, 41
such that @,+1 = ¥,4110 f.

First, for each (B,C) € A2 (®,), we choose a box R(D, B) such that

(29) e(D,B,C) €int(R(B,C)), R(B,C)C int(®,'(S(B,C))
VD € A, such that D 2% B.

Note that such boxes R(-,-) are pairwise disjoint, because they are con-
tained in pairwise disjoint sets.

Recall that e(D, B,C) € L, and the set L, is ®,-invariant. Consider
assertions ([2.8) and (2.9)). Thus,

e(D,B,C) € int(R(B,C) N ®,(R(D, B))) # 0.

Next, for each (D, B,C) € A%* we choose two disjoint boxes, Go(D, B, O)
and G1(D, B, (), contained in the interior of R(B,C) N ®,(R(D, B)) that
satisfy

1
(2.10) max {diam(G;(D, B, C)),diam(f(G;(D, B,C)))} < PREsY

for i = 0,1. Now, we use the notation of Remark [2.9]to construct the family
A, 41 of all the boxes G;(D, B, C'). These boxes will be the (n + 1)-atoms of
two new embeddings 5n+1 and @, 1 that we will construct as follows.

First, in the interior of each box E € A, 41 we choose 2" distinct points
&(E),i=1,...,2"" and denote

Lpi1:={&(E): E€ Ay, 1 <i<2m1),

Second, we build a permutation 6 of Zn+1 satisfying the properties of

Lemma 2.13] _
Third, we would like to apply Lemmamm construct ¥, +1 € Hom(D™)
satisfying the following constraints:

(a) For all (B,C) € A% (®,),
Yol pris.oy : [(R(B,C)) = vy 0 f(R(B,C)) = 8,(R(B,C)),
(b) For all # € U5 cycn2x tor o, J (B(B, C)),
Ynt1(2) = ().
(c) For all € € Lyy1,
Uny1(f(€)) = 0(e).
We turn to the verification of the hypotheses of Lemma [2.15] The boxes

R(B,C) where (B,C) € A% are pairwise disjoint, so their images by f are
also pairwise disjoint boxes. Furthermore, for each (B,C) € A2*(®,), the
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finite set
{f(€) : € € Lys1 Nint(R(B, C))} = {f(€) : € € Lyy1 Nint(®,'(S(B, C)))}
is contained in the interior of f(R(B,(C)). Moreover, it coincides with

{f(&(E)): E € I1(D,B,C) for some D € A,,i=1,...,2""1}
(recall Lemma [2.10)). So, the image by @ of such points &(-) is

{0(¢:(E)): E € I,41(D, B,C) for some D € A,,i=1,...,2""}.
By Lemma [2.13|(c), this set is

{en(F): F e 2,,1(B,C), k=1,....2"""Y = L,.1 N S(B,C),

which is contained in the interior of ®,(R(B,C)) = ¥n(f(R(B,C))).
We have proved that the points f(e(-)) are in the interior of the boxes
f(R(-,-)), and their images 6(€()) by ¥n+1 (to be constructed) are in the

interiors of the images by wn of those boxes. So, the hypothesis of Lemma-
is satisfied.

Let
Ppt1:=Ypy10 f.

Since

Dy (2) = Pns10 f =1 o f = Dp(x)
Vi ¢ U int(R(B,C)) C U int(®;(S(B,0))),

(B,C)eA2x for &y, (B,C)e A2 for &y,

the hypothesis of Lemma [2.11] is satisfied. Therefore the same atoms up to
generation n for @, are still atoms up to generation n for @,,11. But moreover,
by Lemma[2.14f(a), the boxes of the new family A, 41 are now (n+ 1)-atoms

for @,,41.

STEP 3: Construction of @ni1 and Yni1. To argue by induction, we
will not use ¢n+1 and 1/)n+1, even if ¢n+1 = ¢n+1 o f already has families
Ao, .- An, Apy1 of atoms up to generation n + 1, as required. Rather, we
will modify them to obtain a new &,,; and a new ¥,41 such that the
inductive hypothesis (IV) and also hold for n 4+ 1 instead of n. We
will modify zznﬂ only in the interiors of the boxes f(G) for all the atoms
G € Apy1 for @541, and we will construct a new homeomorphism 41 such
that @, 41 := ¥n+1 o f has the same atoms up to generation n + 1 for @,
(see the proof of Lemma [2.11f(a)), and moreover satisfies (IV) with n + 1
instead of n.
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From the above construction of ¢, 11 and ®,,41, and from Lemma [2.14|(b)
we know that for each (G, E) € A% "1 for @, 1 there exists a unique point
€;(G) € int(G), and a unique point €x(E), such that

B0 11(E(G)) = Busr 0 f(E(G)) = UE(G)) = G4(E) € int(E),
Therefore

en(E) € int(E N &, (G)).

Denote by S(G, E) the connected component of E N ®,;1(G) that con-
tains € (E). Choose 2"*! distinct points

e;(G,E) € int(S(G,E)), i=1,...,2""
and a permutation 6 of the finite set
(2.11)  Lpi1 = {ei(G,E): (G,E) € A%, for &,,4q,i=1,...,2""1}

such that for each fixed (G, E, F) € “43+1 for @nH, there exists a unique
point e;(G, E'), and a unique point e (E, F'), satisfying

(2.12) 0(e:(G, E)) = e (E, F).

The proof of the existence of such a permutation is similar to (but simpler
than) the proof of Lemma [2.13]
Applying Lemma construct ¥, +1 € Hom(D™) such that

Ynt1lpa) : FG) = Yni1(F(Q)) = Pni1(G) VG € Apiy for By,

Ynt1(x) = Jn-l—l(x) Vo & U f(G)
(2.13) GEAntr
wn-l—l(f(ei(G?E)) = Q(GZ(G, E))

V(E,G) € A2, such that G 2% B, vi—1,... 27,

and extend ¥,4+1 to the whole box D™ by defining ¢p4+1(z) = ¢n+1(x) for
x € D™\ UGeAnH f(@). In particular,

Ynt1lopm = Ynt1lopm = id|gpm.

Define

(2.14) D1 :=Yny10 f.

As said above, the property that &, coincides with 5n+1 outside all the
atoms of A1 for @, implies that the boxes of the families Ay, ..., Ani1,

which are the family of atoms up to generation n for @nH, are also atoms
up to generation n + 1 for @,,1. But now, due to - they have
the following additional property: there exists a one- to one correspondence
between the triples (G, E, F) € A%, | (for @,11 and also for ;1) and the
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points of the set L, of (2.11]), such that

(2.15) e(G,E,F) = ¢;(G,E) € int(S(G, E) NP, 11 (S(E, F))).

Recall that S(G, E) and S(E, F') are the connected components of EN®,,(G)

and of F'N®,,(F) respectively that were chosen after @,,11 was constructed.
By construction, the finite set L, 11 satisfies @y, 11 (Ln+1) =Un+1(f (Lnt1))

= 0(Ln+1) = Lpt1. Therefore, (I)-(IV) hold for n + 1 and the inductive
construction is complete.

STEP 4: The limit homeomorphisms. From the above construction we
have

'¢n+l(x) = 'JnJrl(SU) = ¢n($) ifx ¢ U ¢EI(R(370)) C Uf(B)
B

B,C

and

Yni1 0%, (R(B,C)) = tni1 04y, (R(B,C))

= 0, (R(B,C)) = R(B,C) C C.

Therefore,

dist(wgil(a:),w;l(x)) < Iax diam(f(B)) < zin YV e D™,

dist(Yn41(x), Yn(x)) < Inax diam(C) < 2% Ve € D™,

1
Hwn—i—l - 1/}n||Hom < 27

From these inequalities we deduce that the sequence v, is Cauchy in
Hom(D™). Therefore, it converges to a homeomorphism . Moreover, by
construction, 1, |gpm = id|gpm for all n > 1. Then |gpm = id|gpm.

The convergence of ¥, to ¥ in Hom(D™) implies that &,, = ¢, o f €
Emb(D™) converges to @ = ¢ o f € Emb(D™) as n — oo. Since f(D™) C
int(D™) and ¢ € Hom(D"), we deduce that &(D™) C int(D™). Moreover,
by construction, Ag, A1,...,A, are families of atoms up to generation n
for @, and @;(z) = @, () for all x € D™\ Upc 4, B and all j > n. Since
lim; &; = &, the boxes of the family A,, are n-atoms for & for all n > 0.
From (II) the diameters of the n-atoms converge uniformly to zero as n — oo.
Thus @ is a model. This completes the proof of Lemma "

3. Infinite metric entropy and mixing property of the models.
The purpose of this section is to prove the following lemma.

