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Abstract

We prove that the ergodic continuous dynamical systems with
infinite entropy are abundant, i.e. “generic”in the sense of Baire
cathegory classification. This is a joint work with Serge Troubet-
zkoy.
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X = compact phase space of finite dimension m > 1
C°(X) = space of all the deterministic continuous dynamical systems
f: X — X. Recurrent relation

Tn+1l = f(xn)
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X = compact phase space of finite dimension m > 1
C°(X) = space of all the deterministic continuous dynamical systems
f: X — X. Recurrent relation

Tn+1l = f(xn)
A phenomenon or property P is GENERIC OR TYPICAL if the family of

systems that exhibit it contains a countable intersection of OPEN AND
DENSE families in C°(X).
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X = compact phase space of finite dimension m > 1
C°(X) = space of all the deterministic continuous dynamical systems
f: X — X. Recurrent relation

Tn4+1 = f(xn)

A phenomenon or property P is GENERIC OR TYPICAL if the family of
systems that exhibit it contains a countable intersection of OPEN AND
DENSE families in C°(X).

e OPEN: if a systems exhibits P then it still exhibits P after ANY small
perturbation of its parameters.

e DENSE: if a system does not exhibit P then it will exhibit P after SOME
small perturbation of its parameters.
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X = compact phase space of finite dimension m > 1
C°(X) = space of all the deterministic continuous dynamical systems
f: X — X. Recurrent relation

Tn4+1 = f(xn)

A phenomenon or property P is GENERIC OR TYPICAL if the family of
systems that exhibit it contains a countable intersection of OPEN AND
DENSE families in C°(X).

e OPEN: if a systems exhibits P then it still exhibits P after ANY small
perturbation of its parameters.

e DENSE: if a system does not exhibit P then it will exhibit P after SOME
small perturbation of its parameters.

If a phenomenon P is generic or typical, then the family of systems that does
not exhibit P is MEAGER, and the family of systems that does exhibit P is
ABUNDANT (in the sense of Baire Cathegory Theory).
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e Phenomenon: INFINITE METRIC ENTROPY:
Infinite velocity in which the expected value of the probabilistic
information quantity of the system increases.
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e Phenomenon: INFINITE METRIC ENTROPY:
Infinite velocity in which the expected value of the probabilistic
information quantity of the system increases.

e CAN a deterministic system have infinite metric entropy?
No, if the system is differentiable.
Yes, if the system is continuous but non differentiable.
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e Phenomenon: INFINITE METRIC ENTROPY:
Infinite velocity in which the expected value of the probabilistic
information quantity of the system increases.

e CAN a deterministic system have infinite metric entropy?
No, if the system is differentiable.
Yes, if the system is continuous but non differentiable.

e HOW FREQUENTLY a continuous non differentiable system has
infinite metric entropy?

Theorem 1. (Infinite metric entropy ergodic measures)

Generic maps f € C°(X) have ergodic measures 1 such that
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e Phenomenon: INFINITE METRIC ENTROPY:
Infinite velocity in which the expected value of the probabilistic
information quantity of the system increases.

e CAN a deterministic system have infinite metric entropy?
No, if the system is differentiable.
Yes, if the system is continuous but non differentiable.

e HOW FREQUENTLY a continuous non differentiable system has
infinite metric entropy?

Theorem 1. (Infinite metric entropy ergodic measures)

Generic maps f € C°(X) have ergodic measures 1 such that

INFINITE METRIC ENTROPY IS GENERIC OR TYPICAL
in the family of deterministic continuous dynamical systems. Thus,

such systems ARE ABUNDANT.
16/189



Route of the proof of Theorem 1.

e In the box [0,1]™: CONSTRUCT a nonempty Gs-family % C C°([0,1]™)
of continuous maps h : [0,1]™ — [0, 1]™, which we call MODELS.

Main Lemma

Any model h has an ergodic measure v such that h, (h) = +oo.

1717189
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Route of the proof of Theorem 1.

e In the box [0,1]™: CONSTRUCT a nonempty Gs-family % C C°([0,1]™)
of continuous maps h : [0,1]™ — [0, 1]™, which we call MODELS.
Main Lemma

Any model h has an ergodic measure v such that h,(h) = +oo.

e In the compact phase space X of finite dimension, for a map f € C°(X),
DEFINE

PERIODIC SHRINKING BOX K C M.
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Let f € CY(X).

Definition

Periodic shrinking box with period p is a compact set K C M
homeormorphic to [0, 1]™, such that

e K, f(K),..., f/(K),...,fP"Y(K) are pairwise disjoint,

o fP(K) C interior(K),

e diam(f7(K)) < diam(K) for all j > 1.

K J f(K)
; £(K)
K (%

£(K)
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Route of the proof of Theorem 1.

e In the box [0,1]™: CONSTRUCT a nonempty Gs-family % C C°([0,1]™)
of continuous maps h : [0,1]™ — [0, 1]™, which we call MODELS.
Main Lemma

Any model h has an ergodic measure v such that h,(h) = +oo.

e In the compact phase space X of finite dimension, for a map f € C°(X),
DEFINE

PERIODIC SHRINKING BOX K C M.

Lemma 1
Generic f € C°(X) has some periodic shrinking box K .

Lemma 2

Generic f € C°(X) has some periodic shrinking box K such that the return
map fP|k : K — intK is conjugated to some model map h.

20/189
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For a generic map f € C°(M) there exists a periodic shrinking box K such
that the return map f?|k coincides, up to the conjugacy that transforms K
onto the cube D™ :=[0,1]™, with a model map h : D™ — D™.

Proof
\ )}‘ Q XA
wgl f 9=
(K) g=f “Sf(K)

217189
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Route of the proof of Theorem 1.

e In the box [0,1]™: CONSTRUCT a nonempty Gs-family % C C°([0,1]™)
of continuous maps h : [0,1]™ > [0, 1]™, which we call MODELS.

Main Lemma

Any model h has an ergodic measure v such that h,(h) = +oo.

e In the compact phase space X of finite dimension, for a map f € C°(X),
DEFINE

PERIODIC SHRINKING BOX K C M.

Generic f € C°(X) has some periodic shrinking box K .

Lemma 2

Generic f € C°(X) has some periodic shrinking box K such that the return
map fP|k : K — intK is conjugated to some model map h.

e END DE PROOF: Joining Lemma 2 and Main Lemma conclude that generic
f € C°(X) has an ergodic measure with infinite entropy.

2217189
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Usuario
Highlight


Construction of the MODEL maps in the cube D™ := [0, 1]™.
Step 1: THE PROJECTION 7; of D™ onto the interval [0, 1]

71 : D™+ D' := [0, 1] is the following projection

T1(T1, T2y« oy, Tin—1,Tm) i= Tm € [0, 1].
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Construction of the MODEL maps in the cube D™ := [0, 1]™.
Step 2: The 71 f-covering relation between boxes
Let A, B be two boxes in the interior of D™. Let f € C°(D™).

Definition

A 71 f-covers B; A —, ¢ Bif
e interior(f(A)) N B # 0,

o interior(m1 f(A)) D m B.

241189
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Construction of the MODEL maps in the cube D™ := [0, 1]™.

Step 3: ATOMS OF GENERATION 0 and 1.

Let A, B, C be three boxes in the interior of D™ such that
e B,C C interior(A), BnC =4,

OB—>.,r1fA, C—>7rlfA-

Definition
If so, we call A the atom of generation 0,
and B, C the two atoms of generation 1.

.
-
-

|

REMARK: The above condition is OPEN in C°(D™). The same boxes
A, B,C are also atoms of gen. 0 angsl/ :rL%sgp. V g near enough f.

14



Construction of the MODEL maps in the cube D™ := [0, 1]™.

Step 5: ATOMS OF GENERATION n

By induction on n > 1:

e A, is a finite collection of exactly 2" pairwise disjoint compact boxes
such that, for an adequate collection of pairs (B, C) of atoms of gen. n — 1,
there exists exactly two different boxes in G, H € A,, such that
oG7HCint(B) OG'—),TlfC7 H|—>ﬂ—1fc.

If so, the boxes of A,, are called the atoms of generation n.

n+1)/2

26/189
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Construction of the MODEL maps in the cube D™ := [0, 1]™.
Final step: Definition of the MODEL

Definition
We call a map f € CY(D™) a MODEL if there exists a sequence

Ao, A1, Ao, ... A, ...

of finite collections A4,, of pairwise disjoint boxes such that:

e For all n > 0, the boxes of A,, satisfy the definition of being
atoms of generation n for f.

e lim,, o maxc 4, diam(A4) = 0.

271189
11/14



Main Lemma

If f € C°(D™) is a model then it has an ergodic measure v such that
ho(f) = +o0.

Route of the proof.
e DEFINITION: The A-set is

N U4

n>0AcA,

e A is a Cantor set.
e Ais f-invariant:  f(A) = A.
e The Borel o-algebra in A is generated by the atoms AN A.

e CONSTRUCT the pre-measure v on A:

1 1
V(ANA) = ZA, " D2
e The above pre-measure defines a unique Borel probability measure v
supported on A.
e v is f-invariant and ergodic.

VAeA,, Yn>0.

e Compute the metric entropy of v and check that h,(f) = +oo.

2817189
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Conclusions and further results: e Infinite metric entropy
measures do not exist if f € CLPS(M) because hyop(f) < +o0.

® hiop(f) = +oo for generic f € CO(M)
(Yano, Inv. Math. 1980).
= (1): For all K > 0 there exists f-invariant pu such that

hMK(f) Z K.

e (1) # 3 p such that h,(f) = 400, because the metric entropy
function is not upper semi-continuous.

® Nyop(f) = +oo also for generic f € cHolder(pp)
(de Faria - Hazard - Tresser, ArXiv 2017).

e Does Theorem 1 also hold in ¢Holder(pr) 2
o If dim(M) > 2, does Theorem 1 also hold in Homeo(M)?
e Theorem 1 is false in Homeo(M) if M is only a compact metric

space but not a manifold (Akin-Glasner-Weiss, Trans. AMS, 2008).

29/189
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Spectral decomposition of piecewise contracting dynamics on the interval.
Poster presented by A. Calderdn in International Congress of Mathematicians.

Alfredo Calderon, Eleonora Catsigeras, Pierre Guiraud

2018
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Abstract. We study the topological attractors of injective piecewise contracting maps on a compact interval with any finite number N > 2 of continuity pieces. We prove the existence of a “spectral decomposition”
of the attractor into a finite number of transitive components that are either periodic orbits or Cantor sets. In the non-generic case, we prove that some orbits accumulate at both sides of the discontinuities points,
and that this phenomenon generates the transitive Cantor sets of the attractor. Keywords: Interval map, Piecewise contraction, Minimal Cantor sets. MSC 2010: 37E05 — 47H09 — 54H20.

Definitions and Spectral Decomposition Theorem

Let X C R be a compact interval. A map f : X — X is a piecewise contracting interval map with
N > 2 continuity pieces and contracting rate A € (0,1) (in short (N, A)-PCIM) if there exists a
pairwise disjoint open subintervals collection X1, X, ..., Xy such that

X=[JX

1<i<N

and [f(x) —f(y)| < Alx—y| Vx,yeX, Vie{1,2,...,N}
Also, the map f is supposed to be discontinuous (with unavoidable discontinuities) at the points of the
set

A= U@X,' ﬂ(?Xj =: {C1,...,CN_1}.
i

rGlraphic of an (N, A)-PCIM.

a3 N

L J

The attractor of f is defined by the following equalities:

/\::ﬂ/\n

n>1

where Ap:=f(X\A) and A,iq:=1fAp\Ad) Vn>1.

We say that f satisfies the separation property if f|x, is injective for each i and
fX)nfX)=0 Vvije{l,....N=1}: i+]

Besides, let D be the set of lateral limits of f at their points of discontinuity, i.e.
D:= { lim f(y):1<i< /\/—1}u{ lim f(y):1<i< N—1}u{f(co),f(cN)}.

y—e y=e;
We are interested in the orbits that do not intersect the set A of discontinuities. In this way, we may
disregard how f is defined in A. Precisely, we construct the set

X:=[)r"(X\4).
n=0 Is Cax

o wpy, Y to

a ﬂraq o

We say that A C X is pseudo-invariant if for any x € A we have
lim fly) e A or

y—x—

lim f(y) € A.
y—oxt

Note that if A C X is pseudo-invariant, then f(x) € A for any x € A\ A and AN X is invariant. The
following is the main result of our work:

Theorem (Spectral Decomposition)

Suppose that f satisfies the separation property and D C X , then there exist two natural numbers Ny
and N, satisfying 1 < Nqy+ Ny < 2N and such that the attractor A of f can be decomposed as follows:

022727272227 72727272272727222227222717

SIS SN N /AN N N A A N S\ A S\ S A S\ S\ o\ e

. oereasing,
1« piecew1se INCre:

1§ f is piec N, < N.

then 1 €™ 2=

where 01,05, ..

pseudo-invariant Cantor sets of X. Moreover, for any x € X , either there exists i € {1, ..., N1} such
that w(x) = O; or there exists i € {1,..., N} such that w(x) = Kij.

O N, C X are pairwise different periodic orbits and Ky, Ky, .. ., KNz are transitive

I L] T

Short state of art

With respect to periodic attractors, if AN A = @ is known that the asymptotic dynamics is supported
by a finite number of periodic orbits (this is also valid in higher dimensions — see [2]). Furthermore, it is
known that this behavior is Lebesgue-generic and that generically Ny < N (first proved in the injective
case [4, 5] and later in the general case [6], always in one dimension).

With respect to non-generic attractors is known that, for the particular case N = 2, the w-limit set of
all point is either a periodic orbit or a Cantor set (see [3]).

Our work generalizes in a certain sense these previous results (we use some complexity tools for this
type of systems. The complexity of the dynamics has been also studied in [1]).

Orbits classification and route of the proof

Finally, we say that ¢; € A is left-right recurrently visited by the orbit of x € X , if there exists two
strictly increasing sequences {¢;} >0 and {s;} ;>0 of natural numbers such that

Flilx) € X; and f(x) € Xpoq ¥j>0, and ¢ = lim fli(x) =

) Lim £%i(x).
j—)OO

J—)OO

We denote by Ay-(x) C A the set of discontinuity points that are [r-recurrently visited by the orbit of x,
and define
A= A,

xeX

Graphic situation of the affirmation: ¢q, cny—1 € Ayp(x).

o) | > <
° °
LEEY CN_1 XN CN

The attractor A of f can be decomposed as follows:

A= w(d).

deD

Theorem 2 (periodic w-limits)

Let x € X be such that Ar(x) = @, then w(x) is a periodic orbit contained in X. y

Theorem 3 (Cantor w-limits) ;

Let x € X be such that Ajr(x) # 0, then w(x) is a Cantor set and w(x) = O(y) for all y € w(x) nx.

.2
.2
2
.2
.2
y
.2
2
2
.2
.
3
s
'
IS

( )
Spectral Decomposition Theorem proof. Applying Theorems 2 and 3 to the points of D, we rewrite
(1) as follows:

Ny Ny
A=Jwd)= [ Joi| v [UKi|. (2)
deD i=1 i=1
where O1,0>, ..., ON1 C X are pairwise different periodic orbits, Ky, Ky, ..., K/\/2 are transitive

pseudo-invariant Cantor sets, and Nj + Ny < #D = 2N. Besides, each periodic orbit O;, and each
Cantor sets Kj, is the w-limit set of some point d € D. _

Now, let us prove that the w-limit set of any other point in X also coincides, either with one periodic
orbit Oj, or with one Cantor set Kj. First, recall that the w-limit set w(x) of any point x € X
satisfies w(x) N X # @. Then, there exists y € w(x) N X. Since w(x) C A, from Lemma 1 we deduce
that there exists d € D such that y € w(d), so y € w(x) N w(d) N X. Besides, x, d € X, so we can
apply Theorems 2 and 3 to deduce that both w(x) and w(d) are transitive sets. Therefore,

O(y) = wx) = w(d).
This proves that w(x) coincides with some set of the decomposition (2). We conclude that, for any

x € X, cither there exists i € {1,..., Ny} such that w(x) = O;, or there exists i € {1,..., Ny}

Lsuch that w(x) = Kj, ending the proof. [ ] IR S

7 X I e AN
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Dynamics of cooperative neuronal networks
depending on their associated graphs

Lorenzo, P. | Barrios, M. | Cubria, F. | Advisor: Catsigeras, E.

A neuronal network N describes the dynamics of a set of N

neurons that interact.

The configuration of the network is given by a vector
X(O)=(X(t),.... Xp(t)).

The dynamic evolution of the system will be given by two

regimes: integrate and firing.

