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Este documento incluye:

1) Demostracién inspirada en la de Pierre (con modificaciones) de condiciones suficientes
para que el atractor tenga medida nula, en cualquier dimensién.

No incluye: 2) Ejemplo de atractor con medida positiva en dimensién 1, porque lo que
habia pensado estaba mal. Volvi al principio, sigo sin saber si existe o no un tal ejemplo.

Comment about what the word “manifold” implicitly means (respuesta a una
cuestiéon que planteé Pierre sobre cambiar la distancia en la variedad X):

X is a differentiable compact manifold (with or without boundary) of finite dimension,
provided of a Riemannian metric i.e. a inner product in the tangent bundle, which defines:
e the distance dist between points in the manifold: for instance if X C R¢ is a compact
manifold with dimension d (or more generally if locally, the manifold is identified with its
tangent space which is R?), and if the inner product is denoted by w - v, then dist(x,y) =
lx — y||, where the norm |[v| = /v-v. It is well known that any other distance dist*
in a Riemannian manifold X (provided that dist* endows the topology of the manifold
and no other topology, namely: the open balls according to the new distance dist® are
open sets in the manifold, and any open set in the manifold is the countable union of
-not necessarily pairwise disjoint - balls according to the new distance dist*), then the
new distance dist* is equivalent to the distance dist which is endowed by the Riemannian
metric. La equivalencia entre distancias significa que todas las conclusiones topolédgicas con
una se obtienen también con la otra: conexion, fronteras, clausuras, etc. - y ademas que
existen constantes positivas ky y ks tales que kq - dist < dist™ < ks - dist. De esto tltimo se
desprende también (dicho groseramente) que las desigualdades que valgan con una distancia,
valen también automdaticamente - a menos de la introducciéon de un factor constante - para
la otra distancia)

e the Lebesgue measure [ for the Lebesgue-measurable sets of X: The Lebesgue measure of
a set is defined by integrating a the volume form (i.e. the determinant of the local charts)
which is obtained from the Riemannian structure of the manifold. Esto significa cubrir la
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variedad de entornos chiquitos, cada uno difeomorfo por una carta local a una bola o cubito
de R? (espacio tangente), y de manera que en la interseccién de dos o més de esos entornos,
los cambios de coordenadas sean ortogonales - la ortoganalidad no se puede definir si uno
no tiene previamente el producto interno, es decir la métrica Riemanniana.

Es una definiciéon absolutamente rigida que cuando se habla de “manifold”, la distancia
y la medida de Lebesgue no son cualquier cosa, sino las respectivas que provienen de una
métrica Riemanniana. Esto es debido a lo siguiente: por un lado, si uno quisiera cambiar
la distancia por otra que respete la misma topologia, las conclusiones topoldgicas serian las
mismas, y las desigualdades que cumpla la distancia nueva, son a menos de cambio de las
constantes, las mismas que las que cumplia la distancia vieja que proviene de la métrica
Riemanniana. Entonces, dicho groseramente, es lo mismo usar una que otra distancia, y
usamos solo la mejor representante de todas las distancias, que es la que proviene de la misma
métrica Riemanniana que la medida de Lebesgue. Por otro lado, si uno quisiera cambiar
la distancia por otra que no respete la misma topologia, entonces X no es una variedad,
por convencioén. Serd un espacio métrico, pero este espacio métrico NO tiene estructura de
variedad, si la distancia no respeta la misma topologia que le da estructura de variedad a X.
De todas formas, si uno usara una tal distancia, sucederian cosas espantosas como que no
todos los abiertos con la nueva topologia del espacio métrico X son Lebesgue medibles con
la vieja topologia intrinseca de X que la da la estructura de variedad. Entonces no todos los
compactos son medibles. Como nosotros no ponemos ninguna restriccion a la eleccion de las
piezas abiertas que son piezas de contractividad, si tomamos un piecewise contracting con
una distancia en X que induce una topologia en X que no es la de estructura de variedad
(suponiendo que X tuviera por separado, una estructura de variedad) el atractor podria no
ser Lebesgue-medible. Entonces no podriamos demostrar que [(A) = 0 en general, pues A
podria ser no medible. Adema&s no convendria llamar a X variedad, pues esto iria en contra
de la definicién de variedad universalmente aceptada.

