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UNE GENERALISATION DE
L’INVARIANT DE MALGRANGE

Marcos Sebastiani

Dédié a Monsieur le Professeur J. L. Massera

Soit M une variété différentiable (C*) de dimension n > 2 orientée et
soit X un champ de vecteurs (C*) tangent a M. Soit c une sous-variété
compacte & bord de M de la méme dimension. Le flot H; associé a X est
bien défini pour t € R au voisinage de c. Dans cet article on considére
I’action de H; sur les variétés c (et, plus généralement, sur les n-chaines) et
on applique ceci a ’étude des rapports entre germes de champs de vecteurs et
de fonctions, ce qui conduit & une généralisation de I'invariant de Malgrange
d’une singularité isolée.

Cet article a été motivé par [2] et par des entretiens avec Jean-Paul Bras-
selet & qui je suis heureux d’exprimer ici ma reconnaissance.

Une approche possible & I’action de H; sur ¢ est de considérer la variation
des integrales [y () w o w est une n-forme différentielle (C*) sur M. Pour ce
faire, on applique le lemme suivant & un cycle fondamental de ¢ (on travaille
en homologie singuliére différentiable; si d est une chaiine, dd denote le bord
et Sup(d), son support).

LEMME. Soit » une ¢-forme fermée sur M et soit d une g-chaiine de M (g >
1). Alors,

d
'Jt' Hi(d) |t=0 =20 /“ Nx

ou nx est la (¢ — 1) - forme définie por:

nX(Yh-- 'v}’q—l) — n(XyYh-“’Yq—l)



! reuve d

et o= 11
- H,(d)"l“° /d x1

o Ly est la dérivée de Lie ([3]chap.1e2.(3.3)). Comme 1 est fermée, Lxn =
gdnx([3)pg.35) et on conclut par Stokes.

Supposons maintenant que M est un voisinage de O € R" ( qu’on prendra
plus petit au besoin). Soit f : M — R (C) telle que f(0) =0, f(z) > O se
z#0et df(z) #0siz#0. Soitw une n-forme sur M. Soit ¢, = {f < s}.
Alors

Vle) = & 0<s<e

w
Hi(es)  |i=o

définit un’ germe de fonction V,,. Si X est transverse au variétés de niveau
de f (fonction de Lyapounoff) alors V,, # 0 quand w = dz; A ... Adz,,.

~ Considerons maintenant le cas analytique complexe c’est a dire, M est
un voisinage de O € C" (n > 2), X est un champ de vecteurs analytique sur
M et f: M — C est une fonction analytique telle que f(0) = 0, df(0) =0
et df(z) £ 0siz #0.

DEFINITION Une famille ¢ (de n-cycles relatifs & f) est la donné&d’une
n-chaine c, pour chaque s > 0 assez petit, qui dépend continiiment de s, telle
que f(z) = s pour tout z € Sup(dc,) et avec la propriété que pour chaque
voisinage U de 0 il existe p > 0 tel que Sup(c,) C U si 0 < s < p.

La famille est appélée triviale si pour chaque voisinage U de O il existe
p > 0 tel que dc, soit un bord dans f~}(s) N U s 0 < s < p. (Ic, est un
"cycle évanescent”: voir [1]ch. I). (Ces familles de chaiines remplacent les
variétés c, du cas réel). B

A une famille ¢ et & une n-forme w holomorphe au voisinage de 0 on peut
associer un germe de fonction V¢ défini par:

A OE i

0
i (0<s<e)

¢=0
D’aprés le lemme et [4]§4 on a un développement:
*) i

Vi(s) = Y aaq8%log?s  ay €C
aq

o10< g<n—1etola>0ete e



est valeur propre de la monodromie de f en 0.

THEOREME. a) Si la famille ¢ est triviale, V.£ = 0 pour toute w.

b) Si V.2 = 0 pour toute famille c, alors wy = df A o + df au voisinage
de 0, ol o, B, sont des (n — 2)-formes analytiques, et réciproquement.

c) Si f est intégrale premiére de X, V{ = 0 pour toute famille c et tonte
forme w.

d) Si X est transverse aux variétés de niveau non singuliéres f(z) =
w,w # 0 de f, alors V¢ = 0 pour toute forme w implique que la famille est
triviale.

Preuve (a) D’écoule du lemme et du fait que wyx|f~1(s),s > 0, est fermée
par des raisons de dimension.

(b) A été demontré dans 2] pour w = dzy A ... A dz,, mais la preuve est
la méme por w quelconque.

(c) Si f est intégrale premiére de X,

Sup(H(de,)) C f7'(s)

pour tout ¢. Soit w = dn. Alors

’/”'(")w = /H-(Oc.) T H.(ac.)nll_‘(')

et cette derniére intégrale est constante parce que

nlf(s)

est fermée.
(d) La condition de transversalité s’exprime par:

Yo Xiof[ox) =gf™

au voisinage de 0, avec g analytique, g(0) # 0.
Supposons la famille ¢ non triviale. Alors, il existe une (n—1) forme 5
holomorphe au voisinage de 0 telle que

n
8,

n’est identiquement nulle dans aucun intervalle (0,¢€). ([1]ch.J11§12.1). Soit

df An = hdz;A...Adz,,



. Soit
0 = hg~'dziA...Adz,

. Alors,
(**)
dfA(f™n) = ndf AOx
En effet,
5 8 %hg-l S Xedey A V oo Adia
Donc,

ndf A0, = hg™* Y Xi(8f/0z:)dz1A..Adzy = hf™dz A ..Adz = fdf Ap = dfA(f™)

-L*égalité (**) implique que pour tout s > 0 assez petit:

fmalf7(s) = nx|f(s)

D’aprés le lemme et tenant compte du fait que Sup(dc,) C f~(s),
Ve(s) =_n/%'9== AR /&’n

Donc,

Ve#0

EXEMPLE. Soit f(z,y) analytique réelle au voisinage de (0,0) € R
Supposons:

£(0,0) =0, f(z,y) >0 si (z,y)+# (0,0)

et (0,0) point critique isolé de I’extension analytique de f au voisinage de
(0,0) € C?. Soit ¢ = {c,} ot c, est un cycle fondamental de {f < s}. Soit
X =(fs, fy) et w=dz Ady.

Alors, d’aprés le lemme

V()= [, (~fydet fud)) > 0

10



parce que (—f;, f.) est tangent A 8c,. Donc, c n’est pas triviale.
Dans le cas particulier ol f est un polynéme homogéne de degré m > 2
on a

Vi(s) = ks, k>0

En effet,
Ve(s) = -/IS- Afdzdy

On calcule cette intégrale en coordonnées polaires.
Soit f = p™g(p) ou g > 0 est périodique de période 27. Alors,

Af =m(m—1)p"?g(p) + o™ ?¢"(¢) + mp™g(y)

Donc,

[ron Y™

Vo(s) (m’g() + 9" ()™ 'dp =

= 2xms + /21 i}‘z)dw (2rm+ — /2,: (%'(i;f—)))’ dp)s.

(En intégrant par parties et utilisant la périodicité de g). Dans le cas
général, on peut conjecturer que

Jim VE(s)/s

existe et est positif.

OBSERVATIONS FINALES. Les développements (*) permettent d’étendre
Pinvariant de Malgrange o(f) ([4] Remarque 4,8) aux couples (X, f). On
définit o(X, f) comme étant la borne inférieure des o tels qu’il existe une
n-forme w et une famille ¢ pour les-quelles a,, # 0 pour un q dans le
développement de V5(s). Si il n’exite pas de tel «, on pose o(X, f) = +o0.
Naturellement, o(X, f) > o(f). Si X(0) # 0, o(X, f) = o(f). En effet, si
X(0) # 0 toute (n — 1) - forme est localement du type wx, et on applique le
lemme. Si 0 est un point critique isolé de X, I’égalité gwx = wyx et le lemme
montrent que (X, f) ne dépend que de f et du feuilletage défini par X.

11



Dans le cas particulier de I’ exemple précédent, (X, f) < 1. En particu-
lier, o(X, f) = 1s6i f = 27 + y* et X = (z,y).

Finalement, si f est une intégrale premiére, o(X, f) = 400 (Théoréme
(c)). On peut conjecturer que la réciproque est vraie (comparer avec [2] et

théoréme (d)).
BIBLIOGRAPHIE
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York, Interscience, 1963.

[4] B. Malgrange. Ann. Scient. Ec. Norm. Sup. 7(1974) 405-430
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SUR LES EQUATIONS DES
SEPARATRICES ANALYTIQUES

Marcos Sebastiani

On se dome un champ de vecteurs analytique X ‘au voisinage de 0 € C?
tel que X(0) = 0, X(z) # 0.si z # 0. Toutes les considérations qui suivent
sont de nature locale en 0 et on identifie souvent un germe (d’ensemble ou
de fonction) en 0 avec un représentant. On note O ’anneau local de C? en
0. '

Une séparatrice (analytique) est un germe Z d’ensemble analytique
irréductible de dimension 1, tel que 8i z € Z, z # 0, alors X(z) € T,(Z2).
L’éxistence d’un tel object est démontrée dans [1]. Toute séparatrice Z est
défine par une équation analytique g = 0. Par example, si X = (zy,z + y),
z = 0 définit une séparatrice analytique Z. Mais on peut aussi définir Z par
Péquation e"¥z = 0. Cette derniére équation a ’avantage suivant: X est
transverse aux variétés de niveau e ¥z = cte. # 0, tandis qu’il ne ’est pas
aux variétés z = cte. # 0. (Rappelons que X n’est pas transverse vn z a
f = cte. = f(z) si et seulement si df(X)(z) = 0). Ces considérations con-
duisent aux notions de L-équation et L-séparatrice (définition 1). Dans cet
article on étudie les propriétés des L- séparatrices. On introduit une notion de
” multiplicité” d’une L- séparatrice et on établit son rapport avec l'invariant
de Malgrange d’une L-équation et 'invariant de Malgrange généralisé dans
[5] (théoréme 2). On montre qu’'une séparatrice analytique qui est ’ensemble
des zéros d’une intégrale premieré n’est pas une L-séparatrice (corollaire 2).

1- DEFINITION 1. Soit Z une séparatrice analytique. Une équation analy-
tique g = 0 définissant Z est une L-équation si X est transverse aux variétes

de niveau g = cte. # 0. Si Z admet une L-équation, on dit que Z est une
L-séparatrice.

13



EXEMPLES: a) Si X = (z,y), alors z = 0 est une L-équation. X ne
posséde pas d’intégrale premiére holomorphe. Si X = (z,—y), alors 2 = 0
est une L-équation. X posséde l'intégrale premiére zy.

b) Si X = (2z,3y) et Z est défini par z° — y? = 0, alors Z est une L-
séparatrice.

DEFINITION 2. Soit Y un germe analytique irréductible de dimension 1
défini pas g = 0 ou g € O est irréductible. Si h € O on note ordyh le plus
grand entier m tel que g™ divise h dans O. (Si h = 0 on pose ordyh = +00).

DEFINITION 3. Si Z est une séparatrice analytique on’ définit
vz = Sup{ordzdf(X): f =0

est une équation analytique irréductible définissant Z}.

OBSERVATIONS: a) On a 0 < vz < 400. Si Z est ’ensemble des zéros -
d’une intégrale premiére holomorphe, alors vz = +oo0.

b) Les notions de L-équation, L-séparatrice et I’entier v; ne dépendent
que du feuilletage défini par X.

THEOREME 1. Soit Z uné L-séparatrice . Alors:
) 0 < vz < +oo;
b) si ¢ = 0 est une équation analytique 1rreduct1ble définissant Z alors
ordzdg(X) = vz sl et seulement si g = 0 est une L-équation.
c) vz = min{ordzdh(X) : h € O et dh(X) = 0 est une équation
définissant Z}. :

COROLLAIRE 1. Soit Z une L-séparatrice. Alors,
a) il exist une L-équation irréductibledéfinissant Z; .

b) s1 vz = 1, tonte équation analytique irréductible définissant Z est une
L-équation.