[ R—
—

X0

Xl

/
d h
—
2 s e e 18

Strongly Connected Graph

<

Let 6;

with a neuron j by hﬂ-,

UNIVERSIDAD
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indicate the threshold of the neuron i. When X; (t) reaches 6;, the neuron fires, and interacts
when ‘hﬁ > 0. We will also take into consideration the parameters 8, h and n

suchthat €2 6; ,h < hjj foralli,j,and nh = 8 = (n-1) h.

Neuronal network's associated graph: It is a graph with the set of neurons as vertices and an edge from

itojif hy>0.

At the instant t,, of the m™ fire, we define J(m) as the set of neurons that fire in that instant. If #J(m)=N,

we say that the network reaches grand coalition.

LG G e

It is worth noting that there are neurons that reach their threshold naturally, and others that reach it due to

the interaction with the network.

We say that a graph is strongly connected if given two vertices, there exists an oriented path from one to the other.

Theorem : In a neuronal network with strongly connected associated graph, every neuron fires, actually, infinitely many times.

The key to this proof is the property of that if a neuron fires ﬁ'H/hﬂ ol times, then every neuron at distance d fires at least once in that period.
That, adding to the fact that in a strongly connected graph there is always an oriented path with a length of at most N, gives the result.

Complete graphs K,

Leta, =#J(s)and msuchthat Za,<nandZa,zn

. - [ -— o
In this subsection we will work with networks with associated graph K, Then, we have that {Uus;J C J(m), hence, Xt Xit) xlt) Xlt..))
#J(m) 2 N-(n-1) 2 2n-1-(n-1) = n, so #J(m) = N. sh sh Sh
Theorem (Large Cooperativity Principle): If R ® Vom B Soal o
tes .
N = 2n-1 the network reaches grand coalition.
4-2 #(kph<h
We will use the following property: if #J2 n, then #J=N.
) . The previous bound is optimal: o
;";I“;“‘ - Zhy2nh2B If N = 2n-2 we can obtain a situation in which firing neurons alternate. firin i i
. 4 i Example: Let us consider a network in which the neurons have identical
parameters and dynamics. ) - 5t
e i Then, we will consider two groups of neurons, with n-1 neurons each. e
g The following graphics shows the initial configuration for the first and axvse) win | g
second group of neurons respectively. Besides, after the fire, the
configuration for the first group tums out to be the initial configuration |
. . T e I cee e for the second group and viceversa. e l o [ Jea I I Y
T %K G, K A L VR S LT ¥ S L YL S

G is a star-shaped graph if it has a distinguished vertex which can be
connected by an oriented path to any other vertex.

@3 extension of &

G star-shaped . G (3,K,) extension of &

If reqlllred extra edges \) will be added in order

Theorem: A neuronal network with associated graph G which is a f extension
of a strongly connected graph G, will reach grand coalition if 8 > 2n-1.

Steps of the proof:

= If all the neurons in V; fire at a certain moment, then any neuron in the network fires
at that moment because of the structure of the graph G. In fact, if n of the neurons in Vj
fire we obtain the same result.

* Let AT be the amount of fires produced in V, until the instant of the m" fire and
W(m) the subset of neurons in V; that have not fired until the mentioned instant.

* 2 A= #)(i) = m then, we can assure that there exist m, and j, such

that Af® > nand for all j, A]"* < n.

that the graph obtained will be strongly connected. o

Theorem: A neuronal network with associated graph G which
is a (n,K,) extension of a star-shaped graph GwithN > 2n-1
vertices, will reach grand coalition.

Steps of the proof:

« If all the neurons in K fires at a certain moment, then any neuron in the
network fires at that moment because of the structure of the graph G.

= An argument similar to the one used in the proof of the large cooperativity
principle can be applied in order to prove that there exists a moment in which
all the neurons in K fires.

+ We have that J(m,) N V.2 'Ir\jz(m,,-lj,

4 so #((mg) N V,) 2 #W, (mg1) > n, which
implies that the network reaches grand
coalition.
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MathAmSud Meeting “Physeco”.
Montevideo, from 11 to 13 December, 2017

Generic C° maps of the interval:
ergodic and pseudo-physical measures

Eleonora Catsigeras

Abstract

We study the ergodic properties of generic C° maps of the interval I. We prove that all ergodic
measures are pseudo-physical, and that any pseudo-physical measure is in the weak*-limit of the
set of ergodic measures. Nevertheless, we also prove that the set of pseudo-physical measures is
meager in the space of all invariant measures.

This is a joint work with Serge Troubetzkoy.

35/189



I compact interval with nonempty interior, f € C(I).
‘P: Borel probability measures on I - weak*-topology.
Py C P: f-invariant prob. measures.

Definitions: -
e Empiric probabilities: Ong 1= Z Opi@y; v€I, n>1
o P-omega-limit of x € I: =

pw(z): ={peP:limoy;, = pu for some n; — +oo}
e Physical measure p if Leb({x el:pw(z)= {,u}}) > 0.

® c-weak basin of statistical attraction of 1 € Py:
Ac(p) ={z €I :dist(pw(z), 1) < €}.

e Pseudo-physical measure p if Leb (Ag(u)) >0Ve>0.
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Theorem Abdenur-Anderson (CMP, 2013)
CO-generically, f has not physical measures, and for Lebesgue a.e. x € I
there exists a (unique) measure i, € Py such that pw(x) = {us}.

Our first result:

Theorem

C-generically:

e Any ergodic measure is pseudo-physical.

e Any pseudo-physical measure is in the closure of the ergodic measures,
as well as in the closure of atomic measures.

e The subspace of pseudo-physical measures is a topologically meager
subset of Ps.

SKETCH OF THE PROOF: on the board
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Our results on the entropy of C?-generic systems on the interval:

For C°-generic f: I ~ 1,

o The metric entropy function pn € Py — h,(f) is everywhere neither
upper semi-continuous nor lower semi-continuous.

e There exists non countably infinitely many pseudo-physical measures p
that are atomic, hence h,(f) =0

e For any natural number m > 1, there exists infinitely many
pseudo-physical measures i for which h,(f) = logm. Hence, the
topological entropy is infinite.

o There exists infinitely many pseudo-physical measures p for which

hu(f) = oo.
SKETCH OF THE PROOF (on the board)
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Empiric stochastic stability of physical and pseudo-physical measures- Talk in the
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Empiric stochastic stability of physical

and pseudo-physical measures.

Eleonora Catsigeras

ABSTRACT

We define the empiric stochastic stability of an invariant probability measure by adapt-
ing to the finite-time scenario, the classical definition of stochastic stability. We prove that,
for any continuous system, an invariant measure is empirically stochastically stable if and
only if it is physical. We define also the empiric stochastic stability of a weak*-compact set
of invariant measures, instead of a single measure. Even if the system has no physical mea-
sure, we show that it still has minimal empirically stochastically stable sets of measures.
Besides, we prove that such sets are necessarily composed by pseudo-physical measures.
Finally, we apply the results to the one-dimensional C'-expanding case, to conclude that
the empirically stochastically measures or sets of measures satisfy Pesin Entropy Formula.
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New Trends in Onedimensional Dynamics
Celebrating the 70" anniversary of Welington de Melo

Rio de Janeiro, November 14 - 18, 2016

Title: Stochastic perturbations of piecewise continuous maps.
Author: FEleonora Catsigeras

Abstract.

We consider a piecewise continuous map f : X +— X with a finite number of continuity
pieces on a compact metric space X. We study the ergodic properties of the stochastic
dynamical system (X, fP.), obtained by adding at each iterate of f a noise of level € > 0,
namely, a stochastic perturbation of f with family P. = P,(x,-) of transition probabilities,
supported on the ball B.(f(x)) for each z € X.

We construct a transfer operator £ in the space of probability measures, whose fixed
points are the stationary measures of (X, f, P.). Under mild hypothesis on the transition
probabilities, we prove the existence and finitude of ergodic stationary probability measures
1. We also prove that for each ergodic p there exists a unique maximal period p > 1 and a
L*-periodic probability measure v with period p, such that p = (1/p) Z?;é Ly, Finally,
we prove that the ergodic periodic measures v of maximal period are weakly mixing and
also ergodic for all the multiples of £'?.

This is a joint work with Pierre Guiraud, Arnaldo Nogueira and Sandro Vaienti.

48 /189



Stochastic Perturbations of Piecewise
Continuous Maps

Eleonora Catsigeras

Universidad de la Reptblica
Montevideo, Uruguay

eleonora@fing.edu.uy

New Trends in Onedimensional Dynamics
Celebrating the 70th anniversary of Welington de Melo

IMPA, Rio de Janeiro, November 14-18, 2016
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Notation:

X compact metric space, A is its Borel sigma-algebra.

M is the space of all the probability measures on (X, .A) endowed
with the weak* topology;

Co(X, C) space of continuous functions ¢ : X — C with the sup
norm;

L space of bounded measurable functions.

Definition

f: X — X is Piecewise Continuous if there exists a
“topological [Ertition”{Xi}lgiSN (i.e. X; open, X;NX; =0 if
i#j,and JX; = X)

and continuous maps f; : X; — X such that

fLXi::fT

Notation: A = set of discontinuity points of f
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Definition

A Stochastic System by perturbation of f with noise of level
e > 0is (X, f, P.) where

P = {Pi(2,)}yex, 1 i< N

is the family of transition probabilities P ;(x,-) € M of the

stochastic process {y}n>0, i.€.
P.;(x, A) = prob.({zn11 € A|z, = z}) for all z € X, and

osupp(P.i(r,-)) = Bc(fi(z)) VA€ A, VzeX;
Hypothesis on the noise: e x € X; — P.;(z,:) € M is
continuous.
o P i(x, A):O V. o If A C B.(fi(x)

)N B.(fj(x')), then
P.i(z,A) =0if and only if P, ;(2', A) =

(
0.
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Definition

The transfer operator L : L, +— L is

(Co)(a) = / o) Pos(z,dy) ¥z € X;

The dual transfer operator £L* : M — M is

/sod(ﬁ*u) 1= /(&Pdu Ve M.

A stationary measure p € M is a fixed point of L£*.

A periodic measure p with period p is a fixed point of £*? for a
minimum natural value of p > 1.

A measure . of period p is ergodic if for any £P-invariant set A
(i.e. LPxa = xa p-a.e.) either u(A) =1 or u(A) =0.
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Theorem

(Existence and finitude of ergodic stationary measures)
The set £ of stationary ergodic measures for the stochastic system
(X, f, P.) is nonempty and finite.

SKETCH OF THE PROOF (on the board)

Theorem

(Periodic ergodic measures of maximal period)

For each ergodic stationary measure p there exists a unique
maximal period p > 1 and a periodic and ergodic probability
measure v with period p, such that

1 _
p=-v+Lv+.. .+ LPL
p

Besides, the ergodic periodic measures v of maximal period are
weakly mixing and also ergodic for all the multiples of L*P.

SKETCH OF THE PROOF (ogsthggoard)



Definition

A piecewise continuous map f : X — X is piecewise contracting
if there exists a constant 0 < A < 1 such that, for any continuity
piece X; of f:

dist(f;(x), fi(2')) < X -dist(z,2') V x,2" € X;.

A piecewise contracting map is typically periodic if its attractor
A does not intersect the set A of discontinuity points. (In such a
case, the attractor A is composed by a finite number of periodic
orbits).

54 /189
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Theorem

If f is piecewise contracting and typically periodic, then, for all the
stochastic perturbations of f with noise level ¢ > 0 small enough,
there exists an invertible correspondence & between the family of
ergodic periodic measures with maximal period for the transfer
operator L*, and the periodic orbits of the attractor of the
deterministic system.

Besides,

period(v) = period(£(»). and &(v) € supp(v) C By1-x) ().

SKETCH OF THE PROOF (on the board)
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Lebesgue-essential exponent and positive entropy

of C'! diffeomorphisms with dominated splitting.

Eleonora Catsigeras!

Seminario de Teoria Ergddica do IMPA, Rio de Janeiro, July 1st, 2016

Abstract

We consider a C! diffeomorphism f on a compact manifold with dominated splitting.
From an example of Gourmelon and Potrie, it is known that the topological entropy of f
may be zero. Here, we will show sufficient conditions for the topological entropy be positive.
We define the Lebesgue-essential exponent taking the asymptotic exponential rate of local
variation of the Lebesgue measure, either to the future or to the past. We prove that if the
Lebesgue-essential exponent is not very negative, then the topological entropy is positive. As
a corollary, if the Lebesgue measure is f-invariant, or if it is non invariant but recurrent” (we
will define this concept), then the topological entropy is positive.

This is a joint work with Xueting Tian.

nstituto de Matematica y Estadistica Prof. Rafael Laguardia (IMERL), Universidad de la Reptiblica,
Uruguay
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Seminario
Dinamica Portena

InsTiTuTo D : ima.ucv.cl/seminarios/dinamica-portena
Mazpssircas PLCY

Exponente Lebesgue-esencial y entropia positiva en
difeomorfismos C' con splitting dominado.

Eleonora Catsigeras

Universidad de la Republica, Uruguay

Viernes 29 de abril
17:00 hrs. Sala 2-2.
Instituto de Matematica, PUCV

Sea f un difeomorfismo de clase C* con splitting dominado en una variedad compacta. A partir de
un ejemplo de Gourmelon y Potrie, se sabe que la entropia topologica de f puede ser cero. Aqui ex-
pondremos condiciones suficientes para que la entropia sea positiva. Estas condiciones consideran
la variacion de la medida de Lebesgue en la variedad, al iterar el difeomorfismo. Definimos el expo-
nente “Lebesgue-esencial” como la tasa exponencial asintotica de crecimiento (o decrecimiento si
fuera negativa) de la medida de Lebesgue. Probamos que si el exponente Lebesgue-esencial hacia el
futuro o hacia el pasado no es muy negativo, entonces la entropia topologica de f es positiva. Como
caso particular, si la medida de Lebesgue es invariante, o si es una medida no invariante pero “recur-
rente” (seglin definicion que introduciremos), entonces la entropia topoldgica de f es positiva. Este
es un trabajo conjunto con Xueting Tian.

CONTACT PLACE AND TIME

CARLOS H. VASQUEZ FRIDAY 16:00 - 18:00, ROOM 2-2
email: carlos.vasquez@pucv.cl Instituto de Matematicas
phone: (+56 32) 2274011 Pontificia Universidad Catélica de Valparaiso

webpage: http://ima.ucv.cl/seminarios/dinamica-portena/ Blanco Viel 596, Cerro Baron, Valparaiso, Chile.
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Transmission of Energy in Complex Networks
XIV Latin American Workshop on Nonlinear Phenomena (LAWNP) , Cartagena de Indias,
Colombia

RUBIDO, N.; CABEZA, C; CATSIGERAS, E; MARTI, A ; GREBOGI, C.; BAPTISTA, M.S.

2015
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Transmission of energy in complex networks

Nicolas Rubido', E. Catsigeras®, C. Cabeza?, A. C. Marti?, C. Grebogi®, M. S.
Baptista®

' Universidad de la Republica, Instituto de Fisica Facultad de Ciencias, Uruguay, and University of Aberdeen,
King’s College, Institute for Complex Systems and Mathematical Biology, Aberdeen, UK

2 Universidad de la Republica, Instituto de Fisica Facultad de Ciencias, Montevideo, Uruguay

8 University of Aberdeen, King’s College, Institute for Complex Systems and Mathematical Biology, Aberdeen, UK

A fundamental motivation in Complexity Sciences is to understand and predict the implicit re-

lationship between the structure and the behaviour of a complex system. The structure is a
topological representation of how the units in the complex system are interconnected, i.e., the
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system’s connectivity skeleton. It constitutes the backbone of the system’s interactions and it is
formally described by the theory of graphs. Behaviour is a functional observable of the collec-
tive dynamics that the units in the network have. It shows how the dynamical properties of the
complex system evolve and can be measured by a variety of different methodologies. The im-
portance of understanding this relationship is because, in nature and society, both quantities are
usually not simultaneously known. For example, in the brain, the behaviour can be measured
(e.g., EEG and fMRI) but the exact structure is unknown. On the other hand, the structure of the
modern power-grids are known, but the behaviour sometimes is unpredictable (e.g., black-outs
and power drops). In this work | am going to focus on the derivation of explicit relationships be-
tween the structure and the dynamics of supply-demand networks, in particular, in the results we
find for a phase-oscillator model of the power-grid transmission of energy known as the swing
equations. Despite our particular choice, the results are unrestricted to power-grids and can be
extended to other complex systems of interacting oscillators.
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Lebesgue-essential exponents and positive entropy of

C'-diffeomorphisms with dominated splitting.