NOTATION: All along this document I use the following notation:

e f: X — X is a piecewise contracting map according to our definition in the paper.

o {X;}1<i<n is the set of open contracting pieces of f in X. Recall that UZ]\L 1 X; is dense
in X.

e A €]0,1) is a contracting coefficient of f in any of its open pieces X;. Namely

V1<i< N, V(x,y) € X;: dist(f(z), f(y)) < Adist(x,y).

e A C X, which T call “discontinuity set”, even if not all points of A were discontinuity
points of f, is defined by
A=|Jox; =X\ (UL X))
i=1
e A is the atractor of f, according to our definition, which takes into account only the values
of flx\a- Precisely

+oo
A= An,
n=1
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where A, is the union of atoms of generation n, and can be inductively defined by

N N
A = U [(Xi), App1= U f(A, N X5). (1)
i=1 i=1

e [ is the Lebesgue probability measure on the COMPACT manifold X: Namely, [ is defined
from a volume form on X, after a rescaling such that [(X) = 1.

e For each 1 <4 < N the map f; : X; — X is the continuous and contracting map, which I
call continuous extension to X;, of f|x,, defined as follows:

filz) = f(z)ifr e X;

IfxeoX;: fi(x):= klir+n f(zr) V {zk}ren such that lim xzp = x. (2)
—+00

k—+o0

Due to the Lipschitz continuity of f|x,, it is standard to prove that f;(x), defined by
Equality (2), does not depend on the chosen sequence {zj}ren that converges to x. Also
due to the Lipschitz continuity of f|x, it is immediate to deduce that f; : X; — X is
Lipschitz continuous with the same Lipszhitz constant. Since this constant is A € [0,1),
then f; is a contraction with contracting coefficient equal to A\. Namely:

dist(fi(2), fi(y)) < Adist(z,y) V (z,y) € Xi. (3)

1 Demostracion inspirada en la de Pierre (con modificaciones)
de condicién suficiente para que [(A) =0

Theorem 1.1 IfI(A) =0 then [(A) =0

Corollary 1.2 In dimension one, if A is finite or countably infinite, then A is totally
disconnected.

The proof of this corollary is immediate after Theorem 1.1: If A is countable, then [(A) = 0
and if so [(A) = 0 so A can not contain open sets. In dimension one, any set with empty
interior is totally disconnected.

Before proving Theorem 1.1 let us state the three lemmas that we use in the proof. !
The following lemma is indeed a reformulation of a well known result of Measure Theory
on Riemannian Manifolds:

1Gi llegaran a estar bien estos lemas y sus demostraciones, y si estuviera bien la prueba del Teorema 1.1,
y si fuéramos a incluir este Teorema en el paper, opino que no hay que incluir las demostraciones de los
lemas 1.3 y 1.4, sino solo sus enunciados, como afirmaciones, no como lemas, y diciendo que son “standard
”to prove. Quizds convenga incluir solo la demostracién del lema 1.5, pues es el tunico lugar donde se usa la
hipétesis {(A) = 0 del Teorema 1.1.



Lemma 1.3 There exists a constant K > 0 (which depends only on the manifold X and on
its Riemannian structure) such that, for any nonempty open set Z C X, for any Lipschitz
function g : Z — X with Lipschitz constant p > 0, and for any Lebesque-measurable set
S C X, the following assertions hold:

g(SNZ) is Lebesque-measurable ,
1(g(SNZ)) <K pll(SNZ),
where d = dim(X).

Lemma 1.4 Let f: X — X be piecewise contracting map (according to our definition) and

denote by {X;}i<i<n the set of its open contracting pieces, by A = Ufil 0X; its disconti-

nuity set, and by 0 < X\ < 1 the contracting Lipschitz constant of f|x, for all 1 <i < N.
Fizn > 1. Define

n

Yy = ﬂ fP(XN\A)

s=0
where f~%(B) is the preimage of B by f* (and f° is the identity map). Define

gn Yo = X\A, by gn(x):=f"(x) Veey,.