COROLLAIRE 2. Si Z est une séparatrice analytique qui est l'ensemble
des zéros d’une 1ntégxa]e premiére holomorphe, alors Z n’est par une L-
séparatrice.

Preuve. Soit f une intégrale premiére, f € O, telle que f = 0 définit Z.
Supposons qu'’il exist une L-équation g = 0 définissant Z, g irréductible dans

14



O (corollaire 1). Alors,
f=ug",m21,

u € O,u(0) #0.
Soit
dg(X) = vg",v = vz,

v e O,vu(0)#0.

Alors,
0 =df(X) = g™ du(X) + muvg™*?

Siv = 1,du(X)+ muv =0,
ce qui est impossible car X(0) = 0.
Siv > 1,du(X) = —muvg*~'. Alors du(X) = 0 définit Z et ordzdu(X) =

v — 1, ce qui contredit la partie (c) du Théoréme 1.

EXEMPLE. Soit X = (2y,3z?) qui admet f = z°® — y? comme intégrale
premiére. Alors Z = {z® — y? = 0} est une sépaaratrice analytique qui n’est
par une L-séparatrice.

COROLLAIRE 3. Si il existe une L-séparatrice Z telle que vz > 1,alors X
n’admet pas d’intégrale premiére holomorphe.

Preuve. Soit ¢ = 0 une L-équation irréductible de la L-séparatrice Z.
Supposons que vz > 1 et qu’il existe une intégrale premiére f. Alors, f =
hg™, h € O, m > 1 et g ne divise pas h dans O (car on peut supposer
£(0) = 0).

D’aprés le corollaire 2, h(0) = 0.

D’autre part,

0 = df(X) = ¢g™dh(X) + mg™ 'hdg(X).
D’apres le théoréme 1 et vz > 1, on a que g? divise dg(X). Donc, ¢

divise dh(X). Cela implique que h/Z est constante. Comme h(0) = 0, on a
h/Z = 0. Alors g divise h; ce qui est une contradiction.

15



EXEMPLES: a) Si X = (zy,z + y) on a vu que Z = {z = 0} est une
L-séparatrice définie par la L-équation ez = 0. Comme d(e ¥z)(X) =
—e V22 on a vz = 2. Alors X n’admet par d’intégrale premiére holomorphe.

b) Soit X = (2zy?+zy—=z2,y*+y?—zy). Alors X n’admet par d’intégrale
premiére ([2] ch. II et [6]) et Z = {z = 0} est une séparatrice analytique qui
n’est par une L-séparatrice. En effet, supposons que g = 0 est une L-équation
irréductible définissant Z. Alors ¢ = uz, u € O, u(0) # 0. En plus,

dg(X) = (u+ zu.)(2zy® + zy — %) + zu, ((v* + y* — zy).

Puisque u(0) # 0,zy a un coefficient non-nul dans la série de Taylor de
dg(X). Ceci implique
vz = ordzdg(X) = 1
(Théoréme 1).

Mais alors, par le corollaire 1(b), 2 = O serait aussi une L-équation
définissant Z. Mais comme

d2(X) = 2297 + 2y — 2 = 2(2y* + y — 2),
dz(X) = 0 ne définit pas Z, ce qui est une contradiction.

Démonstration du théoréme 1. -Soit g = 0 une L-équation définissant Z.
Comme 7 est irréductible, g = g™, § € O irréductible, m > 1. Alors,

dg(X) = mg™'dg(X).

Donc, dg(X) divise dg(X). Alors dj(X) = 0 définit Z et § = O est une
L-équation irréductible définissant Z.

Fixors une L-équation irréductible g = 0 deﬁmssant Z Alors dg(X) =0
définit Z. Donc, (c) entraine (a).

Pour prouver (c), soit h € O, avec h(0) = 0, tel que dh(X) = 0 définit Z
et

pour tout k € O tel que dk(X) =0 définit Z,

Soit f = 0 une équation irréductible définissant Z. Comme dh(X)/Z =0
et T,(Z) = CX(z) pour tout z € Z,z # 0,h/Z est constante. Donc, h/Z =
0.

16



Alors, h=h'f,h' € O. Donc,
dh(X) = fdh'(X) + K'df (X).
Soient df (X) = uf™,dh(X) = vf*,m,n > 1, u,v € O, v(0) # 0. Alors,
vf" = fdh'(X) + uh'f™.
Supposens m >n. Sin =1 on a:
v=dh'(X) + o -
ce qui est impossible parce que X(0) = 0. Sin > 1,
dh'(X) = (v — uh' f™=") f~
Donc, dh'(X) = 0 définit Z et
ordzdh'(X) =n— 1= ordzdh(X) — 1

ce qui est une contradiction.
On a prouvé m < n. En particulier,

ordzdg(X) < n < ordzdg(X).
Donc,
ordzdf (X) = m < n = ordzdg(X)

ce qui prouve (c) et aussi que ordzdg(X) = vz. .
Soit f = 0 une équation irréductible définissant Z telle que ordzdf(X) =
vz. Alors,

df(X) = kg™, dg(X) = ug™, f = vg
ol k,u,v € O, m = vz, u(0)v(0) # 0. Alors,
df (X) = gdv(X) + vdg(X).
D’ou,
dv(X) = g™ (k — vu).
Si m = 1, comme X(0) =0, on a k(Q) # 0.

17



Sim > 1et h(0) = 0,dv(X) = 0 définit Z et
ordzdv(X)=m—-1< vy

ce qui contredit (c). Donc k(0) # 0. Alors, f = 0 est une L-équation
définjssant Z.

2- THEOREME 2. Soit f = 0 une L-équation irréductible définissant la
L-séparatrice Z. Alors

T(X,f)=1'(f)+vz—l

orf 7(f) est I'invariant de Malgrange ([4] remarque 4.8) et 7(X, f) en est la
généralisation définie dans [5].

Preuve. Un a df(X) = uf™,u € O, u(0) # 0,m = vz.

En divisant X par u on peut supposer df (X) = f™. Donc, si H; est le
flot engendré par X, on a;

[l (z) = g(t, f)

oi g € Oet g(0,s) =set %“1(0, 4} = A",
Soit 7 un germe de 1-forme holomorphe. Soient o, w des germes de formes
holomorphes tels que:

do=df Ap,w=dn.

Soit ¢,(0 < s < ¢) une famille de 2-cycles relatifs & f (au seus de [5]; alors
Oc, est un cycle évanescent). Considérons les fonctions:

enltio) = [, dAn= [ Hi)

] Co) (1

Ynlt, ) = /H.(c,)“’ =/ _Hi(n).

Ces fonctions sont analytiques pour |t| < p,0 < |s| < e, F <args< L
Puisque dH; () = df A %(t, /)H; (1), on a que

(i ]2 dg
h s/} .
rp t8)= s (t, 8)Pn(t, 3)

([4],(4.3)).

18



D’autre part (voir [5]),

8—;1(0, s) = Z/O“(df An)x = /0" S =3"1,(0,3)

(si w est une 2-forme, wx est la 1-forme: wx(Y) = w(X,Y), voeir 3] pg. 35).
Alots, £ £.0,(0,5) = ms™ 4, (0, 5) + a"‘.o—g’;’l(o, s)

8 d g %
at 68‘p"(0, s) = ms ¢n(0’3) + at (0, 3).

Donc, oy ”
m—1(0,s) = —(0, s).
" 5s (098) = 5 (0,9)
D’apreés les définitions, ceci entraine

m+7(f) —1=7(X, f).
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RECOUVREMENTS ALEATOIRES *

Jean-Pierre KAHANE (Université Paris-Sud, Orsay)

uelle est la probabilité pour que des objets aléatoires recouvrent un

objet donné? C’est un sujet qui a une longue histoire, et qui n’avance

pas trés vite. Je saisis volontiers I'occasion que me donne la Gazette
de raconter ce que j’en sais, parce que I'histoire en est intéressante, et que les
problémes en suspens méritent d’€tre connus.

De Borel @ Dvoretzky

L’histoire remonte a Emile Borel. Dans les années 1890, le prolongement
analytique des fonctions données par une série de Taylor était & 1'ordre du
jour. En 1892, Poincaré et Hadamard avaient découvert des €tres étranges :
des séries de Taylor non prolongeables hors du cercle de convergence. Juste
aprés sa these (1895), Borel publie une note aux Comptes-Rendus (1896)
et un article dans Acta Mathematica (1897) avec un énoncé provocateur :
en général, une sériec de Taylor admet son cercle de convergence comme
coupure. 11 faut entendre par 1d que, si les modules des coefficients sont
donnés et que les arguments sont des variables aléatoires indépendantes
équidistribuées sur (0,27), la probabilit¢é d’avoir un point régulier sur
le cercle de convergence est nulle. Sous cette forme, 'énoncé et la
démonstration sont dus a Steinhaus (1929). Borel attribuait une grande
importance 3 son résultat. Comme il le dit dans sa Notice de 1912,
la difficulté principale était d'en préciser le sens avant d'en donner la
démonstration. En vérité, préciser le sens a été une ocuvre de longue
haleine, et ce n’est pas étonnant parce que I'énoncé implique des concepts
fondamentaux (la probabilité nulle, I'indépendance) qui étaient encore loin de
toute formalisation. Les principales étapes, avant Kolmogorov 1933, en ont
éé les probabilités dénombrables de Borel, et la réduction de la probabilité
a la mesure de Lebesgue par Steinhaus. Par contre, donner la démonstration,
en se fiant & l'intuition pour les concepts fondamentaux, était A la portée
de Borel dés 1897. La démonstration de Borel consiste a partager la série
en blocs de termes consécutifs, et & associer & chaque bloc un intervalle
(aléatoire) du cercle de convergence. Ensuite, je cite, on a donc sur un cercle
une infinité d’ arcs indépendants, dont la somme dépasse tout nombre donné,
donc, en général, tout point du cercle appartiendra @ une infinité d’arcs. Et
de 1a résulte que tout point du cercle est singulicer.

Répétons I'argument de Borel. On a sur le cercle (disons maintenant le
cercle T, de longueur 1) des arcs /,,(w) (n = 1,2,---) dont les longueurs
f,, sont données, et dont les centres w, sont aléatoires, indépendants,
uniformément distribués sur T. Ainsi la probabilité qu’un point donné du
cercle appartienne a J,,(w) est £,,. Si )_ £, = oo, ce point appartient presque

(*) Texto de la conferencia del Prof. Jean Pierre Kahar e, dictada en noviembre de 1991 en las jomadas de home-
naje al Prof. José L. Massera.
Ha sido también publicado por la Gazette des Mathématiciens, No. 53, junio de 1992.-
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strement & lim /,,(w) (Borel-Cantelli). On voit que Borel-Cantelli est utili«-
(et de plus parfaitement énoncé pour sa partie non évidente, sur un «
particulier équivalent au cas général) par Borel des 1897.

Poursuivons. Supposons toujours )~ £,, = oo ; alors

VieT p.s. 1€ liml,(w).

Désignons par A la mesure de Lebesgue sur T et par [” la probabilit¢
sur §2, et appliquons Fubini. L'ensemble des (1,w) € T x Q pour lesquels

{ € lim [, (w) est de mesure pleine pour la mesure A & I’. Par conséquent

p.s. AClim [y = 1.

Presque slirement presque tout le cercle est recouvert.

i I,

A quelle condition supplémentaire, portant sur la suite ¢,,, a-t-on

pUs! Flimili@) = T

On dit alors qu’il y a recouvrement presque sir de T par les /,,(w) (il est
facile de voir que le recouvrement presque siir et le recouvrement presque
siir par une infinit€¢ de [, (w) sont équivalents). La suite ¢, étant donnée,
ne vérifiant pas cette condition supplémentaire, peut-on déterminer quelles
parties A de T sont recouvertes presque stirement :

p.s. AC l:{l I (w) ?