LEMMA 3.1. Let H C CY(D™) be a family of models with m > 2. For
each ® € H there exists a P-invariant mizing (hence ergodic) measure v
supported on a $-invariant Cantor set A C D™ such that h,(®) = +o0.
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Throughout this section we assume m > 2 and we suppose there is a
given & € H with a given sequence of families A, (n > 0) of atoms of
generations n > 0 for . When we refer to the atoms of generation n, we
omit writing @ and the families of atoms of previous generations.

REMARK 3.2. Lemma [3.1| holds, in particular, for H# N Emb(D™).

To prove Lemma we need to define the paths of atoms and to discuss
their properties. We also need to define the invariant Cantor set A that
will support the measure v and prove some of its topological dynamical
properties.

DEFINITION 3.3 (Paths of atoms). Let & € H C CY(D™), [ > 2 and let
(Aq,...,4;) be an I-tuple of atoms for @ of the same generation n such that

AigAiJrl ViE{l,...,l—l}.

We call (A, ..., A;) an l-path of n-atoms from A; to A;. Let A% denote the
family of all the [-paths of atoms of generation I.

LEMMA 3.4. For alln > 1, alll > 2n, and all A1, Ay € A, there exists
an l-path of n-atoms from Ay to As.

Proof. For n = 1, the result is trivial. Let us assume by induction that
the result holds for some n — 1 > 1 and let us prove it for n.
Let E,F € A,. From equality (2.2) of Remark there exist unique

atoms B_1, By, By € Ay_1 such that E € I',(B_1, By, B1). Then B_1 % By,
E C By and, by Remark [2.4]

(3.1) EZ B VE| € 2,(By, B).

Analogously, there exist unique atoms By, Biy1 € A,_1 such that F €
20(By, Boy1). Then B, % B, .1, F C By, and

(3.2) E.%F VBoe |J Tu(Bio1,B.,Bijy).
B*—leAn—l
Be1 3B,

Since By, By € A,_1, the induction hypothesis ensures that for all [ >
2n — 2 there exists an [-path (Bj,...,B;) from B; to B; = B,. We write
B._1 = Bj_1, B« = By, Bit1 = Biy1. So (3.2) becomes

(3.3) E S F VE €L,(B_1, B, Bi).

Taking into account that B; 2, B; for 1 < i < [, and applying
Remark we deduce that if F;_q € [,(B;—2, Bi—1, B;) C A, then

(34) E; 1 2) E;, VE; € Qn(Bifl, Bl), V1<i<l.
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Combining (3.1)), (3.3) and (3.4) yields an (I + 2)-path (E, Ex, ..., E}, F) of

atoms of generation n from F to F, as required. =

LEMMA 3.5. Let n,l > 2. For each l-path (B, ...,B;) of (n — 1)-atoms
there exists an l-path (En, ..., E;) of n-atoms such that E; C int(B;) for all
i=1,....1

Proof. In the proof of Lemma[3.4] for each l-path (B, ..., B;) of (n—1)-
atoms we have constructed an [-path (FEi,..., E;) of n-atoms as required. m

DEFINITION 3.6 (The A-set). Let ® € H C C(D™) be a model map.

Let A, Aq, ... be its sequence of families of atoms. The subset
A= U 4
n>0 Ac A,

of int(D™) is called the A-set of the map .

From Definition we know that, for each fixed n > 0, the set A, :=
Uaca, A is nonempty, compact, and int(A,) D An41. Therefore, A is also
nonempty and compact. Moreover, A, is composed of a finite number of
connected components A € A,,, which satisfy lim,,_, o max e 4, diam(A) =0
by Definition Since A :=(),,>o An, we deduce that the A-set is a Cantor
set contained in int(D™).

LEMMA 3.7. Let n,l > 1 and Ay, As € A,,. If there exists an (I + 1)-path
from Ay to Ag, then &'(A; N A) N (Az N A) # 0.

Proof. Assume that there exists an (I + 1)-path from A; to As. So, from
Lemmal[3.5] for all j > n there exist atoms Bj 1, Bj2 € A;j and an (I41)-path
from Bj; to Bjo (with constant length [ 4 1) such that

Bn,i = Ai, BjJrLi C BjJ' Vi>n,Vi=1,2.

Construct the following two points x1 and xs:

{z} = () Bju» =12
Jj=>no
By Definition [3.6] z; € A; N A. So, to finish the proof it is enough to prove
that @' (x1) = xo.

Recall that [ is fixed. Since @ is uniformly continuous, for any € > 0 there
exists & > 0 such that if (yo,y1,...,y) € (D™)! satisfies d(P(y;), yiz1) < O
for 0 < i <1 — 1, then the points 3o and y; satisfy d(®'(yo),y) < . We
choose & small enough that additionally d(®'(z), ' (y)) < € if d(z,y) < 4.

From (2.3), there exists j > n such that diam(B;;) < 4. Since there
exists an (I + 1)-path from Bj; to Bj, there exists a (yo,..., ) as in the
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previous paragraph with yo € B;1 and y; € Bj2. Thus

d(P (1), 22) < d(P (1), D (o)) + AP (yo), w1) + dlyi, 71)
< diam (&' (Bj1)) + ¢ + diam(Bj2) < 3¢.

Since € > 0 is arbitrary, we obtain &'(z1) = 3, as required. m
LEMMA 3.8 (Topological dynamical properties of A).

(a) The A-set of a model map @ € H is P-invariant, i.e., P(A) = A.

(b) The map ® restricted to the A-set is topologically mizing.

(¢) In particular, P (A1 N A) N (Ay N A) # O for any n > 1, any atoms
A1, Ay € A, and 1 > 2n — 1.

Proof. (a) Let = € A and let {A,, () }n>0 be the unique sequence of atoms
such that x € A, (z) and A, (z) € A, foralln > 0. Then &(x) € P(A,(z)) for
all n > 0. From Definition for all n > 0 there exists an atom B,, € A,
such that A, (x) 2, B,. Therefore P(An(z)) N By, # 0. Let d denote the
Hausdorff distance between subsets of D"*. We deduce

d(®(x), By) < diam(®(Ay(x))) + diam(By,).
Moreover, equality (2.3)) and the continuity of @ imply
lim max {diam(®(A,(z))),diam(B,)} = 0.

n—-+o0o

Then for all & > 0 there exists ng > 0 such that d(®(z), B,,) < ¢ for some
atom B, € A, for all n > ng. Since any atom of any generation intersects A,
we deduce that d(®(x), A) < € for all € > 0. Since A is compact, this implies
&(x) € A. We have proved that ¢(A) C A.

Now, let us prove the other inclusion. Let y € A and let {By(y)}n>0
be the unique sequence of atoms such that y € B,(y) and B,(y) € A, for
all n > 0. From Definition for all n > 0 there exists an atom A4,, € A,
such that 4, 2 By (y). Therefore ®(A,,) N By(y) # 0. We deduce that, for
all n > 0, there exists a point x,, € A,, € A, such that &(z,,) € B, (y). Since
any atom A, contains points of A, we obtain

d(zpn, A) < diam(A4,) and d(@(z,),y) < diam(B,(y)) Vn>0.

Let z be the limit of a convergent subsequence of {x,,}n>0. Applying
and the continuity of @, we deduce that d(z,A) = 0 and d(@(z),y) = 0.
This means that y = &(z) and € A. We have proved that y € ¢(A) for all
y € A; that is, A = ¢(A), as required.

(c) We will prove a stronger assertion: for any two atoms, even of different
generations, there exists g > 1 such that

(3.5) PANADN(AnA)#D V>l
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It is not restrictive to assume that A; and A, are atoms of the same gen-
eration ng (if not, take ny equal to the larger generation and substitute
A; by an atom of generation ny contained in A;). By Lemma for all
[ > 2ng — 1 there exists an (I 4 1)-path from A; to As. So, from Lemma
DA N A)N (AN A) # (), as required.

(b) The intersection of A with the atoms of all the generations generates
its topology, thus (3.5) implies that A is topologically mixing. m

For fixed (Ag, A;) € A? we set

Aij_l*(AOv Al) = {(A07 A17 s Al—lv Al) € ”4'lrL+1*}'
LEMMA 3.9. Letl,n > 1. Then:

(a) HALFLr =2l A
(b) #AL*(Ag, A)) = 27 /#A,, for all (Ag, A;) € A2 and all | > 2n — 1.