Then, there ezists a finite family {Z;}1<j<n, of pairwise disjoints open sets Z; such
that U;V:”l Zj =Yy and gnlz; is a contraction with Lipschitz contracting rate \".

Lemma 1.5 Fizn > 1 and consider f,Y,, g, as in Lemma 1.4. Denote by A, the union
of the atoms of generation n of f defined by equalities (1). Define:

Sn = gn(Yn).

Then
Sp C X \A, S, CA,.

If besides I[(A) = 0 then

We will prove Lemmas 1.3, 1.4 and 1.5 at the end. First, assuming true these three
lemmas, we will prove Theorem 1.1:

Proof of Theorem 1.1
Proof:

For each fixed n > 1 take g,,Y, and {Z;}1<j<n, according to Lemma 1.4. Denote by
nj: 7j — Y}, to the continuous extension of g, | z; to Z Since gy| z; 1s a contraction with
contracting rate A", the extended mapping g, ; is also a contraction with contracting rate
A". Namely, gp; is Lipschitz with constant p = A". Applying Lemma 1.3 (using g = gn ;
and S = Z = Zj), we have:

9n.j(Z;j) = gn(Z;) is Lebesgue-measurable



and
Wgn(Z;)) < KA"1(Z;),

where d = dim(X). Thus

g

9n(Yn) = gn(UN"9(Z;)) = | ] 9(Z;) is Lebesgue-measurable

.
Il
—

and

Np,
Ugn(Yn)) <> U9(Z;)) < K X™1(Z;) = K X"U(Y,).
j=1

The last equality is due that {Z;}i1<j<n, is a family of pairwise disjoint open sets whose
union is Y;, (Lemma 1.4).
We apply now Lemma 9, using the hypothesis [(A) = 0 of Theorem 1.1:

I(A) =1(S,) = 1(gn(Yy)) < KA™MI(Y,) < KXY ¥Vn>1

Since A = 125 A, we conclude
I(A) < KN ¥Vn>1,

which, taking into account that 0 < A\ < 1 implies I(A) = 0, as wanted. O

Proof of Lemma 1.32
Proof: Denote
A:=8SnZ.

The Lebesgue probability measure [ is regular in the compact manifold X (see for instance
[1, Teorema 2.3.1 c¢), page 35]). Thus, for any € > 0 there exists an open set V' C X such
that

AcV, I(V)<IA)+e. (4)

V' is open in the compact d-dimensional manifold X , and the manifold is locally diffeomor-
phic to an open and bounded set of R%. Thus, V inherits the topological and measurable
properties of the open and bounded sets of RY.

We call a set B C X a compact cube, it is the image by a local diffeomorphic chart of
X of a compact cube in R?%. So, for any open set V C X there exists countably many (non

2Creo que la demostracién de este lema, si estuviera bien, no serfa necesario incluirla en el paper. Me
parece que es un resultado bastante estdndar (si es que no meti la pata en algo). No lo busqué mucho en
la bibliografia, pero deberia estar en algin lado. Es este enunciado: la imagen por una funcién lipschitz-
continua con constante p de un conjunto Lebesgue medible, es medible, y su medida de Lebesgue es menor
que una constante por pd por la medida de Lebesgue del conjunto. La parte que es mas complicadita, es la
de demostrar la medibilidad de la imagen, porque en general, la imagen continua de un medible puede ser
no medible. La hipdtesis de lipschitz continuidad es esencial. Lo que es clasico y estd en todos lados, es que
la imagen por un mapa de clase C* de un medible es medible y que la medida de Lebesgue de la imagen del
conjunto es menor o igual que el maximo del determinante de la parte lineal en valor absoluto por la medida
del conjunto



necessarily pairwise disjoint) compact d-dimensional cubes {V;};>1, all with diameter small
enough and such that

+oo +oo
velJv but DU <iV) +e (5)
j=0 j=0

From the definition of the Lebesgue measure on X, there exists constants K; > 0 and
Ky > 0 (which depend only on the manifold X and on its Riemannian structure - recall
that this structure defines the distance on X and the volume form from which the Lebesgue
measure [ is constructed), such that:

ki diam?(B) < I(B) < kydiam?(B) for any compact cube B C X. (6)

(Respecto a las desigualdades de arriba ver nota al pie 3 .)
Denote
Kj = Vj NnNZ.