La premigre question est posée par A. Dvoretzky en 1957. La seconde
est abordée dans la premiére édition de mon livre Some random series of
functions (1968), en vue de la détermination de la dimension de Hausdorff de
I'ensemble aléatoire

BTN Tm L)
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De Dvoretzky @ Shepp

La question de Dvoretzky intéressa Paul Lévy, qui me la communiqua.
Ma premitre contribution fut d’observer qu’'il y a recouvrement quand
o — '—'*,5 (¢ > 0, n > ng), et que la condition de recouvrement n’est
pas stable par changement de (f,) en (A,) (A < 1 fixe) (1959). Ensuite
Pierre Billard introduisit une méthode, dont je dirai un mot tout a 1'heure,
qui permet de montrer le non recouvrement pour f, = '—'“‘i (1965). Le
cas f; = "—' restait en suspens. P. Erdds avait annoncé que c’est un cas
de recouvrement (1961), mais n'avait pas donné de preuve. Billard fut
seulement capable de prouver que, dans ce cas, I'’ensemble non recouvert est
au plus dénombrable (le lecteur comprend bien que je sous-entends désormais

presque stirement).

Voici la situation telle qu'elle était connue en 1968. Prenons d’abord
€, = 2. T est recouvert si a > I, non recouvert si a < 1. Lorsque a < 1,
I'’ensemble non recouvert a pour dimension 1 — a. Une partie donnée A de T
est recouverte si dim A < a, et non recouverte si dimA > a. Le cas f,, = %
est ouvert, et le cas dim A = a nécessite une investigation plus poussée.

La méthode de Billard est le premier modele d’une théorie qui s’est
ensuite développée dans diverses directions, celle des produits de poids
aléatoires indépendants. Ici les poids sont
I — X, (l —wy)

1 -4,

ol x,(f —w,) est la fonction indicatrice de /,,(w). Les produits

,’"(I‘w) =

Q,,(I,w) = H I’,,,(l,w)

m=1

forment une martingale positive pour chaque ¢ fixé, et il en est de méme pour
les intégrales

Jn(Ww) = /IQ,,(I,w)tII.

Si les /1,,(w) recouvrent T, J, (w) est nulle & partir d’un certain rang : la
martingale est dégénérée. Si au contraire la martingale est uniformément
intégrable dans 1,Y(€2), elle n'est pas dégénérée, donc les I, (w) ne recouvrent
pas T. Une condition simple d’intégralité¢ uniforme est que les J,,(w) soient
bornées dans 1,2(5), soit

EJ,%(') = _/A’ EQ,U, )R, (s, )dl ds = O(1),
c’est-2-dire, en posant

kn({' = S) = F/‘(Qn(l‘ ')(‘Ju(sy )):
/rk,,(l)d( A5 TREY
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Cette condition s’écrit encore
ke l'm

avec

— 1
k() =exp ) (Fu— | L], -5 <t<
1

N | —

(par exemple, si £,, = &, k(!) =| { |="). Billard en donne une forme affaiblie

plus lisible : pour que T ne soit pas recouvert (au sens T # lim [, (w)), il
suffit que la série

(B) > Cexp(by + 0+ 6,)
1

converge (on suppose ici, et désormais, £y > f, > 3 > .. ).

LLa méthode est flexible. S’il s’agit de recouvrir un borélien A au lieu
de T, on prend une mesure positive o portée par A, et on considére la
martingale

Julwio) = /i Qu(t,w)da(t).

La condition qu’elle soit bornée dans ,2(52) s'écrit maintenant

/ /;2 k(l — s)da(l)da(s) < no,

ce qu'on exprime en disant que l'énergie de o par rapport au noyau k(.)
est finie. Or, la condition pour que A porte une telle mesure, de k-énergie
finie (et non nulle, bien sir), est que la capacité de A par rapport a k() soit
positive :

Cap, A > 0.

Tout cela, avec l'application a une formule explicite pour la dimension de
I’ensemble non recouvert, se trouve dans mon livre de 1968 (sauf que le
terme de martingale n’est pas utilisé). Nous étions alors loin de penser
que les conditions obtenues par la méthode de Billard étaient nécessaires et
suffisantes. :

Le livre attira I’attention sur le sujet, et en particulier sur le cas
en suspens : £, = ']T En 1971, ce cas fut traité par Steven Orey et,
indépendamment, par Benoit Mandelbrot : il y a recouvrement, comme Erdis
I'avait prévu. L'étude d'Orey ne fut jamais publiée, parce que, quelques
semaines aprés qu'il 1'ait faite, Lawrence Shepp obtint la solution compléte :
T est recouvert si la série

(g e]

l
(S) 3= Sexp(fy + 0+ +E)
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diverge, et n’est pas recouvert si elle converge. En fait, la convergence de la
série (S) équivaut
ke L',

que la méthode de Billard nous a fait voir comme condition suffisante de non
recouvrement. La convergence de (B) entraine celle de (S), mais ne lui est
pas équivalente - I'écart n’est pas bien grand, puisque les deux séries sont
simultanément convergentes ou divergentes lorsque inf(nf,) > 0. La partie
difficile et nouvelle, dans le théoréme de Shepp - outre I'introduction élégante
de la série (S) - est de montrer qu'il y a recouvrement lorsque k ¢ '

Avant de s’occuper du recouvrement a la Dvoretzky, B. Mandelbrot avait
introduit, toujours en 1972, un autre type de random cutouts, sur la droite
cette fois. On donne (au lieu des longueurs f£,,) une mesure jr localement
bornée sur (0, ), mais, dans les cas intéressants, non bornée au voisinage
de 0 (on peut penser & jo = > & ). On considere le processus de Poisson
ponctuel dans R x R* dont I'intensité est A @ s (X est la mesure de Lebesgue
sur R). A chaque point (z, ) de ce processus ponctuel on associe I'intervalle
(z, +y), et on demande a quelle condition sur jr la droite R est recouvert
p. s. par ces intervalles. La réponse, toujours due & Shepp (1972), s’exprime
sous la forme

ke L'(em'dr),

avec maintenant

k(1) = exn/ 11(3y, 00)dy.
t

Il est clair qu'il y a un rapport entre les deux questions. Néanmoins, ce n’est
qu’en 1987, a I'occasion d'un cours que j'ai donné a Urbana, que le premier
théorgme de Shepp est apparu comme conséquence du second. Je dirai tout
A ’heure comment le second se démontre facilement, & 'aide d’une méthode
de temps d’arrét, due & Svante Janson (1983), que j'ai beaucoup exploitée
dans mon cours d'Urbana et ensuite.

(R, 1)

(z,y)

(R, })

X z+y
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Théme et variations

Revenons a 1973. Les théoremes de Shepp ont rendu le sujet relativement
populaire. Mario Wschebor, alors mon éleve, étudie le recouvrement du
cercle par des ensembles translatés au hasard, et la question analogue pour
la droite et les processus de Poisson; essentiellement, le résultat exprime que,
parmi les ensembles F, dont les mesures de Lebesgue ¢, sont données,
ceux qui recouvrent le mieux sont les intervalles de longueurs ¢, (le
résultat est intuitif, si I’on songe au cas des parfaits totalement discontinus,
dont la réunion ne recouvre jamais le cercle). John Hawkes s'intéresse au
recouvrement d’une partie A de T par les intervalles /,,, et aux propriétés de
I'ensemble non recouvert [’ - par exemple, dans le cas ¢, = ;“; O<a<l,
I’ est p. s. un ensemble 77, mais pas un ensemble 7, en désignant par
T la classe des ensembles dont la dimension d’entropie et la dimension
de Hausdorff sont égales. Jorgen Hoffmann-Jgrgensen élargit le cadre, en
considérant le recouvrement d’un compact métrique par des boules aléatoires;

c’est en effet le cadre naturel pour la plupart des applications.

Un peu plus tard, en 1978, Youssef El Hélou étudie le recouvrement de
T? par des convexes homothétiques aléatoires : la forme des convexes et la
suite de leurs volumes u», sont données; les translations sont aléatoires,
indépendantes, distribuées sclon la mesure de Haar sur T El Hélou
généralise les résultats de Billard et les miens :

1) il n’y a pas recouvrement lorsque

E v,z,cxp(n, +ad nn ) & 00,

2) si v, = % avec a < |, une partie donnée A de T?, borélienne, est
recouverte si dim A < ad, et non recouverte si dim A > ad ; I’ensemble non
recouvert a pour dimension (1 — a)d.

Isiv, = 'l,, I’ensemble non recouvert est au plus dénombrable.

Le théoréme de Shepp sur le recouvrement de T et les résultats de El
Hélou (généralisés pour des convexes non nécessairement homothétiques) se
trouvent dans la seconde édition de Some random series of functions (1985).

Avant de passer 2 la suite, je voudrais montrer comment un probleme de
recouvrement aléatoire de R* se présente trés naturellement dans 1'étude fine
du mouvement brownien linéaire B(f,w). On désire montrer qu’il existe p. s.
des points de ralentissement, ou points lents, tels que

B +hw)— B(l,w)=0K/|h]) (=0,
alors qu’aux points ordinaires (presque partout) la loi du logarithme itéré dit
qu’'on a

1
B(t+h,w)— B(l,w) > \/l h| l()gl()gm
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pour une infinité de valeurs de h tendant vers 0. Pour cela, cherchons a
montrer un peu plus, c’est-d-dire 1'existence de points { tels que

l?(l,w) =)
Bt +h,w)< AN h| pourtouth

A étant une constante positive & déterminer. Ici intervient une construction
de Paul Lévy : pour obtenir B(-,w), on peut d’abord mettre en place
I’ensemble F des zéros, qui est un ensemble aléatoire assez bien connu, de
dimension %, puis, sur chacun des intervalles I; = (aj,a; + ;) contigiis & F,
placer, indépendamment les unes des autres, des excursions” b;(-,w), dont
la loi est également bien connue. Sur F, on prend B(,w) = 0, et sur [;,
B(,w) = b;j(-,w). Les points & cherchés sont donc les ¢ € I tels que, pour
tout 7,
I;JZ-(I +hw)<Alh|.

Cette derniere inégalité signifie que [ n’appartient pas & 'ombre du graphe de
lrjz-(<) quand on I'éclaire par des rayons de pentes ), et cette ombre est un
agrandissement de /; de la forme

Jj = (rr]- — ijj,nJ' +f'j +fj IJ)'

ou les couples (I7;,V;) sont des couples indépendants ayant tous la méme
loi, ne dépendant que de X. On pressent, et on peut démontrer, que les .J;
recouvrent R* quand X est petit, et ne le recouvrent pas quand X est grand.
On a une bonne idée de la question en remplagant F par I'ensemble de
Cantor {EHGZ(”A_” oy =0 1] el I;Jz.(-) par les fonctions “triangles™,
de pentes +1, portées par les intervalles contigiis; dans ce cas, la valeur
critique de A est g . pour A > % le point 1 = % n’est pas dans I'ombre, et

pour A < g tout R* est dans I'ombre.

D’ailleurs, il n’existe pas de points 1 tels que

(+) B(t+h,w)— B(,w)=o/|h] (h —0);

c'est la forme forte du théoréme de non-dérivabilité donnée par Dvoretzky,
et c'est encore une affaire de recouvrement aléatoire. Ici le principe est
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d’associer_ a tout intervalle dyadique I;,, = |3, %*,—'—] Gg=0,1,--- ; n=
0,1,---27 — 1) I'écart X;, entre la valeur de B(-,w) en son milieu et
la moyenne de ses valeurs aux extrémités. Les variables aléatoires X;,,
sont gaussiennes centrées, de variances 2772, et indépendantes. Ainsi, pour
un X donné, les événements XJ?‘,, > X277 sont indépendants et de méme
probabilité p = p()). Appelons blancs les intervalles I;,, correspondants, et
noirs les autres. S’il existait un point ¢ vérifiant (*), les J;, contenant {
seraient tous blancs A partir d'un certain rang jo(w), donc les I;, noirs ne
recouvriraient pas I'intervalle [0, 1] une infinité de fois. Or on reconnait un
1

processus de naissance et de mort, ou la valeur critique est p = 5 : pour

p < 1. il ne reste aucun point blanc. Donc il n’existe pas de ¢ vérifiant (*).