Proof. (a) Each (I + 1)-path (Ao, A1,...,4;) of n-atoms is determined
by a free choice of the atom Ay € A, followed by the choice of the atoms
Aj; € A, such that A; 2, Aj_;forall j =1,...,1. From the equalities in (ii)
of Definition [2:3] we know that for any fixed A € A,, the number of atoms
B € A, such that B 2, Ais 2. This implies as required.

(b) We argue by induction on n. Fix n = 1 and [ > 1. Since any two
atoms Aj;, Aj 11 € Aj satisfy A; 2, Aji1, the number of (I + 1)-paths

(Ao, A1, ... Aj A, DAL A

of 1-atoms with (Ag, 4;) fixed equals #(A;)/ "1 = 201 = 2l/2 = onl /A,
with n = 1.

Now, let us assume that (b) holds for some n > 1 and let us prove it
forn+1. Let ] >2(n+1)—1=2n+1> 3 and let (By,B;) € A2 ;.

From equality (2.2) and conditions (a) and (b) of Definition there exists
a unique (A_1, Ag, A1) € A>* and a unique (4;_1, 4;) € A2* such that

By € I'i1(A-1, A0, A1),  Bre Qp1(Ai1, 4).

As (A1, A;1) € A2 and | — 2 > 2n — 1, the induction hypothesis ensures
that the number of (I — 1)-paths (Aq,...,A;_1) from A; to A;_q is

on(l-2) on(l-2)

3.6 [—1 % A A1) = — :2nl—2n—n2.
(3.6) #A, (A1, Aisa) iy o

Let
C(By, B)) := U {(Bo,By,...,B)) € AL

(Al,...,Alfl)E.Aifl*(Al,Alfl) )
Bj € Iny1(Aj-1, 45, Ajy) Vit
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The families in the union C(By, B;) are pairwise disjoint, because for A # A
in A,, the families I,41(-, 4,-) and I,41(+, 4, ) are disjoint.
A straightforward verification shows that

(3.7) ALFL*(By, B)) = C(Bo, By).

Now, applying (3.6) and (3.7), we obtain
#Afw—:—ll*(Boﬂ Bl)
- > #{(Bo, B1,...,B)) € ALY

(A1, Ap_)e AL (A1, A1) .
Bj € Iyp1(Aj_1, A5, Ajyq) Y5}

-1
- Z H #Ln1(Aj-1, Ay, Ajp)
(A1, Ap ) eAT Y (A,4,_,) =1
9(n+1)l
_ Al—l* A ,A_ ‘21—1 _ 2nl—2n—n2+l 1 2(n+1)l (n+1)2
# " ( ! : 1) #»An+1

as required. m

Let AL := (Ag, A1,..., A)) be an (I+1)-path of n-atoms, and fn,l(ffln) =
{GeAp: GNAC sy (4)}

LEMMA 3.10 (Intersection of A with [-paths). Fiz l,n > 1. Then:

(a) For any G € Ay, there exists a umque (I 4+ 1)-path (Ao, A1, ..., A;) of
n-atoms such that GNA C ﬂ ~I(A;).
(b) For any atoms G € A1y, A€ A andj €{0,1,...,1},

(GNANPI(A)£0D <= GNACPI(A).
(c) For any (I + 1)-path AL = (A, Ay, ..., A}) of n-atoms,

l
(3.8) An(o74) = |J &n4,
=0 GE-Fn,l (‘Z'ln)

d) For any atom G € A, and any pathffl e A1 we have G € Fp Al
+ n n , n

if and only if there exists (Go,G1,...,G]) € Alntrll* such that Go = G
and Gj C Aj for all j =0,1,...,1.
(e) For any (I + 1)-path (Ag, Ay,...,A;) of n-atoms,

ALY i . #An i
P Al) = g - L

Proof. (a) From (2.1)) and (2.2)), for any atom G of generation n+1 there
exist two unique atoms B, C of generation n+[—1 such that B 2, C,GCB
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and G % E forall E € 2,4+1(B,C). Moreover, from Remark , we have

(3.9) P(G)NF #0 ifand only if F € 2, (B,C).
We claim that
(3.10) S(GNA) Cint(C).

Since A is $-invariant, for any x € GN A, we have &(z) € ¢(G) N A. There-
fore @(x) is in the interior of some atom FE(z) of generation n + [ (see
Definition [3.6). From (3.9), E(z) € £2,14(B,C). Thus E(z) C int(C) and
®(x) € int(C) for all z € G N A, proving (3.10).

So, there exists C1 € A,,4;—1 such that ®(GNA) C int(C1)NA. Applying
the same assertion to C; instead of GG, we deduce that there exists Cy €
Apt1-2 such that &(Cy N A) C int(Ca) N A. So, by induction, we construct
atoms C1, ..., C} such that

Cj EAn+lfj and @j(GﬂA) C int(C’j)ﬂA, Vi=1,...,1

Since any atom of generation larger than n is contained in a unique atom of
generation n, there exist Ag, 41,...,4; € A, such that Ay D G and A4; D C;
forall t =1,...,l. We obtain

P(GNA)Cint(4;) Vj=0,1,...,1
Moreover, (Ag, A1, ..., A;) is an (I+1)-path since () # &/ (GNA) C P(A;-1)N
int(A;); hence A;_¢ 2, Ajforallj=1,...,1. Then GNA C &7 (A;) for all
j=0,1,...,1, proving the existence statement in (a).
To prove uniqueness assume that (Ag, Ay,...,4;) and (Af, A7,..., A4))
are paths of n-atoms such that
GNACOI(A)nd (A Vje{o1,...,1}

Then A; N A% # 0 for all j € {0,1,...,1}. Since two different atoms of
the same generation are pairwise disjoint, we deduce that A; = A;- for all
j€{0,1,...,1}, as required.

(b) Trivially, if GN A C &77(A), then (G N A) N & I(A) # (. Now,
let us prove the converse assertion. Fix G € A,4; and A € A, satisfying
(GNA) NP I(A) £ 0. Applying part (a) we find A € A, such that G A
C & I(A). Therefore GNANDI(A) C d~I(AN A) # 0. Since A and A are
atoms of generation n, and two different atoms of the same generation are
disjoint, we conclude that A = A, hence G N A C $77(A), as required.

(¢) For the (I + 1)-path AL = (Ag, Ay, ..., A;) of n-atoms, construct
(3.11) Fpi(AL) :={G € Aps1: GNANDI(A;) #0 V) €{0,1,...,1}}.

From the definitions of the families F,,; and ]-N"ml, and taking into account
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that A is contained in the union of (n + [)-atoms, we obtain

l
U Gnacano74)c |J Gna
GEF, 1 (AL) J=0 GEF, 1(AL)

Therefore, to prove (3.8]) it is enough to show that
(3.12) Fua(AL) = Fra(AL);
but this equality immediately follows from the construction of the families
fn,l(ﬂn) and fnl(j%) by assertion (b).

(d) For each (I+1)-path AL = (Ag, Ay, ..., A;) of n-atoms construct the
family

Gni(AL) = {Go € Apy1 : 3(Go,Gh,...,Gy) € ALLL* such that G; C A; Vj}.

We will first prove that G, ;(A%) D fnl(/ﬂl) In fact, take G € fn,l(ﬂn),
and any z € GNA. We have &/ (z) € AjnAforall j € {0,1,...,1} (recall that
A is @-invariant). Since any point in A is contained in the interior of some
atom of any generation, there exists an atom G; of generation n+1 such that
@I (x) € int(G;). Recall that each atom of generation n + [ is contained in a
unique atom of generation n. As ¢/ (z) € G; N A; # 0, and different atoms
of the same generation are disjoint, we conclude that G; C A;. Moreover,
Go = G because = € G N Gy. Finally, (Go,G1,...,G;) is an (I + 1)-path
because /71 (x) = (7 (z)) € ¢(G;)Nint(Gj41) for all j € {0,1,...,1—1};
namely G 2, Gj+1. We have proved that G € gn,l(E%), as required.