(The set K;; is compact, so it is Lebesgue-measurable).
Due to the Lipschitz continuity of g, we have the following inequality for any two points
r,y€ K; C Z:
dist(g(z), g(y)) < pdist(z,y) < Adiam(V;)

Therefore
diam(g(K;)) < pdiam(Vj),

and so, there exists a compact cube B; such that
g9(K;) C Bj, diam(B;) < 2ddiam(g(K;) < 2d pdiam(V}). (7)

Note that K is compact and g is continuous, so g(K) is compact, hence Lebesgue mea-
surable. Also B; and Vj are compact, hence Lebesgue measurable. Thus

Ug(K;) < U(By),  diam(B;) < 2ddiam(g(K;) < 2d pdiam (V). (8)

Taking into account that V] and Fj are compact cubes in the manifold X, we can apply
inequalities (6). So, from inequality (8), we deduce:

Ug(Ky) < U(By) < ko [diam(B)* < 2y X [diamn (V7)) < 2% 22 pu(T}). (9)
1

3Por ejemplo, si la variedad es la superficie de una esfera, los cubitos Q 2-dimensionales en la variedad,
son pedazos compactos difeormorfos a cuadrados en el espacio tangente. Tomando coordenadas esféricas
con los polos que no pertenezcan a ese cuadradito @, el drea del cuadradito sobre la superficie esférica [(Q)
no es igual a la longitud del lado del cuadradito elevada a la 2 (como serfa si la superficie esférica fuera
isométrica a un pedazo de RZ), O sea difiere de ser proporcional al cuadrado de la diagonal (didmetro) de Q.
Pero de todas formas, haciendo cuentas en coordenadas esféricas por ejemplo, uno podria probar que I(Q)
estd acotada por arriba y por abajo por el cuadrado del didmetro de @Q multiplicado por sendas constantes.



Since A C V N Z, we have

—+00

+o0o
g(A) © g(VmZ) c g((u;;f V) ﬂ?) cJon2) = g(k)). (10)
j=1

=1

First, assume that g(A) is Lebesgue-measurable *. Combining assertions (9) and (10), we

obtain:
d jqd 2 d /.
) < Zz )< 2fdt ;z V).
Now, applying inequalities (4) and (5), we deduce:
I(g(A)) < 27 d Zj A (1(4) + 2¢).
Since the latter inequality holds for all € > 0, we conclude
Ug(A) < 20t 2 p114) = k" A), (11)

if g(A) were Lebesgue-measurable and
k=2%d%ky /K.

So, in particular, inequality (11) holds if A is a compact set (because the continuous
image g(A) of a compact set is compact, hence measurable).

Second, let us prove that g(A) is Lebesgue-measurable for all Lebesgue-measurable set
A C Z (recall that A = S N Z is measurable because, by hypothesis, S so is, and Z is
compact, hence measurable).

Due to the assertions (4), (5), (8), (10) and (11), and recalling that g(k;) is measurable
(because K is compact), we have already proved that:

Cg(UK) U (K;), f A) + 2¢, z(g(Kj))gkde(Kj). (12)

7j=1

The set defined by
+oo
T.:=|JK; (13)
j=1

is measurable because it is the countable union of compact sets, and analogously, the set

( U K; ) U (K;) is measurable. (14)
j=1

4F] conjunto A es medible porque es la interseccién de S medible con Z que es medible porque es
compacto. Pero la imagen continua de un conjunto medible puede no ser medible. En este caso queremos
demostrar que la imagen por una funcién Lipschitz continua de un medible es medible.