Cette preuve est l'occasion de voir les processus de naissance et de
mort comme des probleémes de recouvrement. Il en est de méme pour la
percolation. Dans le cas p < '5, il est commode de se représenter 1'évolution
des I;, blancs et noirs sous la forme d'un arbre binaire dont on blanchit ou
noircit les arétes, en convenant qu'une aréte noire tue toute sa descendance,
donc une partie de la frontiere. Le probleéme est de savoir quelles sont les
parties de la frontiere qui sont tuées p. s.; il est traité dans la thése de Fan Ai

Hua (1989).

Il y a bien d’autres aspects des problémes de recouvrement. lls semblent
pertinents pour analyser les crateres de la lune, la vision & travers les
galaxies, les interruptions de trafic routier ou la saturation des lignes
téléphoniques. Au cours des années 1980 ils ont donné lieu & un grand
nombre de travaux, que je ne m'efforcerai pas de résumer. Le lecteur
intéressé peut consulter les livres de Mandelbrot (1985) et de Hall (1988).

Je me bornerai 2 signaler deux articles de Svante Janson (1983,1985). Le
premier introduit la méthode de temps d’arrét que j'appliquerai tout a I’heure
a la démonstration du théoréme de Shepp. Le second considére la question
du recouvrement de T¢ par des translatés aléatoires /' + w, d’un convexe
K ; trés curieusement, la loi du nombre minimum de translatés K + w,,
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K +wy, - K +w, dont la réunion recouvre 1 (1 dépend non seulement du
volume de K, qui donne le terme principal, mais de sa forme : pour d > 3,
les boules couvrent mieux que les cubes!

Actualité
J’en viens & 1’état actuel de la question, tel du moins que je le connais.

Voici le cadre général. On donne un espace de probabilité, des objets
aléatoires indépendants (7, (w), et un objet fixe A, et on cherche la
probabilité pour que A soit recouvert une infinit€ de fois par les (/) (w)
D’aprés la loi du zéro-un, c’est nécessairement O ou 1. On suppose
naturellement que les objets (7, (w) et A sont des parties d'un espace T ; il
est bon de supposer 1" localement compact (pratiquement, ce sera R ou 1),
A fermé et les (7,,(w) ouverts. On pose

N
Yo et Rt 2P Ue Gy sty e G
kvt = [ s ) =l ({=,4) )

(l o= ,)(S € (7"n))(l == I)(I G ("n))

n=1
I.a méthode de Billard donne le résultat le plus facile de la théorie : si A
porte une mesure de probabilité o d'énergic bornée par rapport aw noyau
kn(t,s) quand N — o, A est p. 5. non recouvert une infinité de fois par les
(i, (w).

On voit, sur des exemples, que c’est loin d’€étre une condition nécessaire
et suffisante. Cependant, curieusement, la condition est bien nécessaire et
suffisante dans certains cas trés naturels.

N

Exemple 1 (recouvrement a la Dvoretzky) : 7' = T, (), (w) = I,,(w) =
(—%1 +w,,,’—2ﬂ +w,,). La condition, comme on I'a vu, s'écrit Cap, A > ()
avec

(H= cpo(/'n e
|

(par exemple, Cap, A > 0 si £, = & ; par exemple encore, b € 1L'(T) si

la mesure de Lebesgue de /A est positive). C(est une condition nécessaire et
suffisante de non recouvrement de A (généralisation du théoréme de Shepp).

Exemple 2 (recouvrement de T? par des convexes homothétiques
aléatoires) : 1' = 'l"', Ghw) = g, +w,. ou les g, sont des convexes
homothétiques donnés de volumes v, (1 >y > vy > ). (w,) une suite
de variables aléatoires indépendantes uniformément distribuées sur T7, et
A =T% La condition est

~

1 Nii+
GHa)iak: / exp Z Un (l - (‘-)'/'l> ds < co.
0 ! 5

'n
n=1

Si les q,, sont des simplexes, ¢ est une condition nécessaire et suffisante de
non recouvrement de T (autre généralisation du théoréme de Shepp).
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Ecrivons (P.,) pour la convergence de la série de Billard :
o

(Bw) : Zn,z,cxp(m +u+---41,) < 00.
1

On a alors
(o). =2 (Ban) =2 (Bq) 2. (By)...s (d=.1,2:5)

et on sait que (F) équivaut a la convergence de la série de Shepp :

— 1

(By) : Z ;iexp(v] +u+---+ r.;,.) < 00.

1
Quand inf(nv,,) > 0, toutes ces conditions sont équivalentes. Cependant les
implications ci-dessus sont strictes : pour chaque d, il existe des suites wv,,
telles qu’il y ait recouvrement par des simplexes homothétiques de volumes
v, en dimension > d, et non recouvrement en dimension < d. 1l est facile
de voir que (B~) équivaut au fait que les intégrales (/,4) sont uniformément
majorées; c’est donc une condition un peu plus stricte que la conjonction de
toutes les (By).

Exemple 3 (recouvrement a la Mandelbrot). Enoncé analogue, avec
maintenant

()= cxp/( J1(y, 00)dy.
t

Exemple 4 (recouvrement poissonnien par des simplexes homothétiques
aléatoires). Enoncé analogue, avec une intégrale faisant intervenir une mesure
¢ au lieu de la suite (v,,).

En fait, ce sont les exemples 3 et 4 qu’on traite d’abord, et on en déduit
les exemples 1 et 2. Les exemples 1 et 3 ont été obtenus en 1987, les
exemples 2 et 4 en 1990. Dans tous les cas, la clé a été la méthode de temps
d’arrét que je vais expliquer tout & I’heure sur I’exemple 3. Cette méthode est
rapide, mais elle cache un peu la relation entre les recouvrements aléatoires et
la théorie du potentiel.

Ce qui éclaire la question, c’est une propriété remarquable de I’ensemble
non recouvert dans un recouvrement de R* par des intervalles (z,z + )
associés 2 un processus de Poisson ponctuel {(z,y)} d'intensité A ® j dans
R* x R* (il est ici trés important de prendre A @ ;¢ dans R* x R*). On
démontre que cet ensemble fermé aléatoire /'(w) a méme loi que 1'adhérence
de I'ensemble des valeurs d’un certain processus a accroissements positifs,
indépendants et stationnaires, partant de (), que je vais désigner par (I, w).
Ainsi, dire qu’un fermé A est recouvert par les intervalles (z,z + y), c’est
dire qu’il est disjoint de F'(w), donc qu’il est polaire pour le processus
L(1,w) : cela traduit bien le fait que A est de capacité nulle par rapport
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A un certain noyau. L'identification des lois de F'(w) et de L(R* w) est
un théoreme de Fitzsimmons, Fristedt et Shepp (1985) et une démonstration
différente, utilisant la théorie des produits de poids aléatoires indépendants,
est donnée dans mon article de 1990. Mais ce théoréme, au moins dans les
cas particuliers les plus importants (tels que ji(dy) = ady/y?, 0 < a < 1, et
1(1,w) =processus de Lévy stable, croissant et d'indice | — a), se trouve en
germe dans 1'article de Benoit Mandelbrot de 1972.

Dans le cas de recouvrement, on peut essayer de mesurcr & quel point
ce recouvrement est ou n’est pas uniforme; c’est une question suggérée par
L. Carleson. Pour fixer les idées, considérons sur T des intervalles I, (w)
de longueurs £, = £ (a > 1, n > ng), et de centres w,. Leurs fonctions
indicatrices sont y, (! — w,), et le probleme consiste en I'étude simultanée,
pour tous les { € T, de ces suites aléatoires de O et de 1. Voici un énoncé tres
simple (mais dont la démonstration n’est pas immédiate) : soit (a,,) une suite
positive décroissante (I’énoncé est faux sans celte condition); alors

a,, .
E -— = (VL E | — = =
= oo = (VI Ay Xxn(l —w,) = ) 1
) -
n > [ . ’__ o X
-—” < oo = PVl E 4y, \n( w,) < o) 1

Et voici un résultat un peu plus puissant : il existe des nombres positifs
A = Aa) et B = B(a) tels que presque siirement

N
a < lim su max Yn(l —w, <A
N_‘mp TR ‘Z Xn( )| <

B < lim inf

N 2
min An(l —w, < a;
N—oco \logN 't zl: Yot ) .

le comportement est presque le méme en tous les points, mais les inégalités
strictes montrent qu'il y a néanmoins des points plus ou moins recouverts
(Fan Ai hua et J.-P. Kahane, 1992).

J'ajoute que la simplicité de 1I'énoncé (o) est trompeuse. On ne connait
pas la situation lorsque 0, = )—l De maniere générale, 1'étude de la
convergence partout et de la divergence partout d'une série aléatoire
}:T’ Jol — wy,), ou les [, sont des fonctions données, définies sur T et
a valeurs dans [0, 1], ne parait pas une question facile.

Voici quelques problemes en suspens.

1. Trouver une condition nécessaire et suffisante de recouvrement de T¢
par des convexes homothétiques G/, (w) = g, +w, de volumes v, . Dépend-
elle de la forme des convexes? En particulier, démontrer que des boules

31



RECOUVREMENTS ALEATOIRES

aléatoires de volumes ;'; (n > ng) recouvrent T4 (on sait seulement que
I’ensemble non recouvert est au plus dénombrable).

2. Dans le cas de boules de volumes £ dans @< 1, n= 1,2,--4),
I’ensemble fermé non recouvert a pour dimension d(1 — a) avec probabilité
positive. Que peut-on dire de sa dimension topologique? En identifiant T 2
un cube, pour quelles valeurs de a y a-t-il percolation, c’est-a-dire que deux
faces opposées communiquent par une composante connexe de la réunion des

boules?
]

3. Dans le plan hyperbolique, on plante des arbres au hasard suivant un
processus de Poisson dont I’intensité est la mesure d’aire hyperbolique, et on
suppose qu’au temps { leurs sections horizontales sont des disques de rayon
hyperbolique 1 centrés (au sens hyperbolique) sur le processus de Poisson.
Pour un observateur donné, la forét commence & cacher les arbres au temps
t=@2+5)7"% =0,4858 - ... Est-il vrai qu'a ce moment la forét cache les
arbres pour tout observateur?

4. (pour mémoire) On donne des fonctions f,, : T — [0,1], n € N.
Calculer P(VLeT Y [u(l—wy) <ox)et PVLET Y f.(l —w,) = ).

La démonstration promise

Pour finir, voici comment on démontre le théoréme de Shepp par la
méthode de temps d’arrét. On donne la mesure ;¢ localement bornée sur
(0,00), et le processus de Poisson {(z,y)} d’intensité A @ 1 dans R x R*
(ici, il est essentiel de prendre R x R* et non R* x R*). On considére qu'il
se crée au cours du temps, et que la partie créée avant le temps { se trouve
dans le quart de plan = < {, y > 0. Limitons le d’abord au demi-plan y < ¢
(c > 0) ; son intensité est alors A ® yr,, ou yi, est la restriction de ;¢ 2
(¢,00). Soit 7, le premier point non recouvert a droite de (). Désignons par
(7, I'ensemble recouvert et calculons de deux fagons

00
.= I/ P ea,)e "dl.
0

D’abord, (1 € G,) ne dépend pas de 1, et c’est la probabilité d’avoir un
point du processus dans I'angle { — y < = < {, soit A,

Pt e G) =exp(=A® 1 (Ay)) = exp (— / /tf(y.OO)(l!/) :
JO

I, = exp (—/ /l,(!/.OO)".'/> :
- . 0

D’autre part, faisant intervenir le temps d’arrét 7., et posant { = 7, + s,

I,.=F ((’”7' / P(re+s€ G| r,)n""'rls) .
0
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Or la probabilité conditionnelle sous I'intégrale est la probabilité d’avoir un
point du processus dans A, 4, sachant qu’il n’y en a pas dans A,, ; c’est

P(re+s€G|r)=exp(=2@ 1, (A, 1, \A,)

exp (— / /I,(]/,OO)(I][)
Jo
On voit que

o ~ -1
F(e"s) = (/ exp (/ /l,(_l/,rx\):ly) r":l.s)
JO J s

Pour avoir recouvrement par /(= (), il faut et suffit que le second membre
tende vers () quand ¢ — 0. C’est la condition de Shepp. On voit aussi que la
démonstration donne, via sa transformée de Laplace, la loi du premier point
non recouvert a droite de ().