Eleonora Catsigeras® and Xueting Tian**

Dedicated to the Memory of Prof. Nikolai Chernov

Abstract

We study C*-diffeomorphisms on compact manifolds that have global dominated split-
ting. We define the Lebesgue-essential exponents by considering the exponential rates
according to which the differential of the Lebesgue measure asymptotically changes to
the future and to the past. We find lower negative bounds of the Lebesgue-essential
exponents that suffice for the topological entropy be positive. Finally, we prove some
corollaries in particular cases: when a smooth measure is preserved, or, more generally,
when the Lebesgue measure is recurrent.

Key words: Dominated Splitting; Entropy; Volume Change; SRB-like Measures
MSC 2010: 37D30; 37B40; 37D25; 37A35;

1 Introduction

Consider a compact and connected C'!-Riemannian manifold M without boundary and let
f € Diff!(M) be a C* diffeomorphism on M.

Definition 1.1. (Dominated Splitting) The diffeomorphism f has a dominated splitting
TM = E & F if this splitting is defined in all the points of the tangent bundle, is continuous
and non trivial (i.e. dim(£),dim(F") # 0), and there exists a constant o < 1 such that

IDfe@ll - 1D @yl < o, Vo € M.

We call E and F' the dominated and dominating subbundles respectively. We call « the
domination constant.
Note: In the above definition the continuity of the splitting is a redundant condition [1].

Definition 1.1 is a generalization of uniform hyperbolicity and also of partial hyperbolicity.
Since uniform and partial hyperbolic systems have positive topological entropy, we first pose
the following question:

;Have all C! diffeomorphisms with dominated splitting positive entropy?

The answer is negative. In fact, Gourmelon and Potrie [4] have recently constructed
a counterexample on the torus T?. Nevertheless, it is known that the answer is positive
under some additional restrictive hypothesis of f. For instance, if the dominated splitting is
partially hyperbolic, then the topological entropy of f is positive, as proved by Saghin, Sun

*Instituto de Matemédtica y Estadistica “Rafael Laguardia” (IMERL), Facultad de Ingenierfa, Universidad
de la Republica. Uruguay. E-mail: eleonora@fing.edu.uy

** School of Mathematical Sciences, Fudan University, Shanghai 200433, People’s Republic of China.
E-mail: xuetingtian@fudan.edu.cn; tianxt@amss.ac.cn
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and Vargas in [5]. Also, if f has a dominated splitting and preserves the Lebesgue measure (or
a finite measure that is absolutely continuous with respect to Lebesgue), then it necessarily
has positive entropy (see Corollary 3.4 at the end of this paper). This latter result is also a
consequence of a Pesin-like formula for the metric entropy in the C'-context, proved in [6].

To generalize the results of positive topological entropy for diffeomophisms with domi-
nated splitting that do not necessarily preserve the Lebesgue measure and are not necessarily
partially hyperbolic, we will focus on the assymptotic exponential derivative of the Lebesgue
measure when applying f or f~'. We will find a relation among those Lebesgue-essential ex-
ponents and the positiveness of the topological entropy. To do so, we introduce the following
definition:

Definition 1.2. (Lebesgue-essential exponents)
For any point * € M, we define the Lebesgue exponents A*(z) and A\~ (x) at x, to the
future and the past respectively, by

1 1
AT (2) := limsup —log |[detDf?|, A~ (z) := limsup — log |detD f,"|.
n n

n—-+o0o n—-+o0o

Now, we define the Lebesgque-essential exponents AT, and \_,,, to the future and the past

€SS ess?

respectively, by:
)\-i-

€SS

:= Leb-ess sup A" (x), .., := Leb-ess sup A\ (z),

where Leb-ess sup u(x) denotes the essential supremum with respect to the Lebesgue measure
of the measurable real function wu.

We are ready to state the main result of this paper:

Theorem 1. Let f € Diff(M) have a dominated splitting TM = E ® F, where E and F
are the dominated and dominating sub-bundles respectively. Let 0 < o < 1 be the domination
constant. If

Mo > — dim(E)loga™  or A, > — dim(F)loga ™!, (1)

€SS €SS

then the topological entropy of f is positive.

In Section 2 we will prove Theorem 1, and in Section 3 we will state and prove its
corollaries.

2 Proof of Theorem 1.

To prove Theorem 1, we will construct an f-invariant probability measure with positive
metric entropy. Thus, applying the variational principle, this construction implies that the
topological entropy of f is positive, as wanted. The construction of such a probability measure
will be based on the theory of pseudo-physical or SRB-like measures for C' maps, which was
introduced in [3]. We will apply a result in [2] (generalizing a theorem in [6]): it provides
a Pesin-like formula for the entropy to all the pseudo-physical or SRB-like measures of any
f € Diff' (M) with dominated splitting.

In the sequel, we denote by M the space of all the Borel probability measures on M
endowed with the weak*-topology. We denote by M the set of f-invariant measures con-
tained in M. Recall that that M and My C M are nonempty, weak*-compact, sequentially
compact, and convex metric spaces.

2
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Definition 2.1. (p-omega limit of x) For any point 2 € M we construct the sequence
{of n(x)}n>1 C M of empiric probabilities along the finite pieces of the future orbit of z, by

n—1
1
ofnlz) =~ >0 (2)
j=0

where, d, denotes the Dirac-delta probability measure supported on y € M.
We define the the p-omega limit pwg(x) C My by:

pwy(r) :={p € M: In; = +oc such that lim oy, () = p}.

J—+o0

Now, we fix a metric dist* in P that endows the weak*-topology, and recall the following
definition taken from [3]:

Definition 2.2. (Pseudo-physical or SRB-like measures) Fix € My and € > 0. We
define the basin Be(u) of e—weak attraction of p by:

Be(p) :={x e M: dist*(pwys(x), p) < €}.
We call the probability measure pu pseudo-physical or SRB-like for f if
Leb(B¢(p)) >0 Ve>0.

The following previous results are taken from [3], [2] and [6]:

Theorem 2.3. (C.-Enrich [3])

For any continuous map f : M — M the set of pseudo-physical probability measures is
nonempty, weak*-compact, does not depends of the chosen weak* metric, and contains pwys(x)
for Lebesgue almost all x € M.

Theorem 2.4. (Pesin-like formula, C.-Cerminara-Enrich [2] and Sun-T. [6])
If f € Diff* (M) has a dominated splitting TM = EQF, where E and F are the dominated
and dominating sub-bundles respectively, and if p € My is pseudo-physical, then

dim(F)

mif) 2 [ 3 xa(eldu= [ log|det Dfl|dp 3)
1

1=

where X1 > X2+ > Xdim(m) denote the Lyapunov exponents defined p-a.e.

We are ready to start the proof of Theorem 1:

Let f € Diff'(M) have a dominated splitting TM = E @ F, where E and F are the
dominated and dominating sub-bundles respectively. Define

F
)‘ess

:= Leb-esssup A'(x),

where )
M () := limsup — log |det D7 p)l
n

n—-4o00

3
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Lemma 2.5. If \L._ > 0 then the topological entropy of f is positive.

€ess
1
Proof. Consider the set A := {z € M : limsup — log |det D f;'|p(;)| > 0}. From the condition
n—4oo N
M, > 0, we deduce that Leb(A) > 0. Denote by Py C M the non-empty set of physical-like
measures for f, and apply Theorem 2.3:

pws(x) C Py Leb.- a.e.x € M.

Choose and fix a point & € A such that pw¢(z) C Py, and fix a sequence n; — +o00 such that

1 N
lim — log |det D | | = a > 0. 4
j_}gloonj og|det D fr’|p)| = a (4)

By choosing an adequate subsequence, there exists y € My such that:

lim oy, =p e My. (5)

Jj—+oo

After Definition 2.1, p € pw¢(z) C Py. So, applying Theorem 2.4:

hu(f) > /wdu, where 1) := log |det Df|p|. (6)

By the definition of the weak* topology in P (since v is a continuous real function), and from
equalities (5) and (4), we deduce:

n;—1
Jodu= 1w [vio, @)= tm Y w7 -

Jj——+oo J—+oo 1 =0

n;—1

. 1 ) 1 "
jE‘I‘oo o ; log | det D f i | p( iy | = jglfoo o log|det Dfy’|py =a>0.  (7)
Joining inequalities (6) and (7) we obtain h,(f) > 0 as wanted. O

End of the proof of Theorem 1

Proof. By hypothesis A\, > —dim(E)log(a™!) or A,

s wes > —dim(F)log(a™!). Tt is not re-
strictive to assume that the first inequality holds. If not we would apply the same proof
with the second inequality instead of the first one, and with f~!, F, E in the place of f, E, F
respectively.

Arguing as in the proof of Lemma 2.5 there exists a point x € M, a sequence n; — 400,

and a physical-like probability measure p such that

1 n; . -
lim — log|det Dfy’| = b > —dim(E)loga ™!, (8)
J—+0oo 1y
hulf) = [ log|det Dyl d ©)
TLj*l
/\deth\du: lim > |det Dfyigy| = lim ilog|detpf”fy:b (10)
j—+o0 n; o f1(@) Jj—+oo n; v '
4
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Since £ @ F = TM is a D f-invariant splitting and g is an f-invariant measure, applying
Oseledets Theorem we obtain:

dimM dimF dimM
JroglaetDsian= [ 3 xwdu= [ 3wt [ Y vdu=
k=1 k=1 k=dimF+1

/log\deth\ﬂd,u—i—/log\deth\E]du.
Thus,
/logdeth\F\d,u:/log]dethdu—/log]deth]E|d,u (11)

Besides, applying the definition of dominated splitting, we obtain:

log | det D fy| s < dim(E) 1og | D ful )| < dim(E) - log (r———) <
Hfo(x) ‘F(f(x)) H
log | det ng;|F($)|
' dim(F)
We recall that the dimensions of E and F' are constant, because these sub-bundles are con-
tinuous and the manifold M is connected. Joining equality (11) with inequality (12):

dim(E
(1 dii&Fi) /log|deth|F|du2/log|deth|d,u+dim(E)logof1. (13)

Finally, from inequalities (8), (9), (10) and (13) we conclude:

—dim(F) loga™! + dim(FE) (12)

(1+ dim(E)) Pulf) = (1+ dim(P )) / log| det Df|r| > log |det Df| dp + dim(E)log ™!

dim(F) dim(F)
=b+dim(E)loga! > —dim(E)loga™! + dim(E)loga™! = 0.
So, we conclude that h,(f) > 0 as wanted. O

3 Corollaries.

In this section we apply Theorem 1 to some particular cases:

Corollary 3.1. If f € Diff(M) has a dominated splitting and preserves the Lebesgue mea-
sure, then the topological entropy of f is positive.

Proof. In fact, since |det Df| = 1, the Lebesgue-essential exponents are zero. Thus, the
condition 1 holds; hence Theorem 1 implies hgop ( f)>0. O
We will generalize Corollary 3.1 to cases for which the Lebesgue measure is not f-invariant,

but the Lebesgue-essential exponents are still zero. To so do, we need the following definition:

Definition 3.2. (Recurrent measures)

Let p € M (i.e. Tho is a non necessarily invariant, Borel probability measure on M).
We call p a recurrent measure if there exists a real number 0 < § < 1 such that for any
measurable set B C M, if p(B) > 1 — 6, then there exists n; — +oo such that

BN fu(B)#0 VjeN.

Note that, due to Poincaré Lemma any f-invariant measure is recurrent (in such a case,
d can be arbitrarily chosen in the open interval (0,1)).

5
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In the sequel, we denote by Leb the Lebesgue measure on M after a rescaling to make it
a probability measure.

Corollary 3.3. If f € Dijjd(M) has a dominated splitting and the Lebesque probability
measure is recurrent, then the topological entropy of f is positive.

Proof. Applying Theorem 1, it is enough to prove that ., > 0 or A\ ,, > 0. Arguing by

ess
contradiction, and recalling Definition 1.2, assume that there exists a real number —a < 0

such that the Leb(A) = 1, where

log |det D f log|det Df ™
A= {J:GM: limsupM<—a, 1imsupM<—a}.

n—-+00 n n—+o00 n
For any natural number N > 1 and define

log |det D f7! 1 Df "
ANZ:{I‘GM: M<_a7 M<_a anN}

n n

We have Ay C Ayy1 and A = UEOZOI Apn. So, limy ;4o Leb(Ay) = Leb(A) = 1. So, for any
given 0 < § < 1 there exists N > 1 such that

Leb(AN) >1-4.

Consider any measurable set C' C Ay. We obtain:

Leb(C' N f(Ay)) = / | det Df"| dLeb(z) < e - Leb(f™(C) N Ax) ¥n > N.
zef~(C)NAN

Leb(C N f"(An)) = / |det Df,"|dLeb(z) < e "*-Leb(f"(C)NAy) Vn>N.
zefr(C)NAN

In particular, applying the above inequalities to C1 := AxNf"(An) and Cy := AyNf~"(A
we deduce Leb(C1) < e -Leb(Cs), Leb(Cs) <e ™ -Leb(Cy) Vn > N.Thus, Leb(Cy
Leb(C3) = 0; hence

N)
) =

Leb(Ay N f*(An)) = Leb(Ax N f(AN)) =0 ¥V n > N. (14)
+00

Now, construct the measurable set B := Ay \ ( U (A N)) From equalities (14) we obtain

Leb(B) = Leb(Ay) > 1 — 6. And by constructlon of B we obtain BN f*(B) =0 Vn>N.
Since the above assertions hold for any 0 < § < 1, we conclude that Leb is not recurrent,
contradicting the hypothesis. O

Finally, we state and prove the following consequence of Theorem 1. It is a generalization
of Corollary 3.1.

Corollary 3.4. If f € Diff* (M) has a dominated splitting and preserves a smooth probability
measure p (i.e. p < Leb), then the topological entropy of f is positive.
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Proof. By hypothesis p < Leb. Let us prove that there exists 0 < § < 1 such that p(C) < 1
for any measurable set C' C M such that Leb(C) < §. In fact, arguing by contradiction, if
the latter assertion were false, then for any natural number n > 2 there would exist C,, C M
such that Leb(C,) < 1/n and p(Cy,) = 1. So, taking A = (/> C,, we would obtain p(A4) = 1
and Leb(A) = 0, which contradicts the hypothesis p < Leb. So, we have proved the existence
of a real number 0 < § < 1 satisfying the assertion at the beginning.

Take any measurable set B C M such that Leb(B) > 1 —§. Thus Leb(M \ B) < §. By
construction of 0 we obtain p(M \ B) < 1; hence p(B) > 0. But besides p € M. Thus,
from Poincaré Recurrence Lemma we deduce that there exists infinitely many future iterates
of B that intersect B. In brief, we have proved that for any measurable set B such that
Leb(B) > 1 — ¢ there exists nj — 400 such that B() f"(B) # 0. Applying Definition
3.2, the Lebesgue measure is recurrent. Finally, from Corollary 3.3, we conclude that the
topological entropy of f is positive. O
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Titulo: Sincronizacion de eventos en subcircuitos neuronales predominantemente excitatorios

Resumen:

Se consideran modelos matematicos simplificados de subcircuitos neuronales con conexiones sinapticas
predominantemente excitatorias.

Se demostrarad ciertas desigualdades matematicas que vinculan algunos de los parametros del subcircuito como
condiciones
suficientes para la presencia recurrente de sincronizacion de los disparos de todas las neuronas del subcircuito.

Las desigualdades matematicas encontradas involucran los siguientes parametros del subcircuito:

cantidad de neuronas excitatorias e inhibitorias en el subcircuito,
configuracién topologica del grafo de conexiones sinapticas,

minimo peso positivo de las excitaciones sinapticas,

y maximo peso negativo de las inhibiciones sinapticas en el subcircuito.

En sentido contrario, mostraremos que aunque las excitaciones sinapticas excitatorias sean predominantes, la
sincronizacion de disparos en forma recurrente no se produce
si los circuitos considerados involucran relativamente pocas neuronas, en relacion con la minima interaccién positiva.

75 /189
file:///D|/Loli/AAVVLoli/curricartas/congresos/2015/2015_SeminarioFisicaNoLineal/SeminarioNoviembre2015/TituloY Resumen.txt[14/02/2016 12:18:49 p.m.]



ORGANIZATION OF THIS TALK

e Object of study: A mathematical system modeling a circuit of
“neurons”.

(Abstract — General — Simplified)

e Questions to research: Quantitative and qualitative dynamics of
the mathematical system.

e Methodology of research: Logical deductive proofs (Rigorous
proofs).

e Obtained results: Theorems 1 and 2 (their statements and their
proofs).

e Mathematical proofs: Unfortunately not included in this talk,
but they are the most enjoyable parts of the work.

e Conclusions: How to interpret the statements of Theorems 1
and 2 and their corollaries. They are necessarily true in the
(simplified - general - abstract) mathematical model. But jdo they
necessarily hold in the real physical world?