Now, let us prove that gnl(/_ﬂn) C fnl(ﬂn) Assume that Gy € A,,4; and
(Go,G1,...,Gy) € .Af::_ll* satisfies G; C A; for all j € {0,1,...,1}. Therefore
(Go,Gh,...,Gy) is a (j + 1)-path of (n + l)-atoms for all j € {1,...,1}.
Applying Lemma we obtain Gy N AN & I(G;) # 0. Therefore, taking
into account G; C Aj;, we deduce that

GoNAN®I(A) #0  Vje{0,1,...,1}.
Consequently, Gy € fnl(zﬂl) = ]-"M(AZL) (recall 1) and ) This

holds for any Gg € gn,l(AZl), thus gnl(ffﬁl) C ]-"n’l(ffln), as required.
(e) From assertion (a) we obtain

(3.13) A= |J  FualdL),
Al e ALFL
where the families in the above union are pairwise disjoint, due to the unique-
ness property (a).
Recall the characterization of the family Fnl(ﬁzl) given by assertion (d).
From conditions (a) and (ii) of Definition the number of atoms of each
generation larger than n that are contained in each A; € A,, and also
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the number of atoms G; € A, 41 such that G g Gj41, are constants that
depend only on the generations but not on the chosen atom. Therefore, there

exists a constant k,; such that #le(ﬁfl) = #gn,l(/ﬁl) = ky,; for all the
(I + 1)-paths of n-atoms. So, from ({3.13) we obtain
# A = #A - # T A,

and applying Lemma [3.9) we conclude that
#-An+l = 2nl : #An : #-Fn,l({Aj})a
as required. m

We turn to the proof of Lemma [3.1] We will first construct the measure
v and then prove that it has the required properties.
We start by defining an additive premeasure on the A-set of @ by

VAN A) = VA€ A, ¥n > 0.

#A

Since v* is a premeasure defined on a family of sets that generates the Borel
o-algebra of A, there exists a unique Borel probability measure v supported
on A such that

(3.14) V(AN A) =

1
VAe A,,Vn>0.
#A n il
In the following lemmas we will prove that v is @-invariant, mixing, and
that the metric entropy h, (@) is infinite. This will yield Lemma 3.1.

LEMMA 3.11. v is invariant by .

Proof. Since the atoms of all generations intersected with A generate the
Borel g-algebra of A, it is enough to prove that
(3.15) v(CNA)=v@(CNnA) YCeA,Vn>0.

From ([2.2)), taking into account that A is invariant and that any point in A
belongs to an atom of generation n + 1, we obtain

‘enny=J U U (GNA),

BeA, DEA, GETny1(D,B,C)

BZopSB
where both unions are of pairwise disjoint sets. Using the equalities in (ii)
of Definition we obtain

(3.16) v(@l(CnAy= > Y > v(GNA)

BE.An DGAn Gan+l(B C7D)
BZopSB

1

:NC'NB '#Fn+1<BvcaD) :

#An+1 7
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where Ny :=#{Y € A,: Y 2, X} =2"for all X € A,. Since
#FN-‘rl(B?CaD)) =2

(see Remark and #A,41 = 2("+1)2, we conclude

1 1 1
@ CNA) =2 2" 2 = = =v(CNA4),

2(n+1)2 2n2 #An
proving (3.15)), as required. m

LEMMA 3.12. v is mizing.

Proof. The family of atoms of all generations intersected with A generates
the Borel o-algebra of A, thus it is enough to prove that for any pair (Cy, Dy)
of atoms (of equal or different generations) there exists lp > 1 such that

(317) V(@_Z(Do N A) N (Co N A)) = V(CO N /1) . I/(DO N A) Vi > .

Let us first prove this in the case where Cy and Dy are atoms of the
same generation n. Take [ > 2n — 1. Applying Lemma (c), we have
Dy A)N(CoNA)# D foralll >2n — 1.

Fix [ > 2n — 1. We will use the notation

Ajn = (Co,Al, e Al—l) Do) S .A{,;H*(Co, Do)

for any one of the 2™ /#.A,, different (I + 1)-paths of n-atoms from Cy to Dy
(see Lemma [3.9b)).

We assert that
(3.18) P UDyNA)N(ConA) = U U @snay=r,
AL e A (Co,Do) BEF, 1(AL)

where the family ]-"nl(ffln) of (n + [)-atoms is defined in Lemma (c)

First, let us prove @ {(DoNA)N(ConA) C T. Fix x € (Do N A)
N (Cy N A). Then Cy, Dy are the unique atoms of generation n that con-
tain  and &' (x) € &(A) = A respectively. Since x € A, there exists a
unique atom B of generation n 4+ [ that contains . By Lemma m(a) there
exists a unique (Ao, A1,...,4;) € ALFL* such that BN A C &77(4;) for
all j € {0,1,...,1}. Since the n-atom that contains = is Cp, and two dif-
ferent n-atoms are disjoint, we deduce that Ay = Cy. Analogously, since
the m-atom that contains @'(x) is Dy and the preimages of two differ-
ent m-atoms are disjoint, we deduce that A; = Dy. Thus we have found
Al = (Cy, Ay, ..., A1, D) and B € F, ;(Al) such that = € BN A. In other
words, x € T, as required.

Next, let us prove that ~/(DyNA)N(CoNA) D T. Take B € fnl(ﬁﬁl) for
some AZz = (Cp, A1,...,A;_1, Dy). From the definition of the family fn,l(z‘ﬂl)
in Lemma (C), we have BN A C (CoNA)N@~!(Dy). Moreover, BN A €
&!(A) because ¥ (A) = A. We conclude that BN A C (CoNnA)Nd~H(DyN A),
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proving that 7' C @~!(Dg N A) N (Co N A), as required. This ends the proof
of (3.18).

By definition, n-atoms are pairwise disjoint, thus the sets in the union
forming T' are pairwise disjoint. Therefore, from (3.18)), and applying Lem-

mas [3.9(b) and [3.10|(e), we deduce
v((ConA) NP~ H(DyNA)) = > > w(BNA)

AL e AL (Co,Do) BEF, 1(AL)

. 1
= #AF(Cy, Do) - #Fn i (AL) -
# (Co, Do) - #Fn( )#An—i-l
2rt 1 H Ay 1 1 1

S HA 2T FA BAa FA #FA
= V(CQ N A) . I/(DO N A)
This ends the proof of (3.17) when Cy and Dy are atoms of the same gener-
ation n, taking lp = 2n — 1.
Now, let us prove (3.17) when Cy and Dy are atoms of different gener-

ations. Let n equal the maximum of the two generations. Take [ > 2n — 1.
Since A is contained in the union of the atoms of any generation, we have

CondA= | ¢na,
CeAru CCC()
where the sets in the union are pairwise disjoint. Analogously,
o (DenA)= ] DN,
DeAy,,DCDy
where also the sets in the union are pairwise disjoint. So,
(ConMnd i (Dynd)y= | U ©@naynet(Dna).
CeAn,CCCy DEA,,CCDy
Since the sets in the union are pairwise disjoint, we deduce
v((ConA)Nd T (DenA) = > > v(Cnayna(DnA)).
CeA,,CCCy DeA,,CCDy
As C, D are atoms of the same generation n, and [ > 2n — 1, we can
apply the first case proved above to deduce that
(3.19)  v((ConA)Nd~H(DyN A))
1
=#{Ce A, :CCCo}-#{DeA,:CC Do} 5
(#An)

The number of atoms of generation n contained in an atom Cy of generation
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n1 > n does not depend on the chosen atom Cj. Therefore,
#An
#An,

#{C €A, :CCCy} = = #A, - v(CyN A).

Analogously
#{D € A, : D C Dy} =#A, -v(DyN A).
Finally, substituting this in we conclude that
V(@ Y DoNA)N(ConA) =v(ConA)-v(DgNA) VIi>2n—1. =
LEMMA 3.13. h,(®) = +oo.

Proof. For n > 1 we consider the partition A, of A consisting of all the
n-atoms intersected with A. By the definition of metric entropy,

(3.20) hy(®) :=sup h(P,v) > h(A,,v),
P
where
l
J
(3.21) A(An,v) i= lim lH(]\:/o (BT A,,) )
with
(3.22) H(Qv) ==Y v(X)logv(X)
XeQ;
and

\/45 I A, {ﬂgp IA;NA#D: A, eA}

7=0
For any nonempty X := AN ﬂj:o P A € Q;, Lemma (c) yields

l
y(X) = y(ﬂ $IA; N A) = 3 wGna.
7=0 GEF,(AL)
Since G is an atom of generation n + [, we have v(G N A) = 1/#.A,,4;, thus
applying Lemma [3.10((e) yields
#Fna({4)) 1
#An+l 2nl #A
Combining this with (3.22)) yields H(Q;) = log #.A,, + nllog 2. Finally, sub-
stituting this in (3.21]), we obtain

1
h(ATnl/) s l1i>r£o YH(le V) = nlog2

v(X)=

Combining this with (3.20) yields h,(®) > nlog2 for all n > 1; hence
h,,(@) = 400. m
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4. Periodic shrinking boxes. In this section we will prove Theo-
rems [I.1] and [I.3] for m > 2. The argument is based on the properties of
models proved in the previous sections, and on the existence of periodic
shrinking boxes which we construct here.