/I-r,n \ /1,'

|

A

\‘\

= N N

~
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THE ZETA FUNCTION
AND NON-DIFFERENTIABILITY OF PRESSURE

ARTUR LOPES
dedicated to Prof. J. L. Massera

Instituto de Matematica
Universidade Federal do Rio Grande do Sul
Porto Alegre - RS - Brasil

Abstract. We will present a precise result on the lack of Differentiability of Pressure for a
certain non-expanding map: the Manneville-Pomeau map.

§0. Introduction

Here we will be interested in presenting Mathematical Models for Phase Transition using
Thermodynamic Formalism. We refer the reader to [6] for the mathematical proofs of the
results presented here.

First we need to state some definitions and a result of M. Thaller that will be important
later: .

Definition 1 - The Manneville-Pomeau map f from [0,1] onto [0,1], is given by:

f(z) =24+ z'** (modl), s>0.

This map is related with a Poincare section of Lorenz attractor for some special values
of the parameters (see[10]).

Theorem 1-(M.Thaller[11])-There exist 1(x) density , x in (0,1] such that du(z) = (z)dz
is an invariant measure for f . We also have that if
s < 1, then u is probability,
and if

s > 1, then u is an infinite measure.

We denote as usual

M(f) = {probabilities v on (0,1 such that for all Borel set A, v(f ~1(A)) = v(A)}
Definition 2- The Pressure P(t) associated witht € R s

P(t)= suw (h(v)+ [(~tloglf'(@)]) (=)
vEM(f)

Remark- One should think of —tlog|f'(z)| as an external Thermal Potential(see [8]).

Here we will consider t as corresponding 1/T where T is temperature in the Physical
Problem.

Definition 3 -A probability u, such that :

P(t) = h(u,) — /tlog|f'(z)|du,(.-r)

is called an equilibrium state associated with ¢t € R.
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It is easy to see in our case, for the Manneville-Pomeau map, that P(0)=log 2 and P(1)
=0.
Definition 4 - We say f is expanding if |f'(z)| > ¢ > 1 for all x in the domain of f.
Remark-The map f of Manneville-Pomeau is not expanding because f(0)=0 and £’(0)=1 .
For expanding maps P(t) is a real analytic function on t , and equilibrium states are
unique for each ¢t € R ( see [9]). Also u,; changes in a continuous fashion with t in the
space M(f) of invariant probabilities.

What can be said about the non-expanding case? Is there any Physical Phenomena where
such kind of non-expanding maps can be used to give an interesting model ?

Thermodynamic Formalism is a good model for problems in Statistical Physics in one-
dimensional lattices N or Z (see [8]).

The situation on the lattice Z? requires to consider actions of Z?2, and this situation will
be not consider here. ;

Phase transition was not very much analyzed in the past in Thermodynamic Formalism
until recent years.

Now we will describe some problems in Statistical Mechanics where Phase Transitions
occur, in order the reader can understand the main motivation for our main result.

Ising Model- If one decrease the temperature t of a ferromagnetic material (for instance a
piece of iron), there exists a value ¢¢, where suddenly the material have magnetic properties.

One should think in this problem in the following way:
consider the lattice Z (or N if one consider a wall effect in the model) as a model for a
long one-dimensional wire, now for each value of Z ( that is for each site of the lattice )
we consider a spin + or - . In this way one can consider a probability in the Bernoulli
Space {+,—}% as a distribuition of spins in the lattice. For each value of t ( that is of
temperature) , and due to the interation of the spins, one with each other, it is known in
Statistical Physics that there exist a certain distribuition of spins called the Gibbs state u;
that describe precisely what happens in the physical phenomena at time t. The measure
u, is an equilibrium state and depends of the value t. For certain values of t there exist just
one equilibrium state, but decreasing t, suddenly appears a value t,, where two equilibrium
states coexist. If one of this states is a Dirac-Delta in the point {...,+,+,+,+,+,+,+, ...}
of the Bernoulli Space, then we say that a spontaneous magnetization appeared at to. This
is what Happen in a First-Order Transition.

This kind of discontinuity of the equilibrium state is also observed at the level of the
Free-Energy ( in our case will be the Pressure P(t) ), by means of a discontinuity of the
.derivative of the Free-Energy.

Water-Ice Model - At zero degrees water turns into Ice.
This model is consider a second order transition. In this case the Free Energy is differ-

entiable but its derivative is not continuous at the transition value.

Power law singularities appear frequently in First and Second Order Transitions.
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§1. Non-Differentiability of Pressure

In analogy with the models of Statistical Mechanics we define:

Definition 5 - We have a First-Order Transition at to, if P(t) is differentiable for all
t € R, different from to. In #g, there exist right and left derivatives but they are not equal.

Definition 6 - We have second-order transition at ty, if P(t) is differentiable for all t € R,
but the second derivative of P(t) is not continuous at t,.

High-order transitions can be defined in a similar way.
Example 1: The map hy(z) = 22 — 2z is such that

P(t) has graph:

P(t)

BB

In this case we have a First-Order Transition (two equilibrium states) for tp = —1.
Example 2 [4]: The Lattes rational Map

ha(2) = ((z - 2)/2))?
z in the Complex Plane, has First-Order Transition at to = —2/3. At the value to there
exist two equibrium measures.
Example 3 [5]: The map

ha(z) = 2% - 22
(defined by Hofman-Withers), z in the complex plane, has also a First-Order Transition
(three equilibrium states) at to = —1. We need here a modification of the definition of the

potential, instead of derivative we need to use the Jacobian Derivative of hy . To be more
precise we should say that the set of equilibrium states is a symplex generated by three
measures. Antiferromagnetic states appear at the value of transition [5].

This is a Dynamical System Model for the Potts Model. The analogous of the Yang-Lee
zeroes also appears in this dynamical system model.(see [4] ,[5])

As usual we denote by h(v) the entropy of a probability v in M(f). We also denote
HD(v) =inf{Hausdorff Dimension of sets A such that v(A) = 1}, the Hausdorff

Dimension of the measure v. In general, for almost every x with respect to v:

log v(B(z,r))

s log r

= HD(v).

In simple terms we can say that v(B(x,r)) scales like rH#D(¥)
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Remark - Expanding maps never present Phase Transition because P(t) is real ana-
lytic[9]. In this case we have the McCluskey-Manning picture:

P(t)

Note that for each value t, we have that h(u,) and HD(u,) for the equilibrium measure

uy, can be obtained in a geometric way as the intersection of the tangent line to P(t) with
y-axis and x-axis.

Therefore, as in a First-Order transition we have different left and right derivatives for
P(t) at the transition value tg, it is reasonable to believe that in general in this case there
exists more than one equilibrium state at the value t,. These probabilities would corre-
spond to the different values of entropy and Hausdorff Dimension of measures obtained
from the intersection of the lines corresponding to right and left derivatives of P(t) at to
with respectively the y-axis and x-axis.

As we just see in the example 3, we can have three equilibrium states at the transition
value tg.

It is important to point out that there exist one-dimensional maps such that P(t) is not
defined or have a very bad behaviour for large sets of t. A lot of results are known for
expanding maps and Holder-Continuous Potentials, but is hopeless to try to analyze P(t)
for the general non-expanding map.

The Manneville-Pomeau map, nevertheless can be analized in a very precise way. The
result we will present here, formalize in a rigorous Mathematical way, results that appear
in the literature in Physics by X-J. Wang (see[12]) In other terms we show results of Fisher
- Fedelhorf [1] in the context of Thermodynamic Formalism of Bowen - Ruelle - Sinai .
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Theorem 2- Suppose f from [0,1] to itself is given by
f(z) =z +z'** (mod 1) with s > 0.

Then the pressure

P()= sup {h(v) -t [ log|f'()ldu(=))

vEM(S)

is zero for t > 1
and for ¢ < 1, we have the above expression
for t close to zero:

P(t)"‘ A(l—t)-l—B(]_t)}v fors <1, 8>0.5
C(1-t)*, fors 21

The values A, B, C above are not zero.

Therefore depending on s, we have the following two kinds of graph of P(t):

\ Ple) P&)
M 05 <8<«1 \ 1<«s

A + i +

Note that in the case 0.5 < s < 1, P(t) is not differentiable at t=1, but in the case s > 1
, P(t) is differentiable at t=1. The case 0.5 < s < 1 correspond to a first order transition,
and the case s > 1 to a second order transition.
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In order to prove the above result, for the Manneville Pomeau map, we need first to
analyze the following map :

T(z) =2z, z€[0,1/2]
T(z)=2(z—1/2), z € (1/2,1].

T(z)

N\l Md. Mo 2
Consider the Partition My, M;, My, M3, My,..,.M,,..., given in the figure below.
These sets are defined by My = [1/2,1], M; = [1/4,1/2), M, = [1/8,1/4), ..M, =
[1/2"7*1),1/2") ,... and so on.
Now for each value of a € (1,00) define the potential g given in the following way :
consider the scalar valued function:

o(x) = ox = —alog(* 12, x e My, k#0,
o(2) = a0 = ~ log(¢()), x € Mo

9(0) =0.

In the above ¢ denotes the Riemann Zeta-Function.

The potential g is slightly different from the one consider by F.Hofbauer [2] and we use
results of this paper in an essential way. The main purpose of F. Hofbauer in the mentioned
paper was to show the existence of more then one equilibrium state for some non-Holder
Potentials for the shift map in two symbols.

In fact techniques of Ruelle-Perron-Frobenius Operator obtained by Hofbauer are essen-
tial to formalize the reasoning of X-J Wang.

In analogous way define:

Definition 7 - For each value t € R, we define

pt)= swp {ho)+ [ to(e) ()

vEM(T)
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For the value t=1 there exist two equilibrium measures, the Dirac-Delta on 0 and another
measure m. This measure m is not the maximal entropy measure, but one of the equilibrium
states for g.

Depending on the value of «, this measure m is a probability or an infinite measure.This
is analogous to the result of Thaler mention before. In fact to be precise we should perhaps
say that formally an infinite measure should be not consider an equilibrium state, because
it is not a probability. Infinite invariant measures are nevertheless very important and are
associated with second order transitions.

Note the following fact that can be seen as a model for Phase Transition.

If we begin with a very negative value of t and for each t, we look for the equilibrium
state {u,}, we will have just one equilibrium state until we reach the value t, =1, where
we have two equilibrium states. One of them is a Dirac-Delta on 0 and the other is m.

Remark: The value 0 in the binary code is associated with {+ + + + + + + + +....}.

Therefore a Delta-Dirac on 0, corresponds to a Delta-Dirac on {++++++++++...}.

For values of t larger than 1, the unique equilibrium state u, is the Dirac-Delta on 0.
This example shows that equilibrium measures can change in a discontinuous fashion with
t. In this case the transition value ¢y is equal 1. The above phenomena can be consider
as a mathematical model in Thermodynamis Formalism for a spontaneous magnetization
(Phase Transition).

N
In order to derive the main result we have to show first that the the following functional
equation is true:

. 2 e—nrl(t)
C((X) _ngl nﬂg

Using the above functional equation and asymptotic expansions used in classical Ana-
lytic Number Theory one can show the Theorem 3 (see [6] for the all argument).

Theorem 3: Under the above definitions we have
two possibilities:
(a) l < o< 2, thenfort<1,t—1,

o) = (Aeontla) .0 (6)

?1-—'(1 - t);'_l_l + higher order terms,

or
(by2<a<3,thenfort<1,t—1,

¢(a)log{(a) — af'(@)

A= e ta )

(1—=t)+ A1 = )" (1 + o(1)).
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In the last case, it will follow that the entropy of m
(equilibrium state for g) is

((a)log((a) — al'(a)
al'(a—1) :

Theorem 3 is used to prove Theorem 2(see[6]).