767189
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ﬂ" GRAPH of a circuit of neurons
@ Each NODE represents 1 Neuron or cell
.9Each directed EDGE (arrow) represents a synaptical
“ connection

Weighted EDGES Weight= Hij i = spiking cell

Stregth of synaptical connection fromito j

Definition
The cell ¢ (node i) is EXCITATORY if H;; >0 V j #i.
The cell i (node @) is INHIBITORY if H;; <0 V j # 1.

771189
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Interspike Regime

(One-dimensional neuron)
Governed by a 1-dimensional differential equation:

dvi
dt
The value 6; is the THRESHOLD LEVEL.

= F;(V;), where F; > 0, while V;(t) < 6;

V. (t)
threshold level 6'.' "

> time

781189
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", GRAPH of a circuit of neurons
@ Each NODE represents 1 Neuron or cell
.9Each directed EDGE (arrow) represents a synaptical
‘\ connection

Weighted EDGES Weight= Hij i = spiking cell

/

Stregth of synaptical connection fromito j

The cell i (node %) is excitatory if H;; >0 V j #1i.
The cell ¢ (node 4) is inhibitory if H;; <0 V j # .

Synaptical Rule

When neuron i spikes (at instant ty), the potential V; of neuron j # i
suffers and “instantaneous” jump:
Vj(to) = Vi(ty ) + H, ; if this number is < 6, or

V;(to) = 0 otherwise, and if so, also j spikes at instant t.
This math. model of the synaptical actions is SIMPLIFIED so:

¢ Instantaneous jump in the postsynaptical potential V;.
e The REFRACTORY PHENOMEN®N holds for the spiking cells.
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Graph of a circuit containing the graph of a subcircuit (in red)
which is called a SUBGRAPH

~
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¥
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Parameters’ Space

Which are the “parameters” of the mathematical system modeling the
circuit of neurons? Their values of some of them are NOT numbers but
FUNCTIONS or other non numerical MATHEMATICAL STRUCTURES.

For the relaxation and spiking regime of the neurons:

(m,Fl,FQ,Fg, .. .,Fm,91,92,93, .. .,Hm), where

e m is the number of neurons in the circuit

e F; is the (vectorial) function at the second member of the system of
differential equations dz;/dt = F;(T;) governing the relaxation regime of the
neuron ¢.

e 0; is a real number: the threshold level of neuron i.

For the synaptical connections:

(G, Hi2,Hy3,..., Hpn1,m), where

e (G is a Graph Structure: the graph of the circuit, with m nodes

i1 €{1,2,...,m} and directed and weighted edges (¢,7) : @ # j

e The weights H; ; of the edges of the graph G: they are (positive or negative
or zero) real numbers. 81/189
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Questions of Research: Dynamics of the Network (circuit or graph)

Which are the qualitative and quantitative mathematical properties that
one may obtain, BY LOGICAL DEDUCTION, from the general
mathematical model defined above?

EXAMPLES:

e Sequence of spiking instants

o ISI (interspike intervals) of a cell or of a subcircuit.

e Attractors and their basins - periodic orbits - limit cycles

e Synchronization of the spikes of several cells (periodic or non periodic
synchronization)

e Waiting times until synchronization

e Recurrence

82/189
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Definition
Recurrent synchronization of spikes in a subcircuit S

if there exists instants t1,%o, ..., tn, tndly vy .-
such that at instant ¢,, all the cells of the subcircuit S spike

simultaneously.
In Game Theory the phenomenon of synchronization is called

“Grand Coalition”.

Remark: Between the simultaneous synchronizations at instants
t, and t,41, some neurons of the subcircuit may spike.

83/189
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Sufficient mathematical conditions for
recurrent synchronization of the spikes in a subcircuit.

=
f \3 GRAPH (CIRCUIT)

%—‘i‘g SUBGRAPH (SUBCIRCUIT)

N
N2
Theorem 1
If

e S is complete and excitatory: H;; >0 Yi# j in S,
e at least one cell in S is pacemaker,
e the number m of cells in S is large enough in relation to the mininum
excitatory weight:

N R 0; ’

min, . jn g Hij

then
all the cells of the subcircuit S recurrently synchronize spikes while S does not
receive inhibitions from the cells °“t§£f/f"1‘§9
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Theorem 1

If

e S is complete and excitatory: H;; >0 Yi# j in S,

e at least one cell in S is pacemaker,

e the number m of cells in S is large enough in relation to the mininum
excitatory weight:

maxecs 0;
Vm > ——I= —
M, in s Hig

then
all the cells of the subcircuit S recurrently synchronize spikes while S does not
receive inhibitions from the cells outside S.

Remark This theorem holds:

e For any initial state of the cells

e Disregarding which are the functions F;, and if they are similar or
mutually very different, and which are the dimensions of vectorial
states of the cells.

e No matter if the cells are mutually very different

e No matter if the interactions are mutually very different

e Disregarding how short or long are the refractory periods (but
the refractory phenomenon muft/éRit).
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Theorem 1

If

e S is complete and excitatory: H;; >0 Yi# j in S,

e at least one cell in S is pacemaker,

e the number m of cells in S is large enough in relation to the mininum
excitatory weight:

max;cs 0;
vm > ——== 1]11 ;
min; . jp s i3

then

all the cells of the subcircuit S recurrently synchronize spikes while S does not
receive inhibitions from the cells outside S.

CHANGING THE CONNECTIONS OF THE SUBCIRCUIT S to
be non complete, but still excitatory, provided the number of non
null connections is large enough, still produce recurrent
synchronization, if certain other mathematical conditions and
inequalities hold (work in progress).

Some HISTORY:
1992 Mirollo-Strogatz
1996 Bottani 86 /189
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eblack node: neuron outside the subcircuit §
® blue node: inhibit.

Subcircuit S containing Beuon

® red note; excitat
Subsubcircuit ' neuron

L
o3 ‘l' SYCHRONIZATION OF SPIKES IN
PREDOMINANTLY EXCITATORY
SUBCIRCUITS S

THEOREM 2

If the subcircuit S contains a sub-subcircuit S’ such that
e S’ is complete and excitatory

e all the cells in S\ S’ are inhibitory

e at least one neuron of S’ is a pacemaker

e the number m’ of excitatory neurons in S’ satisfies the following inequality:

(manes 0]’) + (maxISIS//minjes ISIj) . (minjes\slyies/ |H”|)

vm! >

min;j ics/ jes Hij

then all the cells of the subcircuit S recurrently synchronize spikes, while they

do not receive inhibitions from the cgjls psgside S.

I
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" sblack node: neuron outside the subcircuit $

@ blue node: inhibit.

Subcircuit S containing i

) i @ red note; excitat
Subsubcircuit ' neuron

)y, :

/) ‘L SYCHRONIZATION OF SPIKES IN
“f%h  PREDOMINANTLY EXCITATORY
# 3a SUBCIRCUITS S

THEOREM 2

CONCLUSIONS

o

o

To avoid recurrent synchr. of spikes in the subcircuit .S’ composed by
excitatory cells connect the nodes of S’ with edges coming from
inhibitory cells, BUT:

If the inhibitory cells connected to S’ are themselves excited by the cells
of S, then

e they do not avoid the recurrent synchronization of S’.

e Worst, the inhibitory cells also synchronize spikes with the excitatory
cells of S’.

e So, due to the refractory phenomenon, the inhibitory cells spiking
simultaneously with those of S’ do not inhibit them.

Other cells outside S (in black8®/tHofigure), that are inhibited by-S but
not excited by S’, may turn off (do not spike).
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On the Asymptotic Properties of Piecewise Contracting Maps EquaDiff 2015, Lyon
(Francia) ,

MEYRONEINC, A; CATSIGERAS, E; GUIRAUD, P; UGALDE, E

2015.
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On the Asymptotic Properties of Piecewise
Contracting Maps

Arnaud Meyroneinc*!, Eleonora Catsigeras?, Pierre Guiraud®, and Edgardo Ugalde?

1Departament0 de Matematicas, Instituto Venezolano de Investigaciones Cientificas (IVIC) — Apartado
20632, Caracas 1020A, Venezuela
Instituto de Matematica y Estadistica Rafael Laguardia, Universidad de la Republica (IMERL) —
Montevideo, Uruguay
3Centro de Investigacion y Modelamiento de Fenomenos Aleatorios Valparaiso, Universidad de
Valparaiso (CIMFAV) — Valpariaso, Chile
“Instituto de Fisica, Universidad Autonoma de San Luis Potosi — 78000 San Luis Potosi, Mexico

Abstract

We are interested in the phenomenology of the asymptotic dynamics of piecewise con-
tracting maps. They appear for instance as Poincaré maps in the study of bifurcations
of stable heteroclinic cycles of some C! (non-equivariant) vector fields on R”, in the char-
acterization of Cherry flows on compact two-manifolds, or in the characterization of the
asymptotic stability of some piecewise continuous vector fields. They can also be found as
discrete time models of regulatory networks with thresholds. In either way, they naturally
appear in the modelling of some biological systems (neural, genetic and ecological) and in
engineering (electro-mechanical and switched arrival-server systems), where the number of
variables can be significantly high.

We consider here a wide class of such maps, i.e. Lipschitz contracting when restricted
to any piece of a finite and dense union of disjoint open pieces in a compact metric space
X. We give sufficient conditions to ensure some general basic properties, such as the peri-
odicity, the total disconnectedness or the zero Lebesgue measure (when X C R™, n > 1) of
the attractor. These conditions show in particular that a non-periodic attractor necessarily
contains discontinuities of the map. Under this hypothesis, we obtain numerous examples of
attractors, ranging from finite to connected and chaotic, contrasting with the (quasi-)periodic
asymptotic behaviours observed so far.

*Speaker

sciencesconf.org:equadiff2015:64620
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Condiciones suficientes de difeos C1 con splitting dominado para entropia positiva
Presentacion oral en el Seminario de Sistemas Dinamicos , Montevideo

Eleonora Catsigeras, Xueting Tian

2015
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Exposicion en Seminario de Sistemas Dindmicos
5 de junio de 2015

Eleonora Catsigeras
Trabajo conjunto con Xueting Tian

Titulo:

Condiciones suficientes para que difeos C1 con splitting dominado tengan entropia positiva.

Resumen: Encontramos varias condiciones que, si son verificadas por la medida de Lebesgue (no necesariamente
invariante) implican entropia positiva en difeos C1 con splitting dominado. Algunas de estas condiciones estan
relacionadas con una férmula que acota inferiormente la entropia métrica para ciertas medidas invariantes, y que en el
caso particular de que el splitting sea parcialmente hiperbdlico, es la misma formula de Pesin, en el contexto C1,
genéricamente no C1 mas Holder.
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Teoria Ergddica
Curso dictado en la XVIII Escuela Venezolana de Matematica, EMALCA Venezuela

Alejandro Passeggi, Eleonora Catsigeras

2015
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K 4 Asociacién Matematica Venezolana

Escuela Venezolana de Matematicas

XXVIII Escuela Venezolana de Matematicas
Escuela de Matematica de América Latina y El Caribe - Venezuela 2015
Facultad de Ciencias, Universidad de Los Andes
Meérida, 30 de agosto al 4 de septiembre de 2015

e Organizacion.

CoMITE CIENTIFICO
Carlos Di Prisco, Instituto Venezolano de Investigaciones Cientificas.

Pedro Berrizbeitia, Universidad Simén Bolivar.

Manuel Maia, Universidad Central de Venezuela.

Stefania Marcantognini, Instituto Venezolano de Investigaciones Cientificas.
Julio Ramos, Universidad de Oriente.

CoMITE ORGANIZADOR
Oswaldo Araujo, Universidad de Los Andes.
Stella Brassesco (Coordinadora), Instituto Venezolano de Investigaciones Cientificas.

Carlos Di Prisco, Instituto Venezolano de Investigaciones Cientificas.
Neptali Romero, Universidad Centroccidental Lisandro Alvarado.
Bladismir Ruiz, Universidad de Los Andes.

Carmen Judith Vanegas, Universidad Simén Bolivar.

e Cursos para la XXVIII EVM y Emalca — Venezuela 2015

Curso 1

Controlabilidad de ecuaciones de evolucion semilineales.

Alexander Carrasco (Universidad Centroccidental Lisandro Alvarado, Venezuela), Hugo Leiva
(Universidad de Los Andes, Venezuela) y Jahnett Uzcategui (Universidad de Los Andes, Vene-

zuela).

MOTIVACION Y OBJETIVOS:
El objetivo de este curso es introducir de manera rapida y elegante a estudiantes de los ultimos

semestres de la licenciatura en matematica, estudiantes de maestrias y doctorados en temas afines
e investigadores en ciencias aplicadas al fascinante mundo de la teoria matematica de los sistemas
de control. En tal sentido, concentraremos nuestra estudio en los sistemas de control gobernados
por ecuaciones de evolucion; es decir, ecuaciones que involucran a una funcién desconocida
con sus derivadas. Una vez definido el concepto de controlabilidad, probaremos que este es
equivalente a que cierto operador lineal o semilineal, dependiendo de la ecuacion, tienen rango
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9. Mills, T., 1999. The Econometric Modelling of Financial Time Series. Cambridge University
Press.

10. Tsay, R.S., 2005. Analysis of Financial Time Series. Jhon Wiley and Sons, New Jersey. Second
edition.

11. Zhao, Z., 2008. Parametric and nonparametric models and methods in financial econometrics.
Statistics Surveys 2, 1-42.

12. Zivot, E., Wang, J., 2006. Modeling Financial Time Series with S-PLUS. Springer.

Curso II1
Teoria Ergodica.
Eleonora Catsigeras y Alejandro Passeggi (Universidad de La Republica, Uruguay).

MOTIVACION Y OBJETIVOS:
Introducir las definiciones y teoremas basicos de la Teoria Ergddica, exponer algunos topicos

avanzados, y plantear algunos problemas abiertos de la Teoria Ergddica de los Sistemas Dinami-
cos deterministicos a tiempo discreto. Es un curso de matemaética pura. Los resultados basicos
que se estudiardan son aplicables en su mayoria a cualquier sistema dindmico deterministico
continuo, con énfasis en las dindmicas que evolucionan en espacios o variedades de dimensién
finita, incluyendo aquellas que son diferenciables. El curso requiere conocimientos de Anélisis
Real (teorfa de la medida e integracién abstracta en espacios de medida) e Introduccién a la
Topologia. Otros conocimientos previos recomendados aunque no excluyentes: Geometria Dife-

renciable y Riemanniana, Introduccién a los Sistemas Dindmicos.

CONTENIDO:
1. FUNDAMENTOS DE LA TEORIiA ERcODICA

e Existencia de medidas invariantes.
e Lema de Poincaré medible y de recurrencia topolégica.
e Teorema ergddico de Birkhoff. Teorema ergédico subaditivo de Kingman (solo enunciado).

e Ergodicidad. Teorema integral de descomposicién ergédica (solo enunciado).
2. TEORIA ERGODICA DE ATRACTORES DE SISTEMAS DINAMICOS CONTINUOS
e Atractor topoldgico y atractor de Milnor (definicién y ejemplos).

e Atractor ergédico de Pugh-Shub, medidas SRB o fisicas (definiciones y ejemplos).

e Atractor estadistico de Ilyashenko y medidas SRB-like (definiciones, ejemplos y teorema
de existencia)

3. TEORIA ERGODICA DE ATRACTORES DE SISTEMAS DINAMICOS DIFERENCIABLES

e Puntos regulares,exponentes de Liapunov, Teorema de Oseledets (enunciado general, de-
mostracién en dimensién 1).
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e Region de Pesin. Subvariedades invariantes. Continuidad absoluta de foliaciones invariantes
(solo enunciados).

e Relaciones entre medidas SRB y continuidad absoluta de medidas condicionales (solo enun-
ciados y ejemplos).

e Teorema de Sinai-Ruelle-Bowen: existencia de medidas fisicas (SRB) para atractores unif,
hiperbélicos (enunciados, ruta de la demostracién y planteo de algunos de los problemas
abiertos relacionados).

4. ENTROPIA Y FORMULA DE PESIN

e Entropia métrica y topoldgica. definiciones, interpretacion, propiedades y ejemplos.

e Expansividad. Definicién y ejemplos. Principios variacionales de la entropia (solo enuncia-
dos).

e Desigualdad de Ruelle para la entropia métrica (solo enunciado).
e Férmula de Pesin para la entropia métrica. Mapas expansores (definiciones y ejemplos).

e Relacién entre férmula de Pesin, los EQ (estados de equilibrio respecto al potencial —det D f)
y las medidas SRB (enunciados, demostracién de alguno de los resultados en dimensién 1
y planteo de algunos de los problemas abiertos relacionados).