So, we have proved that for all € > 0, the set g(A) is contained in the measurable set g(T¢),
the set T, contains A,
(Te) <U(A) +2¢

and
g(To)) < kp” (I(A) + 2¢). (15)

Taking e = 1/r for r € N, r > 1, we deduce:

ACT:= ﬂ Ty, T ismeasurable, I(T) <I(A)+(2/r)Vr>1

r=1

(Note that T is measurable because it is the countable intersection of measurable sets.)

g(A) C g(T'), T is measurable, I(T)=1(A). (16)
(Note that A C T and I(T") < I(A) implies I(T) = I(A).) Since
9(A) = g(T)\ (9(T) \ g(A)), (17)

to end the proof that g(A) is measurable, it is enough to prove that ¢(T") and g(T) \ g(A)
are measurable. (Recall that B\ C = BN (M \ C), if C is measurable then its complement
M\ C also is, and that the intersection of measurable sets is measurable).

So, let us prove that ¢g(7") is measurable:

+o00 +oo n +o0 n
9(T) = 9( ﬂlTl/r> = g( ﬂl 1T1/r> = mlg( ﬂlTl/r)- (18)

(Recall that, for a sequence { A, },>1 of sets in the domain of any map g the image g((, An)
contains the intersection [, g(A,) of the images, but the equality may not hold if ¢ is not
one to one. Nevertheless if A,11 C A, for all n > 1, even if g is not one to one, it is easy
to check that g(,, An) =), 9(An). So Equality (18) follows because the sequence of sets
Ay =N Th /r» to which we apply the map g, is decreasing with n.)

Using the equality at right of assertion (18), to prove that g(7') is measurable it is
enough to prove that g((\_, 7} /r> is measurable. In fact, T}/, is the countable union of

the compact sets K; that were chosen at the beginning for a fixed value of € = 1/r . So
072»:1 Ty, is the intersection of two countable unions of compact sets. So, it is also the
countable union of compact sets. Repeating this argument by induction on n, we deduce
that for any natural number n > 1, the set (_, T} /r is the countable union of compact
sets. Since the image by any map ¢ of a union of sets, is the union of the images, we

deduce that g(ﬂle Ty /T> is the countable union of the image by g of compact sets. But

g is continuous, so the image by g of each compact set is compact. So g(ﬂle T /T> is the

countable union of compact sets, hence it is measurable. This ends the proof that ¢g(7") is
measurable.



Finally it is left to prove that g(T) \ g(A) is measurable. For any map g we have:
9(T)\ g(4) C (T \ 4)
But, we have already proved that A C T" and I(T") = I(A). So
(T\A)=UT)—-1(A)=0

No, let us put 7'\ A in the role of A, and H, in the role of T, and apply the left assertion
in (12), and also assertions (13), (14) and (15). We deduce that for all ¢ > 0 the image
g(T \ A) is contained in a measurable set g(H) such that I(g(Hc) < kp® (I(T \ A) + 2).
But [(T'\ A) = 0. So, for all € > 0 the set g(T"\ A) is contained in a measurable set g(H,) of
Lebesgue measure smaller than 2k p? e. Taking € = 1/, for all natural values of » > 1, and
the countable intersection of g(H, /) we deduce that g(7"\ A) is contained in a measurable
set of zero Lebesgue measure.

The Lebesgue measure is complete (see for instance [1, pag. 23 and Theorem 2.5.2, pag.
44]). Namely, any set contained in a Lebesgue measurable set with zero Lebesgue measure,
is Lebesgue measurable (and has zero Lebesgue measure). This implies that that g(7T'\ A) is
measurable and has zero Lebesgue measure. So, g(T') \ g(A) C g(T'\ A) is also measurable,
as wanted. O

Proof of Lemma 1.4 °
Proof: For each word w = (ig,i1,12,...,in) € {1,..., N}"T! of indexes, with length n,
define the open set

Zwi=Xiy N1 XN 0 X,

Select the subfamily of all those open nonempty sets and denote it by {Z1,...,Zn,}. By
construction U;V:’ll Zj = Yn. Also, by construction, for any two points z,y € Z; we have
that f*(x) and f*(y) belong to the same open contracting piece X;, for all 0 < s < n. So,

dist(gn(2), gn(y)) = dist(f"(z), f*(y)) < Mdist(f"* " (z), f*7}(y)) <

< Ndist(f" % (x), f73(y)) < ... < Adist(z, ).