Throughout this section we consider m > 1, unless the condition m > 2
is explicitly stated.

DEFINITION 4.1 (Periodic shrinking box). Let f € C°(M) and K ¢ M
be a box. Then we call K periodic shrinking with period p > 1 for f if
K, f(K), f(K),..., fP"Y(K) are pairwise disjoint, and fP(K) C int(K). In
that case, we call fP|x : K — int(K) the return map.

Recall that the manifold M is compact. This assumption is important to
obtain Lemmas[f.2] and [£.3]|below. We will construct periodic shrinking boxes
whose return maps are homeomorphisms onto their images. Although this
last condition is unnecessary for the construction of the periodic shrinking
boxes, it will be used later in the proofs of Lemmas and where the
return maps must be topologically conjugate to model maps.

LEMMA 4.2. For any § > 0, there exists an open and dense set of maps
f € C%(M) that have a periodic shrinking box Ky with diam(Ky) < 6. For
a dense set of f € CO(M) the return map to Ky is one-to-one.

The proof of this lemma uses the following technical result.

LEMMA 4.3. Let f € C°(M) and g € M. For all ¢ > 0, there exists
g € C°%(M) and a neighborhood H of x¢ such that ||g — f|lco < €, gl is
a homeomorphism onto its image and coincides with f off a neighborhood

of xg.

Proof. Since the assertion is of local character, we may assume M = R".
Composing with a translation we may also assume that xo = f(z9) = 0.
Let 0 < § < ¢ be so small that the ball ||z|| < J is mapped under f to a
set of diameter smaller than . Let A : R™ — [0, 1] be a continuous function
such that A(z) = 0 if ||z]| < /2 and A(z) = 1 if ||| > &. We define g by
the formula g(x) := A(z)f(z) + (1 — A(z))z if ||z]| < § and g(z) = f(z) if
ol > 6. u

Proof of Lemma[{.23 According to Definition the periodic shrinking
box Ky for f is also a periodic shrinking box with the same period for all
g € C%(M) close enough to f, proving the openness assertion.

We turn to the denseness assertion. Let f € CO(M) and € > 0. We will
construct g € C°(M) and a periodic shrinking box K, for g with diam(K)
< ¢ such that ||g — f|lco < €. We suppose 6 > 0 to be smaller than the
e-modulus of continuity of f.
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By the Krylov—Bogolyubov theorem, invariant measures exist (recall that
the manifold M is compact), and thus by the Poincaré Lemma, there exists
a recurrent point xg € M for f. First assume that x¢o ¢ OM. So, there
exists a box B C M with diam(B) < ¢ such that zg € int(B). Since ¢ is
a recurrent point, there exists a smallest p € N such that fP(xo) € int(B).
Taking B slightly smaller if necessary, we can assume that f/(zq) ¢ B for
all j =1,...,p— 1. So, there exists a small compact box U C int(B) as in
Figure |3 such that x¢ € int(U), the sets U, f(U),..., fP~H(U) are pairwise
disjoint, and fP(U) C int(B).

B;(xy)

f(U)=g(K)

()

g=f

Fig. 3. Construction of g near f with a periodic shrinking box K for g

Since U, fP(U) C int(B), there exists a box K such that U, fP(U) C
int(K) C K C int(B), and there exists a homeomorphism ¢ : B — B such
that ¢(x) =z for all z € 0B, and ¢(K) =U.

Finally, we construct g € CY(M) as follows:

L e,
g<)'_{fo¢(x) Vz € B.

By construction, K is a periodic shrinking box for g, say K = Kg; by the
choice of § we have ||g — f]| < e.

Now, let us study the case for which M is a compact manifold with
boundary and all the recurrent points of f belong to dM. Choose one such
recurrent point g € M. For any d > 0, there exists a compact box B C M
with diam(B) < ¢ such that xg € OM N B. Since x is recurrent, there exists
a smallest natural number p > 1 such that fP(z¢) € B. But fP(xg) is also
recurrent. So, fP(xg) € OM N B. The previous proof does not work as is. To
overcome this problem, we choose a new point Ty # xg, close enough to z,
such that g € int(B) \ OM and fP(z() € B. By applying Lemma and
slightly perturbing f if necessary, we can assume that the restriction of f to
a small neighborhood of zj is a local homeomorphism onto its image. Hence,
fP(Zo) € int(B) \ OM. To conclude, we repeat the construction of g and K,
above, replacing the recurrent point xg by Zg.
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Now, let us show that we can construct, for a dense set of g € C°(M),
a periodic shrinking box K such that the return map g?|g, is a homeo-
morphism onto its image. We repeat the beginning of the proof, up to the
construction of the points xg, f(z9), ..., fP(xo) such that zq, fP(xg) € int(B)
and f7(z0) ¢ B. Apply Lemma and slightly perturb f if necessary in-
side small open neighborhoods Wy, Wi,...,W,_; of the points zo, f(xo),
.o, fP7Y(z0) respectively, so that f ‘Wi is a homeomorphism onto its image
foralli=0,1,...,p— 1. Finally, construct the box U (Figure , but small
enough so f/(U) C Wj for all j = 0,1,...,p—1, and repeat the construction
of K = K, and g as above. =

REMARK 4.4. Note that to obtain the denseness property in the proof of
the first sentence of Lemma 4.2 we only need to perturb the map f in the
interior of the initial box B with diameter smaller than 4.

The following lemma is the homeomorphism version of Lemma 4.2

LEMMA 4.5. For any § > 0, there exists an open and dense set of maps
f € Hom(M) that each have a periodic shrinking box K with diam(K) < 4.

Proof. The proof of Lemma also works when f € Hom(M): in fact,
the e-perturbed map g constructed there is a homeomorphism, and to obtain
19 — fllHom(ar) < € it is enough to take § > 0 smaller than the e-modulus of
continuity of f and f~!. m

REMARK 4.6. In the proof of Lemmas[{.2]and 1.5 if the starting recurrent
point xg were a periodic point of period p, then the periodic shrinking box K
so constructed would contain xg in its interior and have the same period p.

LEMMA 4.7. Assume m > 2. Fiz § > 0 and ¢ € H N Emb(D™) (recall
Deﬁnitz’on. Each generic map f € C°(M) has a periodic shrinking box K
with diam(K) < 0 such that the return map fP|x is topologically conjugate
to a model map in Hg (recall Definition .

Proof. Let K C M be a periodic shrinking box for f. Fix a homeomor-
phism ¢ : K — D™.

To prove the Gs-set property, assume that f € C°(M) has a periodic
shrinking box K with diam(K) < & such that ¢ o fP|x 0 ™! € He (recall
Definition and Lemma . From Definition the same box K is also
periodic shrinking with period p for all g € N, where N' C CY(M) is an open
neighborhood of f. From Lemma , Hg is a nonempty Gs-set in CO(D™),
i.e., it is the nonempty countable intersection of open families H,, C C°(D™).
We define

Vii={geN:pogl|kod™" €Hy}.

Since the restriction to K of a continuous map g, and the composition of
continuous maps, are continuous operations in CY(M), we deduce that V, is
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an open family in C°(M). Moreover,

(4.1) pogllkop €M =\Hn ifge[)VaCC'M).

n>1 n>1
In other words, the set of maps g € C%(M) that have a periodic shrinking
box K with diam(K') < §, such that the return map g”|x coincides, up to a
conjugation, with a model map in Hg, is a Gs-set in C°(M).

To show the denseness, fix f € CY(M) and € > 0. Applying Lemma
it is not restrictive to assume that f has a periodic shrinking box K with
diam(K) < min{d, e} such that fP|x is a homeomorphism onto its image.
We will construct g € C°(M) e-near f and such that ¢ o gP|g o™ € H.

Choose a box W such that fP~'(K) C int(W). If p > 2, take W disjoint
from f7(K) for all j € {0,1,...,p — 2} (Figure . Let us see that we can
assume that W has an arbitrarily small diameter. It is enough to prove that
f can be chosen such that fP~1(K) has an arbitrarily small diameter. In
fact, in the construction of f in the proof of Lemma we can choose the
box U (see Figure , after choosing K, as small as needed. So, we choose
U small enough such that the (p — 1)th image of U by the map before the
perturbation has a small diameter. (Note that we do not change p.) After
that, we construct the perturbed map, which we call f again, as in the proof
of Lemma the image fP~!(K) of the new map f coincides with the
(p — 1)th image of U by the map before the perturbation (Figure . So, it
has an arbitrarily small diameter, as required.