BIBLIOGRAFIA:

1. Peter Walters. An Introduction to Ergodic Theory, Springer. New York-Heidelberg-Berlin,
2000

2. Ricardo Mané. Ergodic theory and differentiable dynamics, Ergebnisse der Mathematik und
ihrer Grenzgebiete Vol. 3, Springer—Verlag, Berlin— Heidelberg—New York—Tokyo, 1987

3. Luis Barreira and Yakov Pesin. Lyapunov Exponents and Smooth Ergodic Theory, University
Lectures Series Vol. 23, Amer. Math Soc, Providence 2001

4. Gerald Keller. Fquilibrium States in Ergodic Theory, London Math. Soc. Texts, Vol. 42,
Cambridge University Press, Cambridge, 1998

5. Yu. S. Ilyashenko. Minimal attractors, Proceedings of EQUADIFF 2003, International Confe-
rence on Differential Equations in Husselt, Belgium, pp. 421-428, World Scientific Publishing,
Singapore, 2005

6. E. Catsigeras, H. Enrich. SRB-like measures for C° dynamics, Bull. Polish Acad. of Scienc.Math.
Vol.59, 2011, pp. 151-164, 2011

Curso IV
Teoria de Hipergrupos, problemas de Sturm-Liouville y polinomios ortogonales.
Yamilet Quintana (Universidad Simén Bolivar, Venezuela).
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Racionalidad y Cambio Conceptual en Ciencias y Filosofia - Grupo de Trabajo VI Jornada
de Investigacion- Jornadas Académicas de la FHCE 2015, Montevideo.

NAVIA, R CATSIGERAS, E ALEMAN, L

2015
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VI de Investigacién'y V de Extension
1V Encuentro de Egresados y Maestrandos

Grupos de Trabajo aprobados para las VI Jornadas de Investigacion, V Jornadas de
Extension y IV Encuentro de Egresados y Maestrandos.

GT Titulo

1 Del organismo al registro: arqueologia de restos organicos
Federica Moreno Rudolph, Gonzalo Figueiro Lastreto

2 Etnobotanica

Gregorio Tabakian, Juan Martin Dabezies, Juan Scuro

3 Refugio y derechos humanos: diversas miradas sobre los movimientos forzados de poblacién
Pilar Uriarte Balsamo y Natalia Montealegre Alegria
4 Salud - ambiente. Abordaje interdisciplinar
Betty Francia Ramos y Paola Rava Delepiane
5 Educacién Social, acreditacion de saberes y mundo del trabajo
Dalton Rodriguez, Silvana Herou y Alberto Blanco
6 Estudios en docencia: Rutinas y rupturas
Carmen Caamafio, Cristina Heuguerot y Mariela Lembo
7 Etnografia e investigacion en educacion
Felipe Stevenazzi y Mabel Zeballos
8 Experiencias escolares y convivencia: desigualdades, sociabilidad y construccion de ciudadania

en los paises del Cono Sur
Nilia Viscardi Etchart y Pedro Nuiez

9 Formacion en la Integralidad: intercambios metodolégicos, pedagégicos y de trayectorias
formativas

Eugenia Villarmarzo, Melina Romero y Felipe Stevenazzi
10  Identificacion, psicoanalisis y ensefianza

Ana Maria Fernandez Caraballo y Joaquin Venturini

11 Lecturas contemporaneas de Montaigne como filosofo y pedagogo
Andrea Diaz Genis, Robert Calabria y Enrique Puchet

12 Politicas, practicas educativas y sujetos de la educaciéon

Pablo Martinis Lépez, Clarisa Flous Lesca y Héctor Altamirano Martinez
13 Elucidaciones matematicas

José Seoane, Fernanda Pallares y Miguel Molina
14  Estética y Filosofia del arte

Mobnica Herrera y Fernando Suarez
15  Filosofia de la Ciencia de la Computacion

Alejandro Chmiel y Guillermo Nigro
16  Heterogeneidades expresivas

José Seoane y Alejandro Chmiel
17  Ian Hacking: una mirada a las ciencias sociales

Maria Laura Martinez y Matias Osta
18  Ideas, ejemplaridad y forma. Desde Platén a la escolastica

Francisco O'Reilly y Andrea Carriquiry
19  La formacion humana para la vida buena

Andrea Diaz Genis
20  Problemas de Metafisica y de Metafilosofia de la Metafisica

Luciano Silva y Robert Calabria
21 Racionalidad y cambio conceptual en matematica, arquitectura y filosofia (Grupo

interdisciplinario)
Ricardo Navia, Eleonora Catsigeras y Laura Aleman
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22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

4

43

44

45

46

47

48

49

Teoria légica y practica argumentales
José Seoane y Ignacio Vilaro
Verdad y significado en la filosofia moderna y contemporinea

Carlos Caorsi, Ricardo Navia y Ronald Teliz
La representacion léxica de la temporalidad en espaiiol

Dina Wonsever y Sylvia Costa

Lenguaje, Discurso y Medios de Comunicacion

German Canale y Irene Madfes

Practicas discursivas y Educacion

Virginia Orlando y Beatriz Gabbiani

Unidad, diversidad y lenguaje

Graciela Barrios, Leonardo Peluso y Mariela Orofio

Docencia, cultura y ciudadania. Entre experiencias, narrativas y discursos
Nancy Salva y Margaret Zamarrena

Narrativas y Reflexiones en el marco del FOCOPROF

Maria Inés Copello y Helena Modzelewski
Personas privadas de libertad, una perspectiva de género

Graciela Sapriza, Fabiana Larrobla y Mariana Risso

Arte, politica y espacio urbano

Hekatherina Delgado y José Stagnaro

Grupo de investigacion sobre raros y fantasticos en la literatura uruguaya
Hebert Benitez Pezzolano

El cuento fantastico uruguayo a inicios del siglo XX

Claudio Paolini
Literatura greco-latina
Victoria Herrera Delgado
Estudios filolégicos

Cristina Pippolo Griego
Hacia una teoria literaria de la diversidad

Claudia Pérez

Leer a Cervantes en el Cuarto Centenario

Maria de los Angeles Gonzalez Briz y Fernando Ordéfiez Tarin

Modos de circulacion literaria: Importaciones, traducciones, ediciones

Leticia Hornos Weisz, Alma Bolén y Pablo Rocca Pesce

Problemas del archivo literario/ Problemas de la literatura

Pablo Rocca, Alejandro Gortazar e Ignacio Dansilio

JParticipar?... ;Para qué? Experiencias y reflexiones en torno a la incidencia real de las
practicas participativas

Deborah Techera Diaz, Lylieth Varela Fagindez y Eliana Lotti Vigna

Agua y Cultura. Paisajes, derecho humano y valorizacién de las aguas

Javier Taks Donas
Circulacion de saberes: propuestas y demandas entre la universidad y las escuelas. Analisis de

casos

Jorge Baeza y Leticia Matta
Claves del siglo XIX en el Rio de la Plata

Nicolés Duffau, Wilson Gonzalez y Pablo Ferreira
Democracias en Revolucion y Revoluciones en Democracia
Yamand Acosta, Carmen Beramendi y Lelio Nicolas Guigou
Educacion en lenguas y produccion de conocimiento

Laura Masello y Patricia Carabelli
Estudios sobre trabajo y trabajadores en el ambito rural

Lucia Abbadie y Leticia Matta

Cuerpo, poder y sociedad

Marina Cardozo, Lourdes Peruchena y Andrea Salvo
Debates sobre el Turismo

Alfredo Falero y Rossana Campodonico
Futbol, Cultura y Sociedad II

Juan Luzuriaga Contrera y Andrés Morales Alvarez
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50

51

52

53

54

55

56

57

58

59

60

61

Izquierdas y memorias. Experiencias en la segunda mitad del siglo XX
Carla Larrobla, Jimena Alonso y Magdalena Figueredo
La ‘vuelta’. El retorno de los exiliados de la altima dictadura, 1983- 1987

Rossana Passeggi Baron y Maria de los Angeles Fein
La historiografia en los Estados de la Cuenca del Plata (siglos XIX y XX). Configuraciones,

itinerarios, intercambios

Dante Turcatti y Tomds Sansén Corbo
Migraciones al Cono Sur. Recursos heuristicos, metodologia e historiografia de las migraciones

al Uruguay y la region (1870-1940)

Dante Turcatti y Juan Andrés Bresciano

Museologia en el ambito uruguayo. Presentacion de experiencias de ensefianza, investigacion y
extension

Raquel Pontet y Carla Bica

Uruguay y América Latina durante la Guerra Fria

Magdalena Broquetas, Aldo Marchesi y Roberto Garcia
Enfoques recientes en la historia de las ideas politicas

Eduardo Piazza
Estudios de la danza

Elisa Pérez Buchelli, Lucia Naser y Lucia Yéafiez
Humanidades en la universidad: modelos y presente universitario

Ricardo Viscardi Capo y Alma Bolon
Pensamiento y utopia de Pedro Figari a 100 afios de la experiencia de la Escuela Nacional de

Artes y Oficios (1915-1917)
Pablo Thiago Rocca, Antonio Romano y Anibal Corti
Pensar las juventudes uruguayas y latinoamericanas. Abordajes de las ciencias sociales e

interdisciplinarias

Marcelo Rossal y Luisina Castelli Rodriguez
Izquierdas, sindicatos y trabajadores en América Latina en el S. XX

Rodolfo Porrini y Agustin Juncal
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Matematica, Racionalidad y Relevancia

Presentacion oral en el Seminario Interdisciplinario de Racionalidad y Filosofia de las
Ciencias. Fac. Humanidades y Ciencias de la Educacion, UdelaR.

Eleonora Catsigeras

2015
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Jornadas Académicas de la Facultad de Humanidades y Ciencias de la Educacion
VI Jornadas de Investigacion
Octubre de 2015

Resumen para exposicion oral

Grupo de Trabajo N° 21

"Racionalidad y cambio conceptual en matematica, arquitectura y filosofia (Grupo
interdisciplinario™”

Fecha: 26 de junio de 2015
Enviado a: http://www.fhuce.edu.uy/index.php/presentacion-de-resumenes-de-ponencias-jornadas-2015

Titulo: Matematica, racionalidad y relevancia.

Autor: Eleonora Catsigeras

Resumen:

Se exploran algunos criterios

racionales de "relevancia" formal

e informal aplicados hoy en dia en

la matematica.

¢Cuando un teorema y su demostracion
son considerados relevantes?

La discusion paradigmatica

se desarrolla en forma escalonada

desde las concepciones racionales formales
de relevancia matematica,

hasta las racionales informales.

Entre las formales, se revisan los
criterios de relevancia logica,
consistencia, no redundancia y
no trivialidad.

En un escalon intermedio

se exploran los criterios racionales

de relevancia relativa al contexto matematico
y la vinculada a la aplicabilidad del

resultado matematico a otras ciencias

y al desarrollo tecnoldgico.

Finalmente, entre los

criterios informales de relevancia racional en matematica,
se discute la relevancia estética y

la relativa a la sociologia de la ciencia.

A lo largo de la exposicion,
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se ilustra la discusion con ejemplos concretos
que muestran como inciden y se aplican
estos criterios racionales de relevancia

en la investigacion de la matematica.
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La Matematica al ingreso universitario: ;como transforma y es transformado un
investigador matematico cuando ensefia a ingresantes?
Presentacion oral en las Il Jornadas de Investigacion en Educacion Superior , Montevideo.
Articulo presentado publicado en CD-Rom.

Eleonora Catsigeras

2015
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LA MATEMATICA AL INGRESO UNIVERSITARIO.
¢COMO TRANSFORMA Y ES TRANSFORMADO UN INVESTIGADOR
MATEMATICO CUANDO ENSENA A INGRESANTES?

Eje Tematico 2: Transformacion de la ensefianza.

CATSIGERAS GARCIA, Eleonora

Instituto de Matematica (IMERL),

Fac.de Ingenieria, Univ.de la Republica-URUGUAY
E-mail:eleonora@fing.edu.uy

Resumen. En este trabajo se investiga el problema de “Falta-de -Base -en -Matematicas”

de los estudiantes ingresantes a nuestra facultad. Se enfoca la investigacion en estas

preguntas:

¢ Qué transformaciones puede producir en los estudiantes al ingreso, una reflexién
filosofica sobre la matematica en si misma, su creacion y su ensefianza, por parte

del docente-matematico-investigador?

¢,Como es el proceso paulatino de transformacién en el modo de aprender de los
estudiantes y en el modo en el que el matematico va transformando sus

concepciones y practicas de ensefianza?

El marco tedrico que antecede esta determinado en tres campos: matematica, filosofia y

educacion. Se basa, entre otros, en:

la revision filosofica de Sriraman-English,(2010),

la presentacion de Dwyer,(2014) sobre su experiencia en universidades

estadounidenses,

la investigacion tedrico-experimental de Huikkola-Kirsi-Pohjolainen,(2012) al

ingreso en universidades finlandesas.

experiencias realizadas en cursos de matematica en nuestra facultad desde 2004.
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La metodologia de investigacion teodrica consiste en estudiar los fundamentos

epistemoldgicos subyacentes en el aprendizaje-ensefianza de la matematica. La

metodologia experimental es “estudio de caso” en un curso de calculo (modalidad

diferenciada) al ingreso.

El analisis es conceptual-cualitativo, no numeérico ni estadistico.

Algunas conclusiones preliminares son:

La “Falta-de-Base-en-Matematicas” tiene dos componentes. La primera es la falta
de informacion y practica sobre contenidos previos de Matematica. La segunda es
desconocer qué es la Matematica (ontolégica y epistemoldgicamente), y como
consecuencia, qué es aprenderla y qué signitica ensefiarla. Requiere activar un
proceso complejo de transformaciones en las concepciones y practicas de

aprendizaje-ensefianza, tanto en estudiantes como en docentes.

Las interacciones personales (docente-estudiante,estudiante-estudiante,docente-
docente), individualizadas y en una multiplicidad de instancias, son necesarias para

activar ese proceso de transformacion.

Las transformaciones son paulatinas y a largo plazo. Convencimiento vy
compromiso de estudiantes y docentes son imprescindibles para la transformacién

y no son facilmente transferibles.

Cada docente, aun el mas experimentado, necesita recrear su propio proceso de

transformacion cada vez que reinicia un curso para ingresantes.

Algunas teorias centradas en el constructivismo social y ontoldégico no funcionan

bien en la ensefanza de la matematica.

Los tiempos dedicados por un matematico-docente a la investigacion y a la
ensefanza compiten antagénicamente entre si cuando los contenidos que ensena
(por ejemplo en curso al ingreso) son disjuntos con sus investigaciones. Solucién:
la investigacion en la ensefianza-aprendizaje al ingreso deberia evaluarse también
como actividad de investigacion del docente-matematico, y no solo como parte de

su tareas corrientes de ensenanza.
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Seminario de Matemaética
Instituto Venezolano de Investigaciones Cientificas (IVIC)

CONFERENCIA
16 de septiembre de 2015
Eleonora Catsigeras (trabajo conjunto con Xueting Tian)

Titulo:

Difeos C1 con "splitting dominado": condiciones
suficientes para la positividad de su entropia topolodgica.

Resumen: Nos enfocamos en los difeomorfismos de clase C1 con "splitting dominado™
en variedades compactas riemannianas de dimension finita. Recientemente Gourmelon y
Potrie contruyeron un ejemplo que muestra

que la entropia topoldgica puede ser nula.

En este trabajo buscamos condiciones sufientes para que

dichos difeos posean entropia positiva.

Encontramos varias de estas condiciones. Ellas relacionan el difeomorfismo

con la medida de Lebesgue (no necesariamente invariante). Estas condiciones se
cumplen como caso muy particular (no C1 genérico) cuando f es conservativo, pero
también se cumplen en casos mas generales en que f no preserva ninguna medida
absolutamente continua respecto a la de Lebesgue.

Algunas de estas condiciones suficientes estan relacionadas
con una desigualdad que acota inferiormente la entropia métrica
para ciertas medidas invariantes que llamamos "pseudofisicas" o "SRB-like".