If one wants to relate the above Theorem 3 with the theorem 2 for the Manneville-
Pomeau , then one should consider a =1 + 1/s (see[6]).

Using the specific form, we obtained for the singularity of the Pressure at t=1, we can
also analyze the Ruelle Zeta-Function and obtain results analogous to the expanding case
for the distribuition of periodic orbits under restrictions related to the norm (mean value
of g in the orbit).

This result is analogous to results of Parry and Pollicot|7] for the expanding case.

In a forthcoming paper we will use some of the techniques above to analyze discrete
groups of first kind with parabolic elements and also relate the action of the group in
the boundary of the hyperbolic disk with the continued fractional expansion with even
quotients[3].
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Abstract

Following Knieper and Weiss [9] we exhibit explicit real analytic
metrics on S? and RP? with positive curvature and positive topolog-
ical entropy using the dynamics of the rigid body.

1 Introduction

In [3, 5] Donnay, Burns and Gerber constructed real analytic metrics on S?
whose geodesic flows are ergodic and have positive metric entropy (in fact
they are Bernoulli) showing that the simple topology of the sphere is not an
obstruction for having geodesic flows with complicated dynamics. However
all their examples required some negative curvature.

In [9], Knieper and Weiss showed the existence of real analytic convex (i.e
positively curved) metrics on the two-sphere whose geodesic flow has posi-
tive topological entropy. It follows then from a theorem of Katok [8] that
the dynamics of the geodesic flow corresponding to those metrics presents
a horseshoe. Their examples are obtained from smooth small local pertur-
bations of an ellipsoid with distinct axes. Then using the fact that the

*partially supported by Centro de Matematica, Montevideo-Uruguay
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topological entropy Ay, is continuous for C'* flows on closed three manifolds
(8, 11, 14] they obtained also real analytic examples although non-explicitly.
Let us mention that the harder question of the existence of a convex metric
on S? with positive measure entropy remains open.

The aim of the present paper is to describe explicit real analytic convex
metric on $? and on RP? with positive topological entropy arising from the
dynamics of the rigid body. Our method of proving that h,, is positive
follows the strategy in [9] but it differs from the latter on a few aspects.
We use the work already done in rigid body dynamics concerning the split-
ting of heteroclinic connections of hyperbolic closed orbits via the Poincaré-
Melnikov- Arnold integral. Using Ziglin’s work [15] we show that a pertur-
bation of the Poisson sphere with suitable potential breaks both heteroclinic
connections inducing transversal crossing of stable and unstable manifolds
and hence the existence of a horseshoe will follow directly. Hence our ap-
proach does not need the use of Katok’s theorem [8]. Riemannian metrics
are obtained thereafter using the Maupertuis principle. Thus we will obtain

Theorem 1.1 Consider the ellipsoid F, Z—:+g+% =1 withas > a; > a; >
0 and let gg denote the canonical metric of E induced by R3. Let ry,79,75

be given real numbers. Then for € # 0 sufficiently small the geodesic flow of
(E,g) possesses a horseshoe and hence positive topological entropy where

1 - e(r1z + ray + 7r32)

z? 2 22
a1a2a3(?f + ﬂ;: + ol

(r2 #0).

Also by considering a quadratic potential we exhibit a real analytic convex
metric on S? with hy,, > 0 and such that the antipodal map is an isometry.
Thus we also get metrics on RP? with the same features. Finally, let us note
that at the same time we obtain collective metrics on SO(3) (and thus on
S3) with positive curvature and positive entropy.

We would like to thank Jorge Lewowicz and Miguel Paternain for very
useful comments and discussions. We are also grateful for conversations with
Howard Weiss that helped considerably to correct and improve the present
version of this paper.
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2 Euler-Poisson equations and the Poisson sphere

For the material in this section related to the dynamics of the rigid body
we refer to [1, 2, 6, 7]. Let E(3) denote the group of euclidean motions on
3-space. It can be viewed as the semidirect product of SO(3) and R3. The
Euler-Poisson equations take place on the dual of the Lie algebra of IZ(3)
that we identify with R® = R? x R3. The orbits of the coadjoint action are
symplectic manifolds and in fact they can be described as follows. Let a point
in R® be denoted by the pair (p,v) with p and v points in R®. Let <, >
denote the usual inner product in three space. Consider the two invariants
given by
.F](p,’l)) =<p,p >, F2(p’v) =<p,v>.

The sets My, 1, = {F1 = l;, F; = 1;} are invariant under the coadjoint action
of E(3) and generically they are diffeomorphic to 7*S?, but the symplectic
structure on M, 4, is not the same as the canonical symplectic structure on
T*S5? except when [, = 0.

Consider parameters az > a; > a; > 0 and let A be the diagonal matrix
with entries the a;. Set Ho(p,v) = % < Av,v >, and denote by V a function
of p only. Finally set H = Ho + €V. Then H can be viewed as Hamiltonian
on each orbit M, ;,. Its Hamiltonian flow is called the Euler-Poisson flow and
the corresponding differential equations are called Euler-Poisson differential
equations and they describe the motion of a rigid body on a axially symmetric
force field. For example when V =< p,r > with r a fixed vector in 3-space
we get the motion of a heavy solid body with a fixed point. If V =< Cp,p >
for C a diagonal matrix we get the motion of a triaxial ellipsoid in a infinite
ideal liquid. :

Assume I, = 0. If ¢ = 0 we have that H = H, induces a riemannian
metric gp on S%and the sphere equipped with this metric is called the Poisson
sphere. It corresponds to a classical reduction of Poisson of the free motion

of a solid body (Euler problem). If p = (py, p2, p3) then the metric gp on the
sphere < p,p >= 1 can be written as [13]:

1

2 2 2
14 p P
aiazaaly o 2+ o

gp = (a1dp? + azdp? + asdp3).

When € # 0, then H does not induce a riemannian metric anymore but
we get a natural mechanical system on T*S? with kinetic energy H, and
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potential €V. The substitution p; = z/Vaj, p2 =vy/Vay, ps = z/V a3 takes
the sphere < p,p >= 1 into the ellipsoid [, - + g—z + £ = 1. Under this

as

substitution the metric gp goes into the me trl( ‘on E given by

1

2 2
alazas(fz {fg + )

9E,

w

where g is the canonical metric on E induced by R?

The geodesic flow on the Poisson sphere has a very similar dynamics to
that of the geodesic flow on the ellipsoid; this will follow from the description
of the cross section map in the Depri variables, in Section 3. One has two
hyperbolic closed orbits with doubly asymptotic solutions i.e. heteroclinic
connections, hence we could ask if the invariant manifolds split when we
perturbe Ho by Ho+¢V for small e and suitable V. For the classical potentials
this has been studied by Kozlov and Ziglin [10, 15]. We will use their results
in the next section.

3 Ezplicit conver metrics with positive topological

entropy

If f is a diffeomorphism on a surface let W**(p) denote the stable and un-
stable manifolds of the hyperbolic fixed point p. Suppose now f, denotes a
smooth family of diffeomorphisms with fo = f. Let p. denote the perturbed
hyperbolic point and let W2*(p,) denote the corresponding stable and un-
stable manifolds for p.. As it is well known they are injectively immersed
curves that vary smoothly with e.

Suppose that f possesses two hyperbolic points p and q. The points p
and ¢ are said to have an heteroclinic connection whenever one branch of
W™?*(p) coincides with one branch of W**(q).

We proceed now to describe explicit convex metrics on S? and RP? with
positive topological entropy. Let us take V =< p,r > where r = (r,1,,73)
is a fixed vector in 3-space. As we mentioned in the previous section V is
the potential associated with the gravitational force.

For fixed values of Iy > 0 and [; one can introduce the so called Depri-
variables (I, L, g,G) (or Depri-Andoyer-variables, cf. [10] and [15, Section 4];

in the latter reference one can also find what H looks like in these variables).

48



Now we can consider the symplectomorphisms f, that arise by considering
in the level surface H = 1a;G} (Go a fixed positive constant) the cross
section ¢ = const. The map f = fo possesses 2 hyperbolic fixed points
p:(1=0,L =0,G=Go)and q: (I =n,L =0,G = Gp). Through these

points pass the separatrices (i.e. heteroclinic connections):

GoV ay — ay sinl

b
\/(13 — aysin?l — ajcos?l

L=

GoV az — ay sinl

L =— S
\/a3 — aysin?l — aycos?l

It follows directly from Ziglin’s analysis of the Poincaré-Melnikov-Arnold
integral [15, Remark after Theorem 4] that whenever the area constant I, = 0
(recall that in this case M, ¢ is symplectomorphic to T*S5?) the heteroclinic
connections split and cross transversally for € # 0 sufficiently small and all
the values of (ry,72,73) except in the so called “Hess-Appelrot” cases. They
arise when we have the following relations among the parameters

7‘1\/(13 — a4y + r3\/a2 — a = 0, Tqo = 0,

“pfas=ap Frava;— a3 =0; ry =0

These cases are peculiar because of the following reason [15, Theorem 4]:

For € # 0 sufficiently small only one pair of the separatrices splits, while
the other does not.

Hence if we assume 7, # 0 we avoid the Hess-Appelrot cases and we have
that for small € # 0, W?(p.) intersetcs W*(q.) transversally and W*(p.) also
intersects W?(q.) transversally. Hence the existence of a horseshoe follows
immediately from the A\-Lemma [12].

Let us summarize the previous discussion in the following

Proposition 3.1 Consider on T*S? the natural mechanical system H =
Hy + €V with V =< p,r > and v, # 0. Fiz a positive value for the total
energy of the system. Then motion of H with the fized energy has a horseshoe
and hence positive topological entropy for all € £ 0 sufficiently small.

Remark 3.2 In the “Hess-Appelrot” cases one also has positive topological
entropy. This follows from recent results of K. Burns and H. Weiss [4].
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But now if we want to construct a riemannian metric with positive topo-
logical entropy let us apply the Maupertuis principle [1, 2]. That is consider
the riemannian metric on S? given by

(h = Gv)gP)

where h is a constant bigger than e maz g2V and gp is the riemannian metric
induced on S? by Hy. Then the trajectories of the motion of the natural
mechanical system H with energy h are geodesics (up to reparametrizations)
of the riemannian manifold (S2,(h — €V )gp). Then the previous proposition
implies that the geodesic flow on (F, g) has positive topological entropy which
proves Theorem 1.1. If we choose the numbers q; close to 1 then (E, g) clearly
has positive curvature.

Suppose now we take V =< Cp,p > where C is a symmetric matrix
(that is we are considering now a special case of Kirchoff’s equations). In
this case the study of the Poincaré-Melnikov-Arnold integral has been car-
ried out by Kozlov [10, p.53]. Once again avoiding Hess-Appelrot cases one
obtains a horseshoe and hence metrics of the form (h — €V)gp on S? with
positive topological entropy. Observe that these metrics are invariant under
the antipodal map, thus we also obtain real analytic convex metrics on RP?
with positive h¢op.

To finish, let us show how to construct collective metrics on SO(3) with
positive topological entropy and positive sectional curvature.

Since E(3) is the semidirect product of SO(3) and R3, there is a Hamilto-
nian action of £(3) on T*SO(3). Let us describe the moment map associated
with this action. Identify by left translations 7*SO(3) with SO(3) x so(3)*
and identify so(3)* with R3. Fix ¢ € R3. Then the moment map ¢ is given
by (6]

¢'(a,v) = (-v,a7'q).

Consider the collective Hamiltonian I' = H o ¢? where I is a Hamiltonian
as above. That is I is given by

F(a,v) = Ho(v) + eV (a"lq).

Once again we get a natural mechanical system on 7*S0(3), but since it
is collective, the orbits of the Hamiltonian flow of F' are transformed under
#? into orbits of H [6]. Hence if the topological entropy of the flow of H is
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positive, so it is the topological entropy of the flow of F. Now apply again
the Maupertuis principle as before to get a riemannian metric on 7*50(3)
with positive topological entropy and arbitrarily close to the left invariant
metric on SO(3) given by Hy as we desired.