Proof of Lemma 1.5 ¢
Proof: By definition, Y, C f™"(X \ A), gn = f"|y, and S, = gn(Yy). So S, = f*(Yn) C
X\ A) © X\ AL

Now let us prove that S,, C A,, and that, if [(A) = 0 then I(A,) = [(S,). Let us argue
by induction on the natural value of n > 1.

50pino que la demostracién del lema 1.4, si estuviera bien, no serfa conveniente incluirla en el paper. Da
la impresién que su enunciado es casi obvio, y muy facil de demostrar.

50pino que la demostracién del lema 1.5, si estuviera bien, habria que incluirla en el paper, pues es el
tnico lugar donde se usa la hipdtesis del Teorema 1.1. La demostracién de este lema copia las ideas de
Pierre.



If n =1, then

N

S =f(X\A) XA € () e X = A

i=1 i=1

Notice that, for any set S: S -
F(SNX;) C fi(SNX;), (19)

where f; is the continuous extension of f|x, to X,. This latter assertion holds due to the
following argument: On the one hand, by definition of closure of a set, f(S N X;) is the
minimum closed set that contains f(S N X;). On the other hand f(S N X;) is compact
because it is the continuous image of a compact set; hence it is closed.

Let us assume that [(A) = 0. Then:

N N N N
a =T « U s = (Usa) U (U fex).

Since 0X; C A, we have [(0X;). Applying Lemma 1.3 (putting 0X; in the role of S and f;
in the role of ¢g) we deduce that I(f;(0X;)) =0. So

N
i) <1 Fxm) =1 a)),
=1

Now

FxA\A) = (Fx Ay nE ) (Fxnana).
Since I(A) = 0 and f(Y;) = f((X \A) N XN A)) C F(X\A)N (X \A), we deduce:

[(A1) SUFXNA)) =1(f(Y1)) = Ugr(Y1)) = 1(S1).

But since S1 C A1 we also have the opposite inequality. So I(A1) = (S1), as wanted. We
have proved the initial step of the induction. Let us prove the general step. Assume the
inductive hipothesis:

Sp C Ay, U(AR) =1(Sy)

for some natural number n > 1. Let us prove the last two assertions for n + 1 in the place
of n:

Sn+1 = fn+1(Yn+1) = f(fn(Yn+1) C f(sn) = f(Sn N (X \ A))v
because S, C X \ A. Then

N N N
Snrr CJ AN X)) c | FAnnX) € | FAn N X)) = Apss.

=1 =1 i=1

We have proved that S, 11 C Ayy1. Now, it is left to prove that [(Ay,+1) = [(Sp+1). In fact:

N N N
Anir © U S0 n X0 = (U nx) U (U fithn 0 9X5)).
i=1 =1

i=1

10



Since 0X; C A and [(A) = 0 we deduce:

N

I(Apy1) < l( U f(An N Xi))'

i=1
But
N N N
U ranx) = (Ussanx) U (U s)nx).
i=1 i=1 i=1

From the inductive hypothesis I(A,, \ X,,) = 0. So, applying Lemma 1.3 we have I(f(A,, \
Xp)) = 0. Thus, we deduce

N

i) U780 X)) = 1(F(UE 801 X)) = UF(Sn):

=1

So, to end the proof that [(A,11) = I(Sp+1) it is enough to show that I(f(Sy)) = I(Sn+1).
Indeed, from the definition of Y;, and of S, = f"(Y,,) we have that y € f(S,) if and only
if y = f(f"(z), where f%(z) € X \ A for all 0 < s < n. We discuss two cases: either
fPH(z) € X\ A or f**1(2) € A. The first case is satisfied if and only if z € Y41, i.e.
y = f"t1(2) € Y,11. The second case is satisfied if and only if y = f"*1(z) € A. So, we
have proved that f(S,) = Sp4+1 UA. Since I(A) = 0 we conclude that I(f(Sy)) = [(Sn+1),
ending the proof of Lemma 1.5. g
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