En el caso particular de que

el splitting sea parcialmente hiperbolico, esa desigualdad es una igualdad, la cual
generaliza la conocida formula de Pesin para la entropia a un contexto

de regularidad C1 y para las medidas pseudo-fisicas o "SRB-like", en vez

del contexto mas restringido de los difeomorfismos

C1 maés Holder, y en sustitucion de las medidas fisicas 0 SRB cuando estas no existen.
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Bifurcaciones de Adicion de Periodo en Sistemas Dinamicos Continuos a
Trozos.Presentacion oral en las VIl Jornadas de Ingenieria Matematica, Montevideo

Eleonora Catsigeras
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Programa - viiijornadasdeingemat

1de3

Menu

Bienvenidos

Programa

Inscripcién
Organizacién
Participantes inscriptos
Contacto

Jornadas Anteriores

https://sites.google.convsite/viiijornadasdeingemat/Programa-Detallado

Facultad de Ingenieria - Montevideo - Uruguay
L\_ Maestria en Ingenieria Matematica

Programa

El programa de las Jornadas incluye:

09:30 - 09:45: Presentacion de la Maestria

9:45 - 10:30: Charla plenaria: Eleonora Catsigeras.
10:30 - 11:00: Pausa desayuno.

11:00 - 11:40: Charlas de estudiantes: Fernando
Massa y Mario Gonzalez

11:45 -12:25: Charla plenaria: Gabriel Usera.

12:25 - 12:55: Charla plenaria: Gregory Randall.
13:00 - 13:30: Charla plenaria: Sergio Nesmachnow.
13:30 - 15:30: Almuerzo.

15:30 - 16:30: Intercambio entre Estudiantes,
Directores, y espacio de propuestas de Tesis.

16:30 - 17:30: Actividad social.

17:30: Regreso

Charlas

Sergio Nesmachnow

120/189
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Programa - viiijornadasdeingemat

2de3

https://sites.google.convsite/viiijornadasdeingemat/Programa-Detallado

Titulo: “Planificacion de eficiencia energética en
sistemas computacionales”

Resumen: “La charla presenta los avances en la
resolucién de problemas de control y planificacion
de infraestructuras computacionales [centros de
datos e infraestructuras de computacion de alto
desempefio] considerando eficiencia energética,
mediante la aplicacion de técnicas de inteligencia
computacional”

Gabriel Usera

Titulo : "Simulacién Numérica Multidinamica"
Resumen : Se presentaran las lineas de trabajo
actuales del Grupo de Mecanica de los Fluidos
Computacional del IMFIA, orientadas
fundamentalmente a la simulacién numérica de
sistemas donde interaccionan distintos cuerpos,
materiales y fendmenos, abordando una
combinaciéon de métodos como por ejemplo
Volimenes Finitos y Elementos Discretos.

Gregory Randall
Titulo: Algunas propuestas de temas para tesis de

Maestria en trtamiento de imagenes por
computadora

Resumen: el Departamento de Procesamiento de
Senales del Instituto de Ingenieria Eléctrica ofrece
varios temas de trabajo para estudiantes de la
Maestria

en Ingenieria Matematica que quieran seguir una
tesis y eventualmente un doctorado. En esta
presentacion presentaremos algunas de las
propuestas

gue se han presentado, acompanados de algunos
antecedentes de trabajos previos realizados en el
seno del grupo.
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Programa - viiijornadasdeingemat https://sites.google.convsite/viiijornadasdeingemat/Programa-Detallado

Eleonora Catsigeras

Titulo: Bifurcaciones de Adicion de Periodo en
Sistemas Dinamicos Continuos a Trozos.
Resumen: Algunos modelos simples de fendmenos
dinamicos en la Fisica y la Neurociencia, entre otras
ciencias, adoptan sistemas en varias variables
reales que evolucionan en funcion del tiempo en
forma autonoma y determinista, segun ecuaciones
diferenciales impulsivas. Estas ecuaciones, en
muchos casos, pueden estudiarse como sistemas
dinamicos por iterados de un mapa de retorno f
(mapa de Poincaré) que es continuo a trozos. En el
caso disipativo, se muestra que f es contractivo en
cada trozo. Veremos algunos casos la dinamica de
e€s0s mapas contractivos a trozos presentan las
Ilamadas bifurcaciones de adicion de periodo. Este
tipo de bifurcaciones no se producen en sistemas
dinamicos por iterados de mapas continuos. Aln no
estan caracterizadas matematicamente, pero
aparecen en experimentos computacionales de
diversos modelos en otras ciencias.

Iniciar sesidn | Actividad reciente del sitio | Informar de uso inadecuado | Imprimir pagina | Con la tecnologia de Google
Sites
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La Ensefianza Basada en la Persona.

Presentacion oral en Las Tutorias Didacticas como Estrategias de Apoyo a Docentes.
Encuentro de Docentes de FING, Montevideo
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ENCUENTRO ENTRE DOCENTES
DE FING

Los procesos de ensenanza y de aprendizaje
en cursos con modalidad semipresencial en Fing

Presentan experiencias los docentes
Milton Vazquez y Mariana Pereira

Las tutorias didacticas en Fing
como estrategias de apoyo a docentes

Presentan experiencias los docentes
Eleonora Catsigeras y Alvaro Giusto

8 de diciembre

Fechas: martes 1° y martes 8 de diciembre
Horario: 14:00 a 15:30 horas
Lugar: salon gris, nOmero 727 (séptimo piso)

Orgadniza Unidad de Ensenanza Facultad de Ingenieria
Por consultas e inscripciones: uni_ens@fing.edu.uy
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Encuentro Docentes Fing - Tutorias Didacticas

8 de diciembre de 2015

ENSENANZA BASADA EN LA
PERSONA

Experiencia en Calculo 1 Anual 2014

Eleonora Catsigeras
eleonora@fing.edu.uy

Instituto de Matematica y Estadistica “Rafael Laguardia”
(IMERL)
Facultad de Ingenieria - Universidad de la Republica




Contexto Calculo 1 al ingreso en FING

Ensenanza-aprendizaje de la Matematica al ingreso
en la Facultad de Ingenieria

En particular: Calculo Diferencial e Integral

¢ “Falta-de-Base-En-Matematicas™? 47

_Alto indice de fracaso estudiantil en el 1er sem.
Estrategias de aprendlzaje diversas o inexistentes ld
Masividad y diversidad
Estrategias de ensenanza uniformes ¢inadecuadas? Nl
- Cambio radical de objetivos y proposﬂos Sec “Univ.
Gran desmotivacion docente (salvo excepciones)
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Tutoria Didactica S—

TUTORIA DIDACTICA (desde el punto de vista del docente)
e Asesoramiento desde punto de vista exterior al curso

 Presencia en clase
Comentarios-discusion-observaciones inmediatas a la clase

* Encuestas y entrevistas estudiantes y docentes
 Reuniones de asesoramiento

« Evaluacion continua de experiencia
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Estrategias - Discusion

 La persona y su interaccion social-académica (estudiantes-
doc.)

« Ambiente
* Tipologia de estudiantes
* Motivacidn subjetiva y colectiva (estudiantes y docentes)

* Fuerte dependencia entre estrategias y CONTENIDOS
matem.




Estrategias - Discusion

Estudio en equipos relativamente pequenos
Interaccion entre equipos

Clases expositivas magistrales: Minimizacion no,
optimizacion si

Dilucion parcial de la diferencia entre “teorico” y “practico”
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Estrategias - Discusion

 Evaluacion continua en casi todas las clases, en equipo e
individuales.

e Evaluaciones puntuales individuales a libro abierto.

 Integracion de evaluaciones al proceso de aprendizaje -
ensenanza
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Estrategias - Discusion

* Clases de consulta sostenidas en equipos reducidos,
frecuencia semanal (muy importantes)

* Lugar fisico y ambiente de clases de consulta

* Visitas de estudiantes a institutos y entrevistas con
ingenieros
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Resultados cuantitativos

Total de Inscriptos al curso 123

Cantidad de estudiantes presentados a las instancias de evaluacién continua con

frecuencia aceptable durante el 1er semestre 85
Cantidad de estudiantes presentados al 1er parcial (mayo) 98
Cantidad de estudiantes presentados al 2do parcial (fin de junio) 81

Cantidad de estudiantes presentados a las instancias de evaluacién continua con

frecuencia aceptable durante2do. semestre-ver Comentario1 60
Cantidad de estudiantes presentados al 3er. parcial (octubre) 69
Cantidad de estudiantes presentados al 4to. parcial (fin de noviembre) 62
Cantidad de estudiantes que se presentaron todas las instancias de evaluacion 57
Cantidad de estudiantes aprobados (con derecho a examen, y no exonerados) 16
Cantidad de estudiantes que exoneraron 55
Cantidad de estudiantes presentados al 1er. examen (diciembre de 2014) 5

Cantidad de estudiantes que aprobaron el 1er. examen 3
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Redes Neuronales Cooperativas Acopladas por Impulsos.

Presentacion oral en el Seminario de Mecanica Estadistica y Fisica No Lineal, Fac.
Ciencias, UdelaR.

Eleonora Catsigeras

2015
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Redes Cooperativas Acopladas por Impulsos J

Eleonora Catsigeras

IMERL - Fac. Ingenieria
Universidad de la Republica - Uruguay

eleonora@fing.edu.uy

Presentacién en el
Seminario de Fisica no Lineal
Facultad de Ciencias, Universidad de la Reptblica

Montevideo, 13 de julio de 2015
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Objeto de estudio

Dindmica determinista de un red N

de m > 2 células (o neuronas: sub-sistemas dindmicos)
ie{l,2,...,m}

acopladas por impulsos instantaneos.

e CELULA O NEURONA i: subsistema dindmico auténomo
(Dindmica libre de i )

o ACOPLAMIENTOS A;; V (i,7) : i # j
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Dinamica libre de ::

Estado x; de ¢ en funcién del tiempo ¢
si ¢ estuviera desacoplada de la red N. DOS FASES:

S(x(t)) Satisfaccion en el estado x(t) al instante t
FASE DE RELAJACION FASE DE ACTUALIZACION
(Disparos)

HITO

RESHT t

0

e FASE DE RELAJACION

o &; = fi(x;) ecuacién diferencial n-dim; flujo solucién z;(t) = ®;(z:(0),1);
z; € X;

o Si: X; — [0, 6;] funcidén de satisfaccion ,

o 0; goal 6 hito 6 threshold level
4 (Si(xi(t)) =< Si, fi >vi >0 Vx; € 5;'0,60:)
e FASE DE ACTUALIZACION - UPDATE RULE:

o Si(zi(t7))=0; = zi(t) € 5;1(0)

o Disparo o spike Es la discontinuidad en el estado z;(t) que se produce
cuando la variable de satisfaccién S; alcanza el hito 6;: S; se resetea a cero
instantdneamente. 136/189




ACOPLAMIENTOS EN LA RED:

I(t) :== {1 <i < m:idispara en el instante ¢t}
REGLA DE INTERACCIONES INSTANTANEAS:

S(x;(t) == S(z;(t" )+ Y Aysies <0;, =0sies >0,
i€I(t), i#j
s1
Ayy<0 Ayq<0
t
SZ
A, > /
1270 A0 A,
t
Célula i es Cooperativa: A;; > 0Vj #i, A;; > 0 para alglin j # i.

Célula i es Antagonista: A, ; <0Vj #i, A;; <0 para algin j # .
Principio de Dale (hipétesis) Cada célula o bien es cooperativa o bien es
antagonista.

Red Cooperativa: Todas las célul2a8%6d8boperativas



Definiciones

Espacio (funcional) de parametros de la red

Param(N) = {{(% Si,0i) h<i<m, {Aijhi<igi<m, #j}}

Topologia Cy en el espacio de parametros.
Fenémeno robusto o persistente V N que exhibe el fendmeno, existe un
entorno V tal que toda red N/ en ese entorno también exhibe el fenémeno.

Muerte de célula i en instante ¢
Para todo t > to la célula i no dispara.
to es el minimo to > 0 para el que ocurre lo anterior.

SINCRONIZACION DE DISPAROS: existe {t, }nso
0<to<ti<...<tp— oo tal queI(t,) :={1,...,m}.
SINCRONIZACION DE DISPAROS PERIODICA: existe {t},>0 tal que
I(ty) # 0 (I(t;) se llama n-ésimo cluster),

I(t) =0 si tn <t < tpt1,y existe p > 1 tal que

I(th,) ={1,...,m}VYheN" I(t)=1(t,) VneN.

Caracteristicas y ejemplos:

No hay reloj externo ni neuronas masters y otras slaves

Ejemplo de luciérnagas. Otros ejemplos en biologia, neurociencias y ecologia.
Ejemplos en redes en economia y off38 léfias sociales.

o
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Resultados de sincronizacion

Teorema

1a) Sila red es cooperativa con grafo completo, y si el niimero m de células
es suficientemente grande, i.e.

max
vm >max{\/_ 77 +1}
min;; Ag j
entonces la red sincroniza disparos. E/ transitorio I' entre un disparo
simultaneo de todas las neuronas de la red y el siguiente, estd acotado
0
superiormente por T' < max —.
1<i<m v;
1b) Si ademds la dindmica libre de cada neurona es tal que dS;/dt = ¢:(S:),
entonces la sincronizacion de disparos es periédica con periodo p > 1: cada p
disparos en la red, todas las neuronas disparan juntas. Hay p clusters
diferentes entre un disparo de la red completa y el siguiente.
1c) Siademds las neuronas son mutuamente similares, i.e.

(min; 0;) - (min; ming, e x; < V.55, gi >) o1 - min;; Aqj
(max; ;) - (max; maxs,cx, < \V.Si, gi >) max; 6;

entonces p = 1. Es decir, todas las neuronas disparan juntas cada vez que una
de ellas dispara. Hay un solo clusteig’grm_%go por todas las neuronas de la red.
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Demostracion de sincronizacion

max
Hipdtesis: v/m > max{\/_ 77 + 1}
ming-; As j
Seant] <t5<...<ty; <...los mstantes en que por lo menos una neurona
de la red dispara.

max; 9]'

Sea K := parte entera (7) +1. (Obs: K% <m)
min;£; Ai’j

Afirmacién A) A mis tardar en el instante tx ya dispararon todas las
neuronas por lo menos una vez.

Afirmacion B) Si en el instante ¢, disparan por lo menos K neuronas
simultdneamente, entonces disparan todas simultdnemente.

Afirmaciones A) y B) = existe un instante to en que todas las neuronas
disparan simultdaneamente. De lo contrario la cantidad de neuronas seria menor
que K? lo cual contradice la hipétesis. O
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Riesgo y factor de proteccion (Definiciones)

INTERFERENCIAS NEGATIVAS EXTERNAS A LA RED
Riesgo de muerte intrinseco de 1, relativo a las otras neuronas de la red
ei/vi

R = € (0,1]

Riesgo de muerte neto en red de i en el h-ésimo interspike interval IS[Z.(}‘) de
la neurona ¢:

max{0, 6; — Zjel(t):telsﬂ") Aji} /v

maxi<;j<m(0;/v5)

R™ —

i € (0,1].
Factor de proteccion de la red a la neurona i en el h-ésimo interspike interval
de i:
hy . Z]‘el(z):tezsth’) Aji
P =minq1, 0 .
T

Proteccidn negativa si la red es antagonista.
Proteccién > 0 si la red es cooperativa. Es 1 si Z]. Aji > 0;
Proposicion:

R'Eh) =(1- Pi(h))Ri es nulo cuando el factor de proteccién es 1.
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Resultados sobre riesgo y factor de proteccion

Teorema

2a) (En las hipdtesis del Teorema 1a (si la red es cooperativa de grafo
completo y con suficiente cantidad de neuronas) entonces el factor de
proteccion Pi(h) de cada neurona i en todo intervalo inter-spike h, es positivo.
Luego el riesgo neto R, de muerte de la neurona i acoplada a la red, por
interferencias negativas externas a la red, es menor estrictamente que el riesgo
intrinseco R; de la misma neurona si no estuviera acoplada a la red.

2b) Si ademds todas las neuronas son similares (hipdtesis del Teorema 1b),
entonces el factor de proteccion P; de cada neurona es igual al maximo posible
100%, y su riesgo neto de muerte R; es el minimo posible 0%.
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Cantidad de informacién (Definiciones)

to < ti... <ty < instantes en que por lo menos una neurona dispara.
. I(t,) = {i : ¢ dispara en el intante ¢, } # 0.
Cantidad potencial de conjuntos diferentes en cada disparo: 2™.
Cantidad potencial de informacién en cada disparo: log,(2™) = m.
e Spiking code (cédigo de disparo): Sucesién {I(tn)}n>0. Depende de la
condicién inicial de todas las neuronas en la red.
e Pattern de longitud finita £ > 1: Palabra de longitud k en el spiking code.
Tng,k = (I(tno),l(tnoJrl), .. ,I(tnﬁk,l)). Depende del estado inicial.
e Pattern recurrente de longitud &£ > 1: palabra 75 de longitud k tal que
existe alglin estado inicial y una sucesién n; — +oco que lo realiza:
Tk = Tnj,k Vj € N.
e I, := {mx} conjunto de todos los patterns recurrentes de longitud k.
e #I1;: cantidad de patterns recurrentes de longitud k > 1 diferentes que la
red exhibe.
e Cantidad de informacion que la red puede procesar en forma recurrente:
H = supy> log #11j.
Si H = 400 se define entropia: h = lim sup

k—+o0
entropia = velocidad de crecimiento exponencial de la cantidad de informacién

que la red puede procesar en forma rea}rrente.
143 /189
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Resultados sobre la cantidad de informacion

Teorema

2 a) Sila red sincroniza periédicamente todos sus disparos con periodo p > 1
log, m

(por €j. en las hipdtesis del teorema 1b), entonces  H = log, p < >

2 b) Siademds las células son mutuamente similares, entonces
H =log,1=0.
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Conclusiones (redes cooperativas)

A) Cuando se maximiza el factor de proteccién de cada neurona (haciéndola
100% y logrando 0% de riesgo neto de muerte de cada una), se minimiza la
cantidad de informaciéon H en la red, haciéndola nula.