Fig. 4. Perturbation g of f such that ¢°|x = @

To construct g € C°(M) (see Figure [4]) we consider the & € H chosen in
the hypothesis, and let g(x) := f(z) if x ¢ W and
g(z) =" odogo (fflx) " o f(x) Ve fFTUK).
This defines a continuous map g : fP~Y{(K) U (M \ W) — M such that
lg(x) — f(z)] < diam(K) < ¢ for all x € fP71(K) C W and g(z) = f(z) for
all x € M \ W. By the Tietze Extension Theorem, there exists a contin-
uous extension of g to the whole compact box W, hence to M, such that
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lg — fllco < e. Finally, by construction we obtain
9l = glpp-1(xy 0 177 &
=¢ ! o@o¢o(fp|K)_lofofp_1|K =¢pltodog. u
LEMMA 4.8. Let § > 0. Fiz & € H N Emb(D™). A generic homeo-
morphism f € Hom(M) has a periodic shrinking box K with diam(K) < 6
such that the return map fP|x is topologically conjugate to a model embedding
m He.

Proof. We repeat the proof of the Gs-set property of Lemma [£.7] using
H N Emb(D™) instead of H, and Hom(M) instead of C°(M).

To show the denseness, fix f € Hom(M) and £ > 0. Applying Lemmal4.2]
it is not restrictive to assume that f has periodic shrinking boxes of arbitrar-
ily small diameters. Let § € (0,¢) be smaller than the e-moduli of continuity
of f and f~!. Consider a periodic shrinking box K with diam(K) < &
(Lemma . Fix a homeomorphism ¢ : K — D™. We will construct g €
Hom(M) e-near f in Hom(M) with ¢ o gP|x 0 ¢~ ! = & € H N Emb(D™).

From Deﬁnitionwe know that the boxes K, f(K), f2(K), ..., fP"1(K)
are pairwise disjoint and that fP(K) C int(K). Denote W := f~1(K). Since
f is a homeomorphism, we deduce that W is a box as in Figure [ such that
WNfI(K)=0forall j=0,1,...,p—2if p>2, and fP~Y(K) C int(W).
Since diam(K) < 0, we have diam(W) < e.

Consider ¢o fP| o¢~! € Emb(D™). By Lemma there exists a hom-
eomorphism ¢ : D™ — D™ such that

Y|opm = id|lgpm, Yoo fPlxod ! =& € HNEmb(D™).
So, we can construct g € Hom(M) such that g(x) := f(x) for all z € W,
and g(z) := ¢~ Loyogo f(x) for all x € W. Since |ygpm is the identity map,
we obtain glagw = flow. Thus, the above equalities define a continuous
map g : M — M. Moreover, g is invertible because gl : W — K is a
composition of homeomorphisms, and glynw = flanw : M\ W — M\ K
is also a homeomorphism. So, g € Hom(M). Moreover, by construction we
have |g(z) — f(z)| < diam(K) < ¢ for all z € W, and g(x) = f(z) for all
x & W. Also, the inverse maps satisfy [¢7'(2) — f~(z)| < diam(f~1(K)) =
diam(W) < ¢ for all z € K, and g~ '(x) = f~1(z) for all z ¢ K. Therefore

lg — fllHom <e.
Finally, let us check that ¢P|k is topologically conjugate to @:

Pl =gl o Pk =glwo fP k =¢  opodo fo Pk
=¢ 'o(Yogofllxop ) op=0¢"odog. u
REMARK 4.9. In the proof of the denseness property in Lemmas [4.7]

and once a periodic shrinking box K is construqted with period p > 1, we
only need to perturb the map f inside WUU?;& fI(K), where W = f~1(K)
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if f is a homeomorphism, and int(W) O fP~1(K) otherwise. In both cases,
by reducing the set U of Figure 3] from the very beginning, we can construct
W such that diam(W) < e for any given small € > 0.

Proof of Theorems[I.1 and[1.3 From Lemmas[1.7 and [4.8 a generic map
f € C%(M), and also a generic f € Hom(M), has a periodic shrinking box
K such that the return map fP|x : K — int(K) is conjugate to a model
map @ € H. We consider the homeomorphism ¢! : K — D™ such that
¢plofPogp =& € H. Lemma states that every map @ € H has a
@-invariant mixing measure v with infinite metric entropy for @. Consider
the push-forward measure ¢.v, defined by (¢.v)(B) := v(¢~ (BN K)) for
all the Borel sets B C M. By construction, ¢,v is supported on K C M.
Since ¢ is a conjugation between @ and fP|f, the push-forward measure ¢, v
is fP-invariant and mixing for f? and moreover hg,, (f?) = +00.

From ¢.v, we will construct an f-invariant and f-ergodic measure u
supported on U?;é f7(K), with infinite metric entropy for f. More precisely,
for each Borel set B C M, define

152 .
w(B) === (f)u(dr)(BN fI(K)).

P
By this equality, and the fact that ¢.v is fP-invariant and fP-mixing, it is
standard to check that p is f-invariant and f-ergodic. From the convexity
of the metric entropy function, we deduce that
15
hu(fP) = = higsy o (IF) = +o0.
5=0

3

Finally, recalling that h,(f?) < ph,(f) for any f-invariant measure ;1 and
any natural number p > 1, we conclude that h,(f) = +00. =

5. Good sequences of periodic shrinking boxes. We now prove
Theorems|1.2|and Throughout this section we assume that dim(M) > 2.
When M is a one-dimensional manifold, Theorem can be proved by
repeating the proof of the 2-dimensional case after replacing Definition [2.5]
by Definition [2.1

DEFINITION 5.1. Let f € C°(M) and let K, Ks,... be a sequence of
periodic shrinking boxes for f. We call {K,,},>1 good if it has the following
properties (see Figure |5)):

o {K,}n>1 is composed of pairwise disjoint boxes.
e There exists a natural number p > 1, independent of n, such that K, is a
periodic shrinking box for f whose period p,, is a multiple of p.
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Per. shrink. box HO

Fig. 5. Construction of a good sequence of periodic shrinking boxes

e There exists a sequence {H,},>0 of periodic shrinking boxes, all with
period p, such that K,, UH,, C H, 1, K, N H, = 0 for all n > 1, and
diam(H,) — 0 as n — oo.

REMARK. Definition implies that (), H, = {xo}, where x¢ is pe-
riodic with period p. Furthermore, for any j > 0 we have

d(f1(IKy), f(20)) < diam(f/(H,—1)) < max diam(f*(H,_1)) == 0,
0<k<p—1

and thus
(5.1) lim sup d(f?(Ky,), f*(xo)) = 0.

We will construct a good sequence of periodic shrinking boxes for maps
that are arbitrarily close to a given f. We start by constructing the zeroth
level boxes:

LEMMA 5.2. Let f € CO(M) (resp. f € Hom(M)) and ,6 > 0. Then
there exist g1 € CO(M) (resp. g1 € Hom(M)), periodic shrinking bozes Hy
and K1 for g1 with periods p and pi respectively, where py is multiple of p,
and a periodic point xo € int(Hy) for g1 such that K1 C Ho \ {zo}, and

9|k, is topologically conjugate to ®1 € H,
diam(Hp) <9, ||lg1 — fll <e/2.

Proof. A generic map f € CO(M) (resp. f € Hom(M)) has a periodic
shrinking box Hy with period p > 1 such that diam(Hp) < ¢ and fp|HO is
conjugate to a model map @ € ‘H (Lemma [4.7] resp. .) Fix such an f in
the (¢/6)-neighborhood of f. The same box Hy will be a shrinking periodic
box for the map g; to be constructed.

Since fP: Hy — int(Hy) C Hy is continuous, by the Brouwer Fixed Point
Theorem there exists a periodic point xg € int(Hy) of period p. Lemma
and the argument at the end of the proof of Theorems and show
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that the map f has an ergodic measure u supported on U?;é fj(Ho) such
that hu(f) = +o00. Therefore, by the Poincaré Recurrence Lemma, there
exists some recurrent point y; € int(Hy) for f We can choose i1 # xg
(see Figure [p)) because p is not supported on the orbit of the periodic point
xo (recall that p has infinite entropy and by construction its support is a
perfect set).