Remark 3.3 In [7] Holmes and Marsden showed that the motion of a heavy
solid body with a fixed point possesses a horseshoe. In spite of the fact
that this is acomplished for most of the values of the parameters their proof
excludes particularly the value I, = 0 since they perturbe a Lagrange top
and not the Euler problem. Therefore their results cannot be combined with
the Maupertuis principle and hence they do not yield metrics on S? with the
desired properties. On the other hand we could have used their results to
obtain collective metrics with positive sectional curvature and positive hy,,

on SO(3).
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Closed and prime ideals in ring extensions.
Miguel Ferrero

Dedicatedto Prof José Luis Massera

Introduction.

Let R be aring with an identity 1. Recall that if R is commutative, anideal P of
R is said to be prime it

abeP. a€R, beR implies either a€P or beP.

When R is any ring, not necessarily commutative, the above definition takes the
following form. The ideal P is said to be prime if:

ABCP forideals A and B of R implies either ACP or BCP.

An equivalent formulation is as follows:

aRbcP, a€R. beR implies either a€P or beP.

The fact that P is a prime ideal of R will be denoted by P<'R.

The study of the prime ideals of aring R is a very important subject. Many
results and properties justify this affirmation. In particular, it is well known that the prime
radical of a ring equals the intersection of all the prime ideals of the ring. Moreover.
most of the usual radicals (Jacobson, Brown-McCoy, Levitzki, strongly prime, nil radical,
etc.) are intersection of prime ideals. This fact is quite enough to justify the above
affirmation. ;

Let S be an extension of the ring R. The fundamental problem we want to
consider here is the relation of the prime ideals of R and the prime ideals of S

For example, if P is a prime ideal of R, is there a prime ideal P* of S, such
that P'NR = P? Conversely, given a prime ideal P~ of S. is necessarily P*NR a
prime ideal of R? These questions have an affrmative answer, for example, when R is
a commutative ring and S=R[X] is a polynomial ring over R in one indeterminate X

Another question is the following. Suppose P is a prime ideal of R and P* isa
prime ideal of S with P*NR = P. Isit true that P satisfies some property if and only if
P* satisfies the same property?

On the other hand, suppose that R is a commutative integral domain with field
of fractions F and P is a non-zero prime ideal of R[X] with PNR = 0. Then it is well
known that there exists a prime ideal P* of F[X] such that P*NR[X] = P. Moreover,
P* = f{(X)F[X] for some monic ireducible polynomial f(X)eF[X]. Using this it is easy to
prove that the corespondence P-P™ is a one-to-one correspondence between the
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set of all the prime ideals P of R[X] with PNR =0 and the set of all the prime ideals of
FIX]

For any prime ideal P of R[X]. B commutative yet. PNR is a prime ideal of R
So we may tactor out the ideals PNR and (PNR)[X] from R and R[X]. respectively

Then we have an integal domain R=R/(PNR) and a prime ideal P=P/(PNR)[X] of

R[X] suchthat PNR =0. So we may always reduce the study to the former situation

There are many papers studying prime ideals in ring extensions. Some of the
most interesting are listed at the end. Until some years ago we mainly had results on
finite extensions. The purpose of this abstract is to give an idea of the results obtained in
the series of papers ( [Fy].[F,].[F4] ). where we developed a method to study infinite
extensions (as. for example, polynomial rings).

The original motivation of the first paper [F;] wasto show that the above results
on prime ideals of polynomial rings remain true in the non-commutative case. Actually.
a more general class of ideals, rather than the prime ideals, are studied' the so called
closed ideals. The results on prime ideals are obtained as particular cases or
applications of the more general results.

Hereafter R is aring with an identity, not necessarily commutative. An ideal | of

an extension S of B with INR =0 will be called R-disjoint
For the proofs of the results the reader should consult the papers ( [F{].[F,] or

[F3l)

1. Polynomial rings.

Let R[X] be the polynomial ring over R in the indeterminate X. If P is a prime
ideal of R[X]. then PNR is a prime ideal of R. So, by factoring out the ideals PR and
(PNR)[X] from R and R([X]. respectively, we may assume that R is a prime ring and
PNR=0 Hence we assume that R is prime and we study R-disjoint ideals

If | is anon-zero R-disjoint ideal of R[X], then the minimality of | Min(l), is
defined as the smallest integer number n such that there exists a polynomial f € | of
degee n.

For a non-zero R-disjointideal | of R[X] we put

[1]={geR[X] : there exists 0 =H 9 R with gH < [}

(if 1=0 we put [1]=0).

We may see that [| ] isan R- disjoint ideal of R[X] suchthat < [I] and
Min([1])=Min(l).

We say that | isclosedif [|] =l This terminology is justified because the map

54



I- [ 1] has some properties which remains a closure operator in a topological space.
Using the above remarks we get the following.

Theorem 1.1. Let R be a prime ring and | an R-disjoint ideal of R[X]. Then

there exists a smallest closed ideal T of R[X] which contains |. Moreover, T =[1] and
it is the largest ideal J of R[X] which contains | and satisfies Min( J) = Min ().

From this theorem we get, in particular, that [ | ] is the unique closed ideal of
R[X] which contains | and satisfies Min ([1])=Min(1).

Since R is prime, as in the commutative case there exists the complete ring of
right quotients Q of R (see [L], [S]). The center C of Q s a field which is called the
extended centroid of R. A subring T of Q which contains R is said to be aring of
right quotients of R.

The following fundamental lemma can be proved.

Lemma 1.2. Let | be a T-disjoint ideal of T[X]. where T is a ring of right
quotients of R. Then | is closed if and only if there exists a monic polynomial f,€C[X]
such that 1=Q[X] f,NT[X].

Using this lemma we can prove one of the main results of this section.

Theorem 1.3. Let R beaprimeringand T aring of right quotients of R. Then
there is a one-to-one corespondence between the following

i) The set of all the closed ideals of R[X].

ii) The set of all the closed ideals of T[X].

i) The set of all the monic polynomials of C[X], where C is the extended
centroid of R.

Moreover, this corespondence associates the ideal | of R[X] with I* of T[X]
and foeC[X] if I"NR[X]=I and Q[X]f, NT[X]=1%.

It is easy to prove that every R-disjoint prime ideal of R[X] is closed. We
actually have

Coollaay 1.4 A T-disjoint ideal P of T[X] is prime if and only if
P=Q[X]{NT[X]. for some monic ireducible polynomial f,€C[X].
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As an application we get that the correspondence of theorem 1.3 preserves
prime ideals. Hence we can prove the following.

Corollary 1.5. Let T be aring of right quotients of R. Then the correspondence
of Theorem 1.3 is a one-to-one correspondence between the following
i)The set of all the R-disjoint prime ideal of R[X].
ii) The set of all the T-disjoint prime ideal of T[X].
iii) The set of all the maximal ideals of C[X].

There are two nice applications of the former results. First, an ideal P of R is
said to be (right) strongly prime if for every ideal | properly containing P. there exists a
finite subset F of R such that FS| and FacP, a<R, implies a€P [PPS]. Every strongly

prime ideal is prime and the converse is not true. The first application is the following:

Theorem 1.6. Let R be aring. Then every prime ideal of R is strongly prime it
and only if the same is true of R[X].

On the other hand, for a€R we denote by r(a) the right annihilator of a in R.
Then r(a) is aright ideal of R.

Arightideal H of R is said to be essentialif HNJ = 0 for every non-zero right
ideal J of R.

The right singular ideal Z(R) of B is defined as the set of all the elements a<R
such that r(a) is an essential right ideal of R ([G]. p.30). A prime ideal P of R is said to
be (right) nonsingular if Z(R/P)=0.

The second application is as follows:

[heorem 1,7. Let R be aring. Then every prime ideal of R is nonsingular if
and only if the same is true of R[X].

All the results mentioned in this section are obtained in [Fy]. With appropiate

adaptations the results can be generalized, as we have done in. [Fy] and [F3]. We
explain this is the next sections.

56



2. Centred Extensions.

Thering S is said to be a centred extensions of R if S is generated, as an R-
module. by a set of R-centralizing elements (which contains 1). When S has a finite set
of generators of this type, then S is said to be a liberal extensions of R [RS]

In the case that there exists a basis of R-centralizing elements containing 1, then

S is called a free centred extension. Thatis, S is a free centred extension of R if there
exists a basis E=(g)j ey of S over R such that aej= ¢ a, for every acR, i€Q,
and there exists ig€S? with e|0-1.Wewrite S=R [E].

There are several usual examples of free centred extensions. Namely, a group
ring or even a semigroup ring RG. In particular, a polynomial ring in any set of, either
commuting or non-commuting, indeterminates. Also, a matrix ring, even a ring of infinite
matrices provided that every matrix in the ring has a finite number of non-zero entries
and the identity is adjoined. Finally, a tensor product S=R® K, where L is a field and
R and K are L-algebras.

As in the case of section 1, we may always reduce to the prime case. So we may
assume that R is prime and P is a prime ideal of S which is R-disjoint.

In this section we summarize the results in [F»] on closed and prime ideals in
free centred extensions.

Almost all the results given in §1 can be extended to free centred extensions.
Excluding technical complications, the maint point is to give an adequate definition of

the notion of minimality of an ideal.

Any element a€S=R[E] can be uniquely written as a finite sum a= T aje;,
i €Q

where 3¢€R. The e-coefficient of a will be sometimes denoted by a(e), i.e., for a given
above a(g) = g, for all i€R. The support of a is defined as usual by
supp(a) = [e€E : a(e) = 0}. ;

If | isan R-disjointideal of S, anon-zero element a€l is said to be of minimal
supportin | if for every bel with supp(b) & supp(a) we have b=0. We denote by M(l)
the set of all the elements of minimal support in I. The minimality of | is defined by
Min (1) = {supp(a) : aeM(l)}.

The definition of [ | ] is given asin §1:

[I]= {beS : there exists 0= H <1 R such that bHc 1}

The ideal | is said to be closedif [1]=1.
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We have

Theorem 2.1. For any R-disjointideal | of S, [|] is the largest ideal J of S
which contains | and satisfies Min (J) = Min (I). Also [I] is closed and, moreover, it is
the smallest closed ideal of S which contains |. In particular, [|] is the unique closed
ideal of S which contains | and satirfies Min ([1])=Min(1).

It is convenient to point out that the above Theorem is very important in the rest
of the paper [F].

Let Q be the complete ring of right quotients of R and T an intermediate
subring. Then it is easy to see that the ring Q [E] is well defined and we have
R[EIST[E]=Q [E] and C [E]=QlE].

There is a way to generalize Lemma 1.2. Instead of taking just one polynomial
fo € C[X] we have to define certain subset M ¢ (1) SC [E]. This has been done in the

first part of ([F,], §2) and so we can get.

Theorem 2.2. Let B be aprimeringand T aring of right quotients of R. Then
there is a one-to-one corespondence between the following:
i ) The set of all the closed ideals of R [E].
ii ) The set of all the closed ideals of T [E].
iii ) The set of all the ideals of C [E].

Moreover, this corespondence associates the closed ideal | of R [E] with the
closed ideal |” of T [E] and the ideal K ot C[E] if I"NR[E] =1 and
I”=Q[E]KNTIE].

It is possible to prove that R [E] is prime if and only if T [E] (C [E]) is prime.
Also, the corespondence of Theorem 2,2 for prime ideals, which gives a generalization
of Corollary 1.5. :

Apliéations coresponding to theorems 1.6 and 1.7 can also obtained. We have:

Theorem 2.3. Let R be a strongly prime (resp. nonsingular prime) ring and let

P be an ideal of R [E] which is maximal with respectto PN B =0. Then P is a strongly
prime (resp. nonsingular prime) ideal.
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When the prime ideal is not maximal R-disjoint, P is not always strongly prime
(resp. nonsingular prime). We have to assume something. We can prove the following:

Theorem 2.4. Let B be aring, S=R|[E] with E either a finite or a commuting
set. Then every prime ideal of R is strongly prime (resp. nonsingular) if and only if the
same is frue of S.