B) Las redes cooperativas con suficiente cantidad de neuronas sincronizan y
dan un factor de proteccién positivo a cada una de sus neuronas.

Si no son periddicas o si son periddicas con periodo p mayor que 1, entonces su
cantidad de informacién total H(durante todo el tiempo futuro) es positiva. Si
son periddicas, H es finita igual a log p.

C) Necesaria diversidad de células para tener cierta riqueza dinamica:
Las redes cooperativas que pueden procesar una cantidad positiva de
informacién estdn necesariamente compuestas por neuronas diversas, cuyas
dindmicas intrinsecas difieren sensiblemente entre si.
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Atractores estadisticos y medidas pseudo-fisicas

Presentacion en el Seminario de Sistemas Dinamicos, Montevideo.
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ATRACTORES ESTADISTICOS Y MEDIDAS PSEUDO-FISICAS
ELEONORA CATSIGERAS!

Presentacién en el Seminario de Sistemas Dindmicos
16 de mayo de 2014

Resumen

Revisaremos la definicién de atractor estadistico de Ilyashenko agregando la condiciéon de mini-
malidad a-observable. Demostraremos la existencia de estos atractores, y su caracterizacién como
el minimo soporte compacto de todas las medidas pseudo-fisicas de las érbitas en su cuenca de
atraccion estadistica.

Finalmente, probaremos que, dado « > 0 fijo, la variedad queda Lebesgue-c.t.p. partida en
una cantidad finita de cuencas de atraccion estadistica de atractores de Ilyashenko a-observable
minimales.

Introducciéon

La presentacién sigue las diapositivas adjuntas. Su contenido corresponde a los resultados publi-

cados en el articulo [6].

Maés abajo incluimos las referencias bibliograficas citadas en dicho articulo.
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f: M — M Borel measurable map; M compact finite-dim. Riemannian
manifold; m normalized Lebesgue measure m(M) = 1.

Definition

llyashenko’s or Statistical Attractor is a compact set ) 2 K C M
such that:

a) m(B(K)) >0,

where the basin B(K) of statistical attraction of K is

B(K) := {xGM:: lim %#{Ogjgn—lz dist(f7(z), K) < €} =

n—-+o0o

—1 Ve> 0}.
b) K is minimal with respect to its basin, i.e.:

§ # K' compact CK, B(K')=B(K)m—ae. = K =K

COMMENTS: Global m(B(K)) = 1, existence; non global
Karabacak-Ashwin; statistical attraction, physical measures, Milnor's
attractors; examples Hu-Young, %Joafigght, Bowen; non necessary
f-invariance.



0<a<1l, (#KC M compact.

Definition

a-observability and a-obs. minimality

K is a-observable if m(B(K)) > «a.

K is minimally a-obs. if it is a-obs. and any proper compact
subset of K is not a-obs.

Proposition

K is a llyashenko's statistical attractor if and only if it is a
compact set minimally a-obs. for some value of o > 0.

REMARKS Previously fixed o € (0,1]: llyashenko’s statistical
attractor is not nec. a-observable, and if yes, then it is not nec.
minimally a-obs. (Examples)

Maybe A minimal Stat. Attr. among all (Example)

151/189



Theorem

(Existence) For any a € (0, 1] there exists an a-obs. minimal
statistical attractor. If « = 1, then it is unique.

PROOF (on the board)

Recall Definition of SRB-like (or pseudo-physical) probability
measure, and the theorem of their necessary existence (for any
Borel measurable map f: M — M).

Theorem

(SRB-like characterization) Any statistical attractor K is the
minimal compact support of all the SRB-like probability measures
of the map f|p(k)-

Conversely, if B is a m-positive f-invariant set and if K is the
minimal compact support of all the SRB-like measures of f|px)
then K is a statistical attractor.

PROOF (on the board) 152/189



Finite Lebesgue-decomposition of M : {By, B, ..., By} such that
m(M \ (UB;)) = 0 and m(B; N B;) = 0 for all i # j.

Theorem

Decomposition of the space For any Borel measurable map
f: M — M and for any a € (0, 1] there exists a finite
Lebesgue-decomposition of M into the basins B(K;) of c;-obs.
minimal statistical attractors, with «; = « for all i except at most
one.

PROOF (on the board)

1537189



23

Desercién en curso de Matematica al ingreso a la Universidad: ;conocimientos previos o
vinculos humanos?

Articulo y poster presentados en |V Conferencia Latinoamericana sobre el Abandono en la
Educacion Superior , Medellin (Colombia)

CATSIGERAS, E; BLASINA, L; LOUREIRO, S; MIGUEZ, M.

2014

154 /189



CUARTA CONFERENCIA =24 Ministerio de Educacion Nacional b VY

LATINOAMERICANA SOBRE EL ABANDONO R Cotons UNIVERSIDAD

EN LA EDUCACION SUPERIOR DE ANTIOQUIA
1803

I C LA - E S ““4 MinEducaciéon G ;EgiPTEORIDDADOS

DESERCION EN CURSO DE MATEMATICA
AL INGRESO A LA UNIVERSIDAD :
¢CONOCIMIENTOS PREVIOS O VINCULOS HUMANOS?

CATSiGERAS, E.1; BLASINA, L.2; LOUREIRO, S.2y MfGUEZ, M.2
1 Instituto de Matematica y Estadistica Rafael Laguardia
2 Unidad de Enseianza de Facultad de Ingenieria,
Universidad de la Republica — URUGUAY
mmiguez@fing.edu.uy

La Facultad de Ingenieria de la Universidad de la Republica ofrece desde el afio 2005 una version anual del curso
“Calculo 1" (Call) que tradicionalmente se imparte semestralmente. La propuesta se enfoca en la necesidad de un
trabajo mas profundo sobre los procesos educativos en el aula y las estrategias de aprendizaje de los estudiantes.
Con este fin se realizaron ajustes en la presentacion de los contenidos y sistemas de evaluacion, y se incorporaron
actividades que atienden a las dificultades de los estudiantes ingresantes: talleres sobre estrategias de aprendizaje,
trabajo en grupo, modalidades de evaluacidn abiertas, etc. La inscripcion a esta modalidad es opcional para los
estudiantes que ingresan. En este trabajo se describe la experiencia del curso Call que se viene desarrollando en

2014 en su modalidad anual, presentando algunos resultados preliminares.

Poblacion que opta por Call: presenta
diferencias con respecto al universo de los

RESULTADOS Y ANALISIS

Sistemas de informacion utilizados:

ingresantes, tanto en procedencia geograficayen || ® Herramienta Diagnostica al Ingreso (HDI)
el tipo de institucion en la que cursaron estudios o Resultados académicos en pruebas parciales.

secundarios, como en el resultado obtenido en la
prueba diagnostica (HDI) que se aplica al ingreso.

. Observaciones de clase realizadas por la Unidad de Ensefanza.
. Encuestas de opinion estudiantil.

RESULTADOS EN LAS PRUEBAS PARCIALES

*80 estudiantes se presentaron a las dos instancias de prueba durante el
primer semestre del curso.

*35% ha superado el 60% del puntaje total (estarian exonerando)

*55% alcanzo entre el 25% y 59% de ese total (estarian aprobando el curso,
ganando derecho a rendir examen)

*10% logra superar el 25% del puntaje total (tendrian que reprobar la
asignatura)

80% indica que asiste
a las 3 clases de tedrico
que se imparten
semanalmente.
(asistencia libre)

63% estan al dia con
las tareas académicas.

/8% de los estudiantes
opina que la modalidad
favorece la comprension
de la asignatura

599% indica que le
resulta dtil la modalidad
de trabajo grupal.

modalidad semestral...”

"Me gusta la modalidad, aporta mucho aprendizaje, ...con trabajo grupal he comprendido los conceptos de manera eficiente..”

"Habria que incentivar a mas estudiantes a cursar esta modalidad y cambiar las malas estadisticas que esta asignatura tienen en

"Me gusta la modalidad, agradezco que se den estas oportunidades a los estudiantes que trabajamos y no tenemos buena base.”

CONCLUSIONES

La poblacion de estudiantes que opta por esta modalidad estaba a priori en riesgo de fracaso académico, de acuerdo a estudios

realizados a partir de la HDI y de las caracteristicas relevadas sobre la poblacidon desertora en la Facultad.

Los resultados en las evaluaciones obtenidos hasta el momento igualan o mejoran los resultados obtenidos en los cursos

semestrales.

Se insiste en el enorme valor agregado relativo a los procedimientos y actitudes vinculados con el proceso de aprendizaje. Cuando
lo que mueve al aprendizaje es el deseo de aprender (motivacidn intrinseca), sus efectos sobre los resultados obtenidos parecen ser
mas solidos y consistentes que cuando el aprendizaje esta movido por motivos externos.

La experiencia realizada viene resultando exitosa, mostrandose recomendable también para otros cursos.
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SUBCIRCUITS WITH PREDOMINANT
EXCITATORY
PULSED INTERACTIONS:
MATHEMATICAL SUFFICIENT CONDITIONS TO
SYNCHRONIZE SPIKES

ELEONORA CATSIGERAS!

Talk in the International Symposium on
Neurons, Circuits and Systems
Montevideo, Nov.30th — Dec.3rd, 2014

Abstract

We study a simplified mathematical model of neural subcircuits with
synaptical interactions that are predominantly excitatory.

We prove that some inequalities relating parameters of the subcircuit
in the model, are enough to produce the recurrent (but not necessarily
periodic) synchronization of the spikes of all the neurons of the subcir-
cuit.

The mathematical inequalities which are sufficienti conditions for
recurrent syncrhonization take into account the following parameters of
the subcircuit:

e Number of excitatory neurons of the subcircuit.

e The Graph mathematical Structure, which represents the oriented
and weighted synaptical connections among neurons in the subcir-
cuit.

e Minimum positive weight of the excitations in the subcircuit.

o Maximum absolute value of the negative weights of the inhibitions
in the subcircuit.

e The maximum ISI (Interspike intervals) of the sub-subcircuit of
excitatory neurons in the subcircuit.

e The minimum ISTI of each inhibitory neuron in the subcircuit.

nstituto de Matemética y Estadistica “Rafael Laguardia” (IMERL), Fac. de Ingenierfa,
Universidad de la Reptublica, Av. Herrera y Reissig 565, C.P. 11300, Montevideo,
URUGUAY
E-mail: eleonora@fing.edu.uy
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ORGANIZATION OF THIS TALK

e Object of study: A mathematical system modeling a circuit of
“neurons”.

(Abstract — General — Simplified)

e Questions to research: Quantitative and qualitative dynamics of
the mathematical system.

e Methodology of research: Logical deductive proofs (Rigorous
proofs).

e Obtained results: Theorems 1 and 2 (their statements and their
proofs).

e Mathematical proofs: Unfortunately not included in this talk,
but they are the most enjoyable parts of the work.

e Conclusions: How to interpret the statements of Theorems 1
and 2 and their corollaries. They are necessarily true in the
(simplified - general - abstract) mathematical model. But jdo they
necessarily hold for real biological neural networks?

159/189
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ﬂ" GRAPH of a circuit of neurons
@ Each NODE represents 1 Neuron or cell
.9Each directed EDGE (arrow) represents a synaptical
“ connection

Weighted EDGES Weight= Hij i = spiking cell

Stregth of synaptical connection fromito j

Definition
The cell ¢ (node i) is EXCITATORY if H;; >0 V j #i.
The cell i (node @) is INHIBITORY if H;; <0 V j # 1.

160/189
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Interspike Regime

(One-dimensional neuron)
Governed by a 1-dimensional differential equation:

dvi
dt
The value 6; is the THRESHOLD LEVEL.

= F;(V;), where F; > 0, while V;(t) < 6;

V. (t)
threshold level 6'.' "

> time

161/189
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Interspike Regime

(One-dimensional neuron)
Governed by a 1-dimensional differential equation:

dvi

dt
The value 6; is the THRESHOLD LEVEL.

= F;(V;), where F; > 0, while V(t) < 6,

Spiking Regime

(Pacemaker and No Pacemaker neuron)

Spiking e i
— ) /""". s 3 =
integrate and Fire neuron
T —mmmm———— if no excited by other neurons
NO PACEMAKER -2 time t
P if excieted by other neurons
E / —> timet

162 /189
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Interspike Regime

(d-dimensional neuron 7)

Its state is described at each instant ¢ by the d real variables, which are
the component of a d-dimensional vector T;(t).

Governed by a d-dimensional system of differential equations:

CZ" = Fi(T;), where F; : RY — R?, while V;(Z(t)) < 6;,
such that - pu
i(hai(t)) _vE- %,
dt dt

The value 6; is the THRESHOLD LEVEL.

163/189
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Interspike Regime

(d-dimensional neuron)
dfi — d d . —
pr F;(T;), where F; : R — R?, while V;(z(t)) < 6;,

Spiking Regime

(If neither excited nor inhibited by other neurons)
V(x(t)) V en el estado x(t) al instante t
FASE DE RELAJACION FASE DE ACTUALIZACION

LN >
AW

RESET ¢
0

REMARK: The spiking is ne$,negessarily periodic

17



", GRAPH of a circuit of neurons
@ Each NODE represents 1 Neuron or cell
.9Each directed EDGE (arrow) represents a synaptical
‘\ connection

Weighted EDGES Weight= Hij i = spiking cell

/

Stregth of synaptical connection fromito j

The cell i (node %) is excitatory if H;; >0 V j #1i.
The cell ¢ (node 4) is inhibitory if H;; <0 V j # .

Synaptical Rule

When neuron i spikes (at instant ty), the potential V; of neuron j # i
suffers and “instantaneous” jump:
Vj(to) = Vi(ty ) + H, ; if this number is < 6, or

V;(to) = 0 otherwise, and if so, also j spikes at instant t.
This math. model of the synaptical actions is SIMPLIFIED so:

¢ Instantaneous jump in the postsynaptical potential V;.
e The REFRACTORY PHENQBSENON holds for the spiking cells.

17



Graph of a circuit containing the graph of a subcircuit (in red)
which is called a SUBGRAPH

~

od

¥

s’

2

166 / 189
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Parameters’ Space

Which are the “parameters” of the mathematical system modeling the
circuit of neurons? Their values of some of them are NOT numbers but
FUNCTIONS or other non numerical MATHEMATICAL STRUCTURES.

For the relaxation and spiking regime of the neurons:

(m,Fl,FQ,Fg, .. .,Fm,91,92,93, .. .,Hm), where

e m is the number of neurons in the circuit

e F; is the (vectorial) function at the second member of the system of
differential equations dz;/dt = F;(T;) governing the relaxation regime of the
neuron ¢.

e 0; is a real number: the threshold level of neuron i.

For the synaptical connections:

(G, Hi2,Hy3,..., Hpn1,m), where

e (G is a Graph Structure: the graph of the circuit, with m nodes

i1 €{1,2,...,m} and directed and weighted edges (¢,7) : @ # j

e The weights H; ; of the edges of the graph G: they are (positive or negative
or zero) real numbers. 167 /189
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Questions of Research: Dynamics of the Network (circuit or graph)

Which are the qualitative and quantitative mathematical properties that
one may obtain, BY LOGICAL DEDUCTION, from the general
mathematical model defined above?

EXAMPLES:

e Sequence of spiking instants

o ISI (interspike intervals) of a cell or of a subcircuit.

e Attractors and their basins - periodic orbits - limit cycles

e Synchronization of the spikes of several cells (periodic or non periodic
synchronization)

e Waiting times until synchronization

e Recurrence

168 /189
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Definition
Recurrent synchronization of spikes in a subcircuit S

if there exists instants t1,%o, ..., tn, tndly vy .-
such that at instant ¢,, all the cells of the subcircuit S spike

simultaneously.
In Game Theory the phenomenon of synchronization is called

“Grand Coalition”.