Choose 47 > 0 small enough and construct a box By such that y; €
int(By), diam(By) < 01, the f-orbit of zp (which is finite) does not intersect
the finite piece of the fv—orbit of By (until the first iterate of y; is in Hp) and
B; C int(Hy). We repeat the proofs of the denseness property of Lemmas [4.2) -
and [4.5] using the recurrent point y; instead of g, and the box By instead
of B (see Flgure . We deduce that there exist an (¢/6)-perturbation f of f
and a periodic shrinking box K7 C Bj for f with some period p; > p (see
Figure . Moreover, f coincides with f in M \ int(B) (recall Remark .
Therefore, the same periodic point zg of fsurvives for f Moreover, by the
openness of the existence of the periodic shrinking box Hy, the same initial
box Hy is still periodic shrinking with period p for f , provided that f is
close enough to f. So, the compact sets of the family {fJ(HO)}] 01,..p—1
are pairwise disjoint, and fp(Ho) C int(Hp). This implies that the period py
of the new periodic shrinking box K for f is a multiple of p.

Now, we apply the proofs of the denseness property of Lemmas [1.7]
and using the shrinking box K instead of K (see Figure . We de-
duce that there exists an (¢/6)-perturbation g; of f such that K is still
a periodic shrinking box for g; with the same period p;, but moreover the
return map ¢i*|x, is now topologically conjugate to 1 € H.

Consider a box Wj satisfying fpl*l(Kl) C Wy C Kji, small enough

o its f orbit is disjoint from the f orbit of the periodic point xgy. Taking
into account Remark 4.9) we can construct g1 to coincide with f in the
complement of Wy U Upl* fi (Ky). If gq is sufficiently close to f, the point
xo is still periodic of perlod p for g1, and moreover Hy is still a periodic
shrinking box of period p for g; (recall that such a property is open). Finally,
5 s = ~ € € € €
lor = £l < llgr = FI+0F = Fl+0F =l <S4S+ 5 =5

Assume that we have constructed the jth level of periodic shrinking boxes
for all 0 < 57 < n — 1 of a good sequence. We will construct the periodic
shrinking boxes of the nth level by perturbing the given map once more. Let
us first define the following family of maps.

DEFINITION 5.3. Fix § > 0, and let p,n be natural numbers such that
p,n > 1. We denote by G, , 5 C C°(M) the family of all the maps g € C(M)
such that there exist n boxes K1, ..., K, satisfying the following properties:
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e {K,}i1<j<n is composed of pairwise disjoint boxes.
e For all 1 < j < n the box K; is periodic shrinking for g with period p;
that is a multiple of p, and
g% |k, is topologically conjugate to @; € H.

e There exists a sequence {H; }o<;j<n—1 of periodic shrinking boxes for g, all
of period p, and a periodic point z,_1 € int(H,_1) of period p such that
K;UH; C Hj_1, K;NH; =0foralll1<j<n-1,K,C Hy 1\ {zn-1}
and diam(H;) < 6/27 for all 0 < j <n — 1 (see Figure .

LEMMA 5.4. Fize,§ > 0 and natural numbers n,p > 1. Assume that g, €
Gpns OT gn € Gpno NHom(M). Then there exists an (£/2"T1)-perturbation
9n+1 of gn such that gny1 € gp,n+1,5 oT gn+1 € gp,n+1,5 N HOHI(M), re-
spectively. Moreover, for all j = 1,...,n the same bores Ki,...,K, and
Hy, ..., H,_1 are shrinking periodic for the new map gn+1 and for the given
map gn, with the same periods, and

g;1|Kj :g;ﬁi’l’Kj VZ‘:L"WPJ"

Proof. All the perturbations of g, that we will construct are sufficiently
close to g, so that the same boxes Hy,...,H,_; and Kj,..., K, that are
periodic shrinking for g,, are still periodic shrinking with the same periods for
the perturbed maps. This is possible because the periodic shrinking property
of a box and its period are open conditions. Moreover, we will only consider
perturbations of g, that coincide with g, except in the interior of a finite
number of boxes B, W, etc. whose g,-iterates, up to the (maxi<j<np;)th
iterate, are disjoint from all the boxes of the family {g; (K;) : 1 < j < n,
0 <i < pj—1}. Therefore, if such a perturbation g of gy, is close enough to gy,
then the iterates by g of the boxes B, W, etc. (where g differs from g,) are
still disjoint from the g,-iterates of K;. This implies that for all 1 < j < n,

and hence
3|k, = g | K, 18 topologically conjugate to ¢; € H.

Now let us perturb g, as above, in several steps, to construct the boxes
H, and K.

By hypothesis, g, has a periodic shrinking box H,,_1 of period p, a pe-
riodic point x,—1 € int(H,_1) of period p, and a periodic shrinking box
K, C H,—1\{zp—1} of period p,,, a multiple of p. It also has periodic shrink-
ing boxes Ky, ..., Ky 1, K, whose g,-orbits are disjoint from the periodic
orbit of x,41. So, we can construct a box B,, C H,_1 containing the periodic
point ,,_1 in its interior, whose g,-orbit up to the (maxi<;<, p;)th iterate is
disjoint from all the sets of the family {f*(K;):1<j<n,0<i<p;—1}.
Moreover, we construct B, such that diam(gn) < g/ 2™. Repeating the proof
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of the density properties in Lemmas and (putting x,,_; instead of zg),
we construct an (¢/(3-2"*1))-perturbation g, of g, close enough to g,, and
a periodic shrinking box H, C int(~ B,,) for g,. Moreover, since z,_; is a
periodic point with perlod p for gy, the period of H, for g, can be made
equal to p (see Remark |4.6). By construction, H,, C B, C H,_1 is disjoint
from K,. To construct g, we only needed to modify g, inside En (recall
Remark. Therefore, if g, is close enough to g,, as observed at the begin-
ning, the same periodic shrinking boxes Hy, H1,...,H,—1 and Ki,..., K,
of g, are preserved for g, with the same periods, and g, coincides with g,
on the g,-orbits of the boxes K1,..., K.

Now, as in the proofs of Lemmas [£.7] and [£.8] we will construct a new
(e/(3 - 2F1))-perturbation g, of g, such that gh|y, is conjugate to a map

in H. To construct g, we only need to modlfy Gn in W, U Up é@%(H ),

where W, is a small neighborhood of gy, (Hn) (see Remark 4 . Since the
gn-orbit of H, is disjoint from the g,-orbits of K for all 1 < j < n (because
H,, and Kj are disjoint periodic shrinking boxes for g;), we can choose W,
close enough to E]ﬁ*l(Hn) and ¢, close enough to g, so g, coincides with g,
on the orbits of the boxes K, as observed at the beginning.

We conclude that the same shrinking boxes K1, ..., K,; Hy,...,H,_1 for
Jgn and g, are still periodic shrinking for g,, with the same periods, and that
9’|k, = Gr’ |k, which is conjugate to ®; € H forall j =1,...,n

When modifying ¢, to obtain g, and §,, the periodic point z, 1 €
int(H,,—1) of period p for g, may not be preserved as periodic for g,. But
since H,, C H,—1 \ K, is a periodic shrinking box with period p for gy,
by the Brouwer Fixed Point Theorem, there exists a periodic point x, €
int(Hy,) \ K, for g,, with the same period p.

Since the return map g¢h|g, is conjugate to a model map, there exists an
ergodic measure p with infinite entropy for g, (see Lemma , supported
on the gp-orbit of H,,. Therefore, there exists a recurrent point y,, € int(Hy,).
We can choose ¥, # x,, because p is not supported on the periodic orbit
of z,, (in fact, u has infinite entropy).

We now argue as in the proof of Lemma (using gn, H, and x, in the
role of f, Hy and z) to construct an £/(3 - 2")-perturbation g,1 of g,, and
a box K,+1 C Hy \ {z,,} that is periodic shrinking for g,,4+1 of period p,4+1
which is a multiple of p, and such that gn’“’l |K,., is topologically conjugate
to a model map.

As observed at the beginning, if we choose g,+1 close enough to g, the
boxes Hy,...,Hy, and K1,..., K, are still periodic shrinking for g,+; with
the same periods, and

n+1

gn+1|K _gn ’K _gn ‘K
is topologically conjugate to a model map for all 1 < j < n.
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By construction we have g, 11 € Gp s and

9 9

[gn+1 = gnll < llgn+1 = Gull + |G — gnll + [[gn — gnll <3~ 3. ontl = ontl

as required. m

DEFINITION 5.5. Fix § > 0. We denote by G5 C C°(M) the family of all
maps g € [J,>1(y>1 Gpn,s such that, for all n > 1, the boxes H, ..., Hy—1
and K1,..., K, of Definition for g as belonging to G, s coincide with
the boxes for g as belonging to G, 11 6.

LEMMA 5.6. Fiz § > 0. The family Gs is dense in CO(M) and its inter-
section with Hom(M) is dense in Hom(M).

Proof. Let f € C°(M) or f € Hom(M), and ¢ > 0. We will construct
g € G5 such that dist(g, f) <e.

By Lemma there exist p>1 and g1 € G, 1 5 such that dist(g1, f) <e/2.
Denote by Hp, K1 C Hy the periodic shrinking boxes for g; as a map of G, 15
(recall Definition for n = 1). By continuity, there exists 0 < €1 < € such
that for all g in the e;-neighborhood of g1, Hy is still a periodic shrinking
box of period p for g.

By induction on n > 1 (Lemma provides the inductive step), there is
a sequence of maps ¢, g2, ... and a strictly decreasing sequence of positive
real numbers € > €1 > g3 > --- such that, for all n > 1, g, € Gy,
dist(gn+1, gn) < €n/2", the boxes Hy, Hy,...,H,—1 and K, ..., K, are still
periodic shrinking for g,,+1 with the same periods p, p1,...,p, as for g,, and
9n+1 = gn When restricted to the g,-orbits of the boxes K for j =1,...,n.
Moreover, for all g in the e,-neighborhood of g,, H,—1 is still a periodic
shrinking box of period p for g.

Since ||gnt1—gnll < €/27F for all n > 1, the sequence {gy, }n>1 is Cauchy
in C%(M) or Hom(M); let g be the limit map. Since g, is an e-perturbation
of f for all n > 1, the limit map ¢ satisfies dist(g, f) < e.

Moreover, by construction, gi(z) = gn(z) for all x € ?lo gh(K,), for
all k > n > 1. So ¢}k, = 9h" |k, is topologically conjugate to &, € H
for all n > 1 and all & > n (recall g, € G, and Definition . Thus
K, is still a periodic shrinking box for g of period p,, and ¢** |k, = gh"|k,
is topologically conjugate to a model map for all n > 1. Finally, for all
k > n > 1 we have, by construction, dist(gg, gn) < en(1/271 + 1/27F2 4
.-+ 1/2F) < e,. So, taking the limit as k — oo, we obtain dist(g, gn) < en.
This implies that H,_1 is still a periodic shrinking box of period p for g as
it was for g,. We have proved that g € Gs, as required. =

LEMMA 5.7. A generic map f € C°(M) form > 1, and a generic homeo-

morphism f for m > 2, has a good sequence {K,} of boxes such that the
return map fP|k, is topologically conjugate to a model ®,, € H.
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Proof. To see the G5 property assume that f has a good sequence { K, },
of periodic shrinking boxes. For each fixed n, the boxes K,, and H,, are also
periodic shrinking with periods p,, and p respectively, for all g in an open set
in C%(M) or in Hom(M) (see Definition . Taking the intersection of such
open sets for all n > 1, we deduce that the same sequence {K,} is also a
good sequence of periodic shrinking boxes for all g in a Gs-set. Now, assume
that moreover fPr|k istopologically conjugate to a model map for all n > 1.
From Lemmas [4.7] and [4.8] for each fixed n > 1, the family of continuous
maps ¢ such that the return map ¢|k, is topologlcally conjugate to a
model, is a Gg-set in C°(M) or in Hom(M). The (countable) intersection of
these Gg-sets produces a Gs-set, as required.

To prove denseness, recall Definitions[5.3]and [5.5] Observe that the family
of continuous maps or homeomorphisms that have a good sequence { Ky, }n>1
of periodic shrinking boxes such that the return map to each K, is topolog-
ically conjugate to a model map, contains the family Gs (or the intersection
of this family with Hom(M)) for any value of 6 > 0. Applying Lemma
we see that this last family is dense. =

REMARK 5.8. As a consequence of Lemmas and (after applying
the same arguments as at the end of the proof of Theorems and ,
generic continuous maps and homeomorphisms f have a sequence of ergodic
measures U,, each supported on the f-orbit of a box K, of a good sequence
{Ky}n>1 of periodic shrinking boxes for f, satisfying h,, (f) = +oo for all
n > 1.

Let M denote the metrizable space of Borel probability measures on a
compact metric space M, endowed with the weak® topology. Fix a metric
dist™ in M.

LEMMA 5.9. For all € > 0 there exists § > 0 with the following property:
if uyv € M and {By, ..., B} is a finite family of pairwise disjoint compact
balls B; C M, and if supp(p) U supp(v) C U;_, Bi, and u(B;) = v(B;),
diam(B;) < 0 for alli=1,...,r, then dist*(u,v) < e.

Proof. If M = [0, 1], the proof is in [CT, Lemma 4]. If M is any other
compact manifold of finite dimension m > 1, with or without boundary, just
copy the proof of [CT), Lemma 4], substituting the pairwise disjoint compact
intervals Iy,...,I, C [0,1] in that proof by the family of pairwise disjoint
compact boxes By,...,B, C M. =

Proof of Theorems [1.9 and [1.J} Fix ¢ > 0, and let 6 > 0 be as in
Lemma By Lemma [5.7] -, generic Contlnuous maps or homeomorphisms f
have a good sequence {K,,},>1 of periodic shrinking boxes, and a sequence
{un} of ergodic f-invariant measures such that h,, (f) = +oo (see Re-

mark and supp(p,) C Up" Ly fI(K,), where p, = l,p is the period
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of the shrinking box K. Taking into account that {f/(Kp)}o<j<p,—1 is a
family of pairwise disjoint compact sets, and fP~(K,,) C int(K,), we obtain,
for each j € {0,1,...,pn},

1 (f7(Kn)) = pn(f 77 (F1(Kp))) = pin (f 77 (f7(K)) Nsupp(pn)) = pin(Kn).
Since 1 = ?ial tn(f1(KR)) = pn - pin(Ky), we get
(I (Kn)) = i (Kn) = pl - llp W= 0.1,

From Definition [5.1] there exists a periodic point z¢ of period p such that
limy, o0 SUP, o Hdist (f7 (Ky), f7(20)) = 0, where Hdist denotes the Haus-
dorff distance. Therefore, there exists ng > 1 such that d(f7(K,), f/(zq)) <9’
for all j > 0 and all n > ng, where § < §/2 is chosen such that the balls
By, By, ..., Bp_1 centered at f?(x0) and with radius ¢’ are pairwise disjoint.
We obtain f/(K,) C Bj (mod p) for all j > 0 and all n > 0. Therefore,

1
pn(Bj)=— Vj=0,1,...,p—1, Vn > ny.
p

Finally, applying Lemma we conclude that dist™(uy,po) < e for all
n > ng, where uo := (1/p) Z?;é d¢i(p) is the f-invariant probability measure
supported on the periodic orbit of xg, which has zero entropy. =

6. Open questions. Lipschitz maps have finite topological entropy and
thus cannot have infinite entropy invariant measures. The following question
arises: do Theorems[T.1]and [T.3] hold also for maps with more regularity than
continuity but lower regularity than Lipschitz? For instance, do they hold
for Holder-continuous maps?

A priori there is a chance to answer this question positively in situa-
tions where the topological entropy is generically infinite, for example for
one-dimensional Holder-continuous endomorphisms and also for bi-Holder
homeomorphisms on manifolds of dimension 2 or larger. In both cases generic
infinite entropy is known [FHTT], [FHT2]. This is a good question for further
research.

Theorems [I.1] and [I.3] are proved for compact manifolds; we wonder if
some of the results also hold in other compact metric spaces that are not
manifolds. Do they hold if the space is a Cantor set K7

If the aim were just to construct f € Hom(K) with ergodic measures
with infinite metric entropy, the answer is positive. Theorem holds for
the 2-dimensional square D? := [0, 1]2. One of the steps of the proof consists
in constructing a Cantor set A C D?, and a homeomorphism & on M that
leaves A invariant, and possesses an @-invariant ergodic measure supported
on A with infinite metric entropy (see Lemma and Remark . Since
any two Cantor sets K and A are homeomorphic, we deduce that any Cantor



46 E. Catsigeras and S. Troubetzkoy

set K supports a homeomorphism f and an f-ergodic measure with infinite
metric entropy.

If the purpose were to prove that such homeomorphisms are generic in
Hom(K), the answer is negative. On the one hand, there also exist homeo-
morphisms on K with finite, and even zero, topological entropy, for example
f € Hom(K) conjugate to the homeomorphism on the attractor of a Smale
horseshoe, or to the attractor of the C'-Denjoy example on the circle. On
the other hand, it is known that each homeomorphism on a Cantor set K
is topologically locally unique, i.e., it is conjugate to any of its small per-
turbations [AGW]|. Therefore, the topological entropy is locally constant in
Hom(K). We conclude that the homeomorphisms on the Cantor set K with
infinite metric entropy, which do exist, are not dense in Hom(K); hence they
are not generic.
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