Remark: Between the simultaneous synchronizations at instants
t, and t,41, some neurons of the subcircuit may spike.

169 /189
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Sufficient mathematical conditions for
recurrent synchronization of the spikes in a subcircuit.

=
f \3 GRAPH (CIRCUIT)

%—‘i‘g SUBGRAPH (SUBCIRCUIT)

N
N2
Theorem 1
If

e S is complete and excitatory: H;; >0 Yi# j in S,
e at least one cell in S is pacemaker,
e the number m of cells in S is large enough in relation to the mininum
excitatory weight:

N R 0; ’

min, . jn g Hij

then
all the cells of the subcircuit S recurrently synchronize spikes while S does not
receive inhibitions from the cells ouES/gei i%g

13/17



Theorem 1

If

e S is complete and excitatory: H;; >0 Yi# j in S,

e at least one cell in S is pacemaker,

e the number m of cells in S is large enough in relation to the mininum
excitatory weight:

maxecs 0;
Vm > ——I= —
M, in s Hig

then
all the cells of the subcircuit S recurrently synchronize spikes while S does not
receive inhibitions from the cells outside S.

Remark This theorem holds:

e For any initial state of the cells

e Disregarding which are the functions F;, and if they are similar or
mutually very different, and which are the dimensions of vectorial
states of the cells.

e No matter if the cells are mutually very different

e No matter if the interactions are mutually very different

e Disregarding how short or long are the refractory periods (but
the refractory phenomenon mdét €3§8t).

14 /17



Theorem 1

If

e S is complete and excitatory: H;; >0 Yi# j in S,

e at least one cell in S is pacemaker,

e the number m of cells in S is large enough in relation to the mininum
excitatory weight:

max;cs 0;
vm > ——== 1]11 ;
min; . jp s i3

then

all the cells of the subcircuit S recurrently synchronize spikes while S does not
receive inhibitions from the cells outside S.

CHANGING THE CONNECTIONS OF THE SUBCIRCUIT S to
be non complete, but still excitatory, provided the number of non
null connections is large enough, still produce recurrent
synchronization, if certain other mathematical conditions and
inequalities hold (work in progress).

Some HISTORY:
1992 Mirollo-Strogatz
1996 Bottani 172/ 189
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eblack node: neuron outside the subcircuit §
® blue node: inhibit.

Subcircuit S containing Beuon

® red note; excitat
Subsubcircuit ' neuron

L
o3 ‘l' SYCHRONIZATION OF SPIKES IN
PREDOMINANTLY EXCITATORY
SUBCIRCUITS S

THEOREM 2

If the subcircuit S contains a sub-subcircuit S’ such that

e S’ is complete and excitatory

e all the cells in S\ S’ are inhibitory

e at least one neuron of S’ es a pacemaker

e the number m’ of excitatory neurons in S’ satisfies the following inequality:

(manes 0]') + (maxISIS//minjes ISIj) . (manes\S/ |H”|)

min,;ies,jes Hij

vm! >

I

then all the cells of the subcircuit S recurrently synchronize spikes, while they
do not receibe inhibitions from the gells qgéside S.

16 /17



" sblack node: neuron outside the subcircuit $

@ blue node: inhibit.

Subcircuit S containing i

) i @ red note; excitat
Subsubcircuit ' neuron

)y, :

/) ‘L SYCHRONIZATION OF SPIKES IN
“f%h  PREDOMINANTLY EXCITATORY
# 3a SUBCIRCUITS S

THEOREM 2

CONCLUSIONS

o

o

To avoid recurrent synchr. of spikes in the subcircuit .S’ composed by
excitatory cells connect the nodes of S’ with edges coming from
inhibitory cells, BUT:

If the inhibitory cells connected to S’ are themselves excited by the cells
of S/, then

e they do not avoid the recurrent syncrhonization of S’.

e Worst, the inhibitory cells also synchronize spikes with the excitatory
cells of S’.

e So, due to the refractory phenomenon, the inhibitory cells spiking
simultaneously with those of S’ do not inhibit them.

Other cells outside S (in black 74 tB8%Figure), that are inhibited by-S but
not excited by S’, may turn off (do not spike).

17 /17
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SOBRE CIERTAS REDES DE UNIDADES DINAMICAS
ACOPLADAS POR IMPULSOS

ELEONORA CATSIGERAS

Presentacion en
IV Coloquio de Matematica,
del 18 al 20 de diciembre, 2013

Se presentard un modelo matematico abstracto de sistema dindmico
deterministico (que proviene de modelos simplificados de redes neu-
ronales bioldgicas) en que m subsistemas dindmicos (llamados “uni-
dades”, “celdas” o “neuronas”), que no son necesariamente mutua-
mente idénticos, evolucionan independientemente excepto en instantes
de “disparo”, determinados por cada neurona en forma ciega al estado
global de la red.

En sus instantes de disparo cada neurona envia una senal instantanea
de acople excitatoria (colaborativa) o inhibitoria (no colaborativa, o
competitiva o antagonista) a algunas de las otras. Se asume como
hipétesis el principio de Dale (establecido en el sistema nervioso de
los animales). Esto es, cada neurona es o bien excitatoria o bien in-
hibitoria. Es decir no es colaborativa con algunas y competitiva con
otras.

En primer lugar se estableceran condiciones suficientes (ejemplos:
que el grafo de la red sea completo y sean todos los acoples colabo-
rativos, o que tenga un subgrafo completo colaborativo con suficiente
cantidad de neuronas en relacién a otros pardmetros) para que la red
sincronice totalmente. Esto es, periédicamente, sin necesidad de un
reloj externo marcapasos o de un sistema del tipo "master-slaves”,
todas las neuronas disparan simultdneamente, con un periodo determi-
nado por la red (que en general no coincide con el periodo espontdneo
de ninguna neurona por separado si estuviera aislada de la red). Se aco-
tara superiormente el tiempo de espera hasta la sincronizaciéon completa
de la red, en funcién de los pardmetros.

En segundo lugar, en el caso de redes en que existan ademas neuronas
inhibitorias (competitivas con las demés) se definird ”riesgo de muerte”
de una neurona cualquiera. Esto es un coeficiente que mide qué tan
posible es que el estado de esa neurona se mantenga bajo el umbral de

disparo para todo tiempo futuro a partir de un cierto instante. Se vera
1
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que una red que sincroniza, aunque tenga algunas neuronas inhibitorias,
minimiza el riesgo de muerte de todas sus neuronas.

En ltimo lugar se definird la cantidad total de informacién de la
red (a tiempo finito). Se vera que la cantidad de informacién es nula
si todas las neuronas son idénticas y colaborativas, pero que puede
ser positiva si las neuronas son muy diferentes entre si en relacién a
otros parametros de la red, aunque sean todas colaborativas y la red
sincronice (”principio de la necesaria diversidad”).

Como conclusién, se observara que la cantidad de informacién crece
si se agregan neuronas competitivas, pero la sincronizacion puede ser
destruida si el nimero de neuronas competitivas es demasiado grande,
y el riesgo de muerte de todas (incluso de las competitivas) aumenta si
la sincronizacion se destruye.

INSTITUTO DE MATEMATICA Y ESTADISTICA “PROF. ING. RAFAEL La-
GUARDIA” (IMERL), FACULTAD DE INGENIERfA, UNIVERSIDAD DE LA REPUBLICA,
URUGUAY

E-mail address: eleonora@fing.edu.uy
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Objeto de estudio

Dindmica determinista de un red N

de m > 2 células (o neuronas: sub-sistemas dindmicos)
ie{l,2,...,m}

acopladas por impulsos instantaneos.

e CELULA O NEURONA i: subsistema dindmico auténomo
(Dindmica libre de i )

o ACOPLAMIENTOS A;; V (i,7) : i # j
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Dinamica libre de ::

Estado x; de ¢ en funcién del tiempo ¢
si ¢ estuviera desacoplada de la red N. DOS FASES:

S(x(t)) Satisfaccion en el estado x(t) al instante t
FASE DE RELAJACION FASE DE ACTUALIZACION
(Disparos)

HITO

RESHT t

0

e FASE DE RELAJACION

o &; = fi(x;) ecuacién diferencial n-dim; flujo solucién z;(t) = ®;(z:(0),1);
z; € X;

o Si: X; — [0, 6;] funcidén de satisfaccion ,

o 0; goal 6 hito 6 threshold level
4 (Si(xi(t)) =< Si, fi >vi >0 Vx; € 5;'0,60:)
e FASE DE ACTUALIZACION - UPDATE RULE:

o Si(zi(t7))=0; = zi(t) € 5;1(0)

o Disparo o spike Es la discontinuidad en el estado z;(t) que se produce
cuando la variable de satisfaccién S; alcanza el hito 6;: S; se resetea a cero
instantdneamente. 180/189




ACOPLAMIENTOS EN LA RED:

I(t) :== {1 <i < m:idispara en el instante ¢t}
REGLA DE INTERACCIONES INSTANTANEAS:

S(x;(t) == S(z;(t" )+ Y Aysies <0;, =0sies >0,
i€I(t), i#j
s1
Ayy<0 Ayq<0
t
SZ
A, > /
1270 A0 A,
t
Célula i es Cooperativa: A;; > 0Vj #i, A;; > 0 para alglin j # i.

Célula i es Antagonista: A, ; <0Vj #i, A;; <0 para algin j # .
Principio de Dale (hipétesis) Cada célula o bien es cooperativa o bien es
antagonista.

Red Cooperativa: Todas las céluld8kéd8boperativas



Definiciones

Espacio (funcional) de parametros de la red

Param(N) = {{(% Si,0i) h<i<m, {Aijhi<igi<m, #j}}

Topologia Cy en el espacio de parametros.
Fenémeno robusto o persistente V N que exhibe el fendmeno, existe un
entorno V tal que toda red N/ en ese entorno también exhibe el fenémeno.

Muerte de célula i en instante ¢
Para todo t > to la célula i no dispara.
to es el minimo to > 0 para el que ocurre lo anterior.

SINCRONIZACION DE DISPAROS: existe {t, }nso
0<to<ti<...<tp— oo tal queI(t,) :={1,...,m}.
SINCRONIZACION DE DISPAROS PERIODICA: existe {t},>0 tal que
I(ty) # 0 (I(t;) se llama n-ésimo cluster),

I(t) =0 si tn <t < tpt1,y existe p > 1 tal que

I(th,) ={1,...,m}VYheN" I(t)=1(t,) VneN.

Caracteristicas y ejemplos:

No hay reloj externo ni neuronas masters y otras slaves

Ejemplo de luciérnagas. Otros ejemplos en biologia, neurociencias y ecologia.
Ejemplos en redes en economia y of¥82 cléfias sociales.

o
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Resultados de sincronizacion

Teorema

1a) Sila red es cooperativa con grafo completo, y si el niimero m de células
es suficientemente grande, i.e.

max
vm >max{\/_ 77 +1}
min;; Ag j
entonces la red sincroniza disparos. E/ transitorio I' entre un disparo
simultaneo de todas las neuronas de la red y el siguiente, estd acotado
0
superiormente por T' < max —.
1<i<m v;
1b) Si ademds la dindmica libre de cada neurona es tal que dS;/dt = ¢:(S:),
entonces la sincronizacion de disparos es periédica con periodo p > 1: cada p
disparos en la red, todas las neuronas disparan juntas. Hay p clusters
diferentes entre un disparo de la red completa y el siguiente.
1c) Siademds las neuronas son mutuamente similares, i.e.

(min; 0;) - (min; ming, e x; < V.55, gi >) o1 - min;; Aqj
(max; ;) - (max; maxs,cx, < \V.Si, gi >) max; 6;

entonces p = 1. Es decir, todas las neuronas disparan juntas cada vez que una
de ellas dispara. Hay un solo clusteiggrm_%go por todas las neuronas de la red.
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Demostracion de sincronizacion

max
Hipdtesis: v/m > max{\/_ 77 + 1}
ming-; As j
Seant] <t5<...<ty; <...los mstantes en que por lo menos una neurona
de la red dispara.

max; 9]'

Sea K := parte entera (7) +1. (Obs: K% <m)
min;£; Ai’j

Afirmacién A) A mis tardar en el instante tx ya dispararon todas las
neuronas por lo menos una vez.

Afirmacion B) Si en el instante ¢, disparan por lo menos K neuronas
simultdneamente, entonces disparan todas simultdnemente.

Afirmaciones A) y B) = existe un instante to en que todas las neuronas
disparan simultdaneamente. De lo contrario la cantidad de neuronas seria menor
que K? lo cual contradice la hipétesis. O
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Riesgo y factor de proteccion (Definiciones)

INTERFERENCIAS NEGATIVAS EXTERNAS A LA RED
Riesgo de muerte intrinseco de 1, relativo a las otras neuronas de la red
ei/vi

R = € (0,1]

Riesgo de muerte neto en red de i en el h-ésimo interspike interval IS[Z.(}‘) de
la neurona ¢:

max{0, 6; — Zjel(t):telsﬂ") Aji} /v

maxi<;j<m(0;/v5)

R™ —

i € (0,1].
Factor de proteccion de la red a la neurona i en el h-ésimo interspike interval
de i:
hy . Z]‘el(z):tezsth’) Aji
P =minq1, 0 .
T

Proteccidn negativa si la red es antagonista.
Proteccién > 0 si la red es cooperativa. Es 1 si Z]. Aji > 0;
Proposicion:

R'Eh) =(1- Pi(h))Ri es nulo cuando el factor de proteccién es 1.
185/189



Resultados sobre riesgo y factor de proteccion

Teorema

2a) (En las hipdtesis del Teorema 1a (si la red es cooperativa de grafo
completo y con suficiente cantidad de neuronas) entonces el factor de
proteccion Pi(h) de cada neurona i en todo intervalo inter-spike h, es positivo.
Luego el riesgo neto R, de muerte de la neurona i acoplada a la red, por
interferencias negativas externas a la red, es menor estrictamente que el riesgo
intrinseco R; de la misma neurona si no estuviera acoplada a la red.

2b) Si ademds todas las neuronas son similares (hipdtesis del Teorema 1b),
entonces el factor de proteccion P; de cada neurona es igual al maximo posible
100%, y su riesgo neto de muerte R; es el minimo posible 0%.
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Cantidad de informacién (Definiciones)

to < ti... <ty < instantes en que por lo menos una neurona dispara.
. I(t,) = {i : ¢ dispara en el intante ¢, } # 0.
Cantidad potencial de conjuntos diferentes en cada disparo: 2™.
Cantidad potencial de informacién en cada disparo: log,(2™) = m.
e Spiking code (cédigo de disparo): Sucesién {I(tn)}n>0. Depende de la
condicién inicial de todas las neuronas en la red.
e Pattern de longitud finita £ > 1: Palabra de longitud k en el spiking code.
Tng,k = (I(tno),l(tnoJrl), .. ,I(tnﬁk,l)). Depende del estado inicial.
e Pattern recurrente de longitud &£ > 1: palabra 75 de longitud k tal que
existe alglin estado inicial y una sucesién n; — +oco que lo realiza:
Tk = Tnj,k Vj € N.
e I, := {mx} conjunto de todos los patterns recurrentes de longitud k.
e #I1;: cantidad de patterns recurrentes de longitud k > 1 diferentes que la
red exhibe.
e Cantidad de informacion que la red puede procesar en forma recurrente:
H = supy> log #11j.
Si H = 400 se define entropia: h = lim sup

k—+o0
entropia = velocidad de crecimiento exponencial de la cantidad de informacién

que la red puede procesar en forma rea}rrente.
187 /189
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Resultados sobre la cantidad de informacion

Teorema

2 a) Sila red sincroniza periédicamente todos sus disparos con periodo p > 1
log, m

(por €j. en las hipdtesis del teorema 1b), entonces  H = log, p < >

2 b) Siademds las células son mutuamente similares, entonces
H =log,1=0.
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Conclusiones (redes cooperativas)

A) Cuando se maximiza el factor de proteccién de cada neurona (haciéndola
100% y logrando 0% de riesgo neto de muerte de cada una), se minimiza la
cantidad de informaciéon H en la red, haciéndola nula.

B) Las redes cooperativas con suficiente cantidad de neuronas sincronizan y
dan un factor de proteccién positivo a cada una de sus neuronas.

Si no son periddicas o si son periddicas con periodo p mayor que 1, entonces su
cantidad de informacién total H(durante todo el tiempo futuro) es positiva. Si
son periddicas, H es finita igual a log p.

C) Necesaria diversidad de células para tener cierta riqueza dinamica:
Las redes cooperativas que pueden procesar una cantidad positiva de
informacién estdn necesariamente compuestas por neuronas diversas, cuyas
dindmicas intrinsecas difieren sensiblemente entre si.
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