3. Centred bimodules over prime rings.
In [F3] we generalize the results given in §2 by considering centred bimodules
over prime rings. We briefly relate these results here.

Let R be aprimeringand M an R-bimodule. We say that M is a centred
bimodule if there exists a set (x)je @ of elements of M such that M =ZRx and

rxg=xr for every reR, i€ Q.
In the paper mentioned above we first define the notion of closed submodules.

We also show that there exists a Q-module M* which is an extension of M. Using this
and the restriction of M™ to C(if M*= £ Qe;, then Mé = 3 Cej) we can get the

i €A i€
generalization of Theorem 2.2.

In this paper we also study about nonsingular submodules, i.e., submodules N
such that M/N is nonsingular as an R-module. When R is a prime nonsingular ring
this submodules are just the closed submodules.

We also define the class of strongly closed submodules of M and we relate this
notion with the notion of strongly prime rings.

An application of the results concerning closed submodules is given to study the
torsion free rank of a submodule N (see (R]).

Finally, if we assume that S is an extension of R which is a centred bimodule
over R we can apply the former results. Thus all the results given in §2 can be
obtained without the assumption that S is free as a centred extension.

Remark, Closed ideals have also been used to study prime ideals in Ore
extensions (see [CFG], [FM] and [LM]).

Miguel Ferrero
Instituto de Matematica UFRGS
91500 - Porto Alegre - Brasil.
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On some extensions of
the commutant lifting theorem

Rodrigo Arocena

Abstract. We give some extensions to Z2 andto general groups of the theorem on the lifting of
the commutant due t> Nagy and Foias.

Introduction

Our aim is to give some extensions of the celebrated Nagy-Foias commutant lifting theorem
[N-F]. In section | we recall some basic definitions related to lifting problems in general
groups. In section |l we define three sets of liftings. Then, in section Ill, we associate with each
commutant a family of isometries and establish a bijection between the set of the minimal
unitary extensions of that family and one of the sets of liftings. As a consequence, a lifting result
in general groups - theorem (IV.3) - Is proved In section IV. Related results are stated in
section V. The general framework developed in section |l is applied, in sections VI and VI, to

commutants in Z2.
I.- Basic definitions and properties

In this paper, I' will always be an abelian group with neutral element e and I' { a sub-
semigroup of I" such that e € "y and every u € T" can be written asu=s - t, withs,t € I'{. A

semigroup of contractions on I'q is a set T = {T(s): s € I'y} € L(E) of contractive operators on
a Hilbert space E such that T(e) equals the identity |- on E and T(s+t) = T(s)T(t), ¥V s,t €
ry.

A minimal unitary dilation of such a semigroup T is a group U = {U(s): s € T'} ¢ L(F) of
unitary operators on a Hilbert space F O E such that:

i) T(s) = PFEU(S)IE (=PFEUEIT g ) forevery s € Ty

E

(PFE denotes the orthogonal projection of F onto E and IFE the inclusion of E in F).
i) F= V{U(s)E: s € T'} (minimality condition),

i.e., F is the closed linear span of {U(s)E:s € I'}.

To each minimal unitary dilation U € L (F) of T a minimal isometric dilation of T is
naturally associated as follows. Set M = V{U(s)E: s € "1} and W(s) = U(s)'M for every s €

I'y;then W := {W(s):s € 'y} c L (M) is a semigroup of isometries on I"4 such that T(s) =

M

PMEW(s)IE and M = V{W(s)E: s € I'{}. From these two properties it follows that P E

1980 Mathematics Subject Classification (1985 Revision) Primary 47A20 .
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intertwines T and W, i.e., that

(1) TePMe = PMowes) . vsery.

For s _‘e I"{ let /A (s) be the closure in M of {[W(s) - T(s)]a: a € E}. Since PMEW(s)IE =

T(s), /\(s) is orthogonal to E. Let (M 8 E) denote the orthogonal complement of E in M; from
W(s)(M B E) C (M B E) it follows that /\ (s) is also orthogonal to W(s)(M 8 E). Since
E® A(s)= EV W(s)E it follows that

(1.2) EV WSM=E® A(s) ® W(s)(M B E) .

If /A «(s) Is the closure in M of {[IM - W(s)T(s)']a: a € E} then
(1.3) EV WM = A+(s) & W(s)M ;
in fact, it stems from (1.1) that T(s)' = W(s)'lE, so /\ =(s) is orthogonal to W(s)M.

A commutant on the semigroup I'{ is a set {T{,To, X} such that:
) Tj={Tjs): s € rqc L(Ej) is a semigroup of contractions on I'q, j = 1,2;
i) X € L(E1 ,E2) intertwines T4 and Tp, l.e., X Ty(s) = To(s) X for every s € I'y.

Assume that, for | = 1,2, minimal unitary dilations of Tj exist and fix one, U‘- C L(Fj). Set
Mj = V{Uj(s)Ej: s € 'y} and Mj=V{Uj(-s)Ej:s € I'y}. Then, a lifting of X is an operator
T € L(F4,Fp) such that

pF252 M1, S sy

The set of all liftings of X will be denoted by LIF(X).

When I' is the group of integers Z and I' y the semigroup Z 1 of positive integers, a
contractive semigroup is given by a contractive operator and a well-known theorem of Nagy

[N-F] says that it always has an essentially unique minimal unitary dilation, while the
commutant lifting theorem asserts that LIF(X) is never empty.

M1

T IT 1= 1IXIl, T™¢ € Mp, T*Fpc My

1l.- Lifting problems

We shall say that T belongs to the set LIF(X)" when:

) T € L(Fy,Fp) and intertwines Uy and Uy, (i) PF2 L PM1E1, ity 1Tl = NIXI1.

E2T|M1
Set LIF(X)' = {T € LIF(X)": TMy C Mp}. Thus, LIF(X) = {T € LIFX): T*MA5 < fi4} and

LIF(X) < LIF(X)' < LIF(X)". In this paper we consider the lifting problems of giving
conditions for these sets to be non void.
Set Wj(s) = Ui(s)IMj for every s € T'q, so Wj = (W]-(s): s € "y} is a minimal isometric

dilation of Tj, j = 1,2. The corresponding set of contractive intertwining dilations is
CID(X) = {Y € L(M{.Mo): YW1(s) = Wa(s)Y.Y s € Ty; PM2E2 v = X P
X113

g lIVI =
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The usual version of the Nagy-Foias theorem Is that, for I' = Z and Iy = Z 1, CID(X) is non
void.

Now, LIF(X)' can be identified with CID(X); in fact, if y € L(M1,M2) intertwines W4 and

Wy, there exists only one operator T € L(F1,F2) such that y = TlM and T intertwines U4
1

and Up; that operator is given by TU¢(u)v = Ug(u)yv,u€ I', v € Eq;||T|| = |I'YIl holds.
Thus:

(I.1) PROPOSITION A bijection from LIF(X)' onto CID(X) that preserves norms is

given by associating to each T € LIF(X)' its restriction ¥y = T|M1'

Moreover, if T € L(F{,Fo) intertwines Uy and Up and y := PF2 T intertwines Wy

Mo " [M4
and Wy, then TM¢ C My: in fact, since there exists T, € L(Fq,Fp) that intertwines Uy and

Up and such that vy , it is enough to show that T = T 1 now, for any u,u’ € I''veE,y

= T‘

M4
and w € Ep,lets € I'y be such that s+u, s+u' € I'y;then <T,Uq(u)v,Ug(u)wd> =
<T Wq(s+u)v,Wa(s+u)w> = < TUq(u)v,Ua(u)wD> . Consequently:

F
-2) PROPOSITION : s 2
(1.2) T € LIF(X)" iff T € LIF(X)" and P M21|M1 intertwines
W4 and Wj.

Mo

iy € L(My.My) intertwines Wy and Wp and PM2E2 Vg, = X then PM2. v -

|E4

M

¥ e
P TE i thus, LIFC)

{t € L(F¢,Fp): T intertwines U4 and Us, PF2E2T|E1 =X, IT] = lIX|,TMy C Mp}.
Dual lifting problems are naturally defined by setting U](s) = Uj(-s) for every s € r,
Tl(s) = T](s)'. Wj(s) = U](s)IM,l for every s € I'y, and considering the dual commutant

{T2.71, X'). Then:
LIF(X')" = {T": T € LIF(X)")
4 Fo Fo
because, if T € LIF(X)" and s € I'{, then P E2Uz(s)‘tlE1 =P E2‘rU1(s)IE1
My F F . - F

- =T =P 2 1 2irinia
XP E1U1(s)|E1 X Tq(s) 2(s) X E2U2(s)IE2 X,so P E1T Uo(s) i =
X' PF2E2u2(s)' 'erz- and consequently T° € LIF(X')". Since LIF(X) = {T € L(F{,Fp):
T intertwines U4 and Uy, PF2E21|E1 =X |IT|l = |IX|,TMy € Mo, T'ﬁz (2 Fl,}, we see

that:
LIFX) = {T": T € LF(X)} .



.- The family of isometries associated to a lifting problem

To the above posed lifting problems we shall now associate a Hilbert space H and a family
V = {V(s): s € T"q} of isometries with domains and ranges contained in H, such that those
problems can be solved only if V can be extended to a unitary representation of I, in which case
the elements of LIF(X)" are given in a natural way.
My

Leaving aside the trivial case X = 0 we assume that ||X|| = 1. Let P, = P Byl Pl=

PM2E2. For any (hy,h2), (h'1.,h'p) € M1 X Fip we set < (hq,ha).(h'y,h'a)D
<h1.h'1>M1 + <XP+h1,h'2>ﬁ2 + <hy, XP,}h‘1>|~’f12 + (hg,h'g)ﬁz ;
thus getting a positive semidefinite scalar product and generating in the usual way a Hilbert

space H such that M4 and ﬁg can be considered as closed subspaces of Hand H = My V ﬁz.
Remark that X = PHE2|E1 and, moreover, X PM1E1 = PHﬁ2|M1 . Thus, My L (My8Eq)
and (HQBEQ) 1 My ,so
H=(M28E2) ® (Ex V Eq) ® (M{BEq).
Let D'x be the closure in H of {(I - X)v: v € E4}; associating Dyv to each (I - X)v an isometry
from D'y onto Dy is defined (where, as usual, Dy = (I - X'X)*% and Dy denotes the closure of

{Dyv: v € Eq}) . From X = PHE2|E1 it follows that E; L D'y; since Ey € Ex ® D'y, we see

that Eo V Eqy = Ex ® D'y . Summing up:
H=Fo® D'y ® (M18E¢) = Mo ® Dy & (MyBEy).
For each s € I'{ set D(s) = [Wz(s)ﬁz] V M and define the isometry V(s): D(s) » H by
V(s)[Wals)v + ul = v + Wy(s)u, ¥ v € Mo, ue My.In fact,
] 2 ] L2 ] A, 2
IW2(s)v + ull,™ = IIW2(s)v IIFf," + 2 Re {XPLu,Wa(s)vD fip * IIUIIM1 =

2 2
v IIF1,22 +2 Re (XP+W1(s)u,v>ﬁ2 5 ||W1(s)u||M1 = |lv + Wy(s)ull,,“ . because

(XP+U,W2(s)v>ﬁ2 = <W2(s)'xp+u,v>ﬁ2 = (Tg(s)XP+u,v>ﬁ2 - <XT1(s)P+u,v>ﬁ2
<XPLWq(s)u,v> fo -

Thus, the family V of isometries associated with lifting problems is well defined.

Remark that, if st € I'q, then D(s+t) C D(s), V(s)D(s+t) C D(1) and V(s+t)
V()V(s)|D(s+t) -

We shall now see that any T € LIF(X)" generates a unitary representation U of I" on a
space F that contains H, such that U extends V and T can be represented as a restriction of an
orthogonal projection on F.

For any (hq,h2), (h'y,h'2) € Fq X Fp we set {(hq,hp),(h'y,h'2)> = <hyh'y D, +
{ThyhdE, + <hp, ThyDE, + <ha,h'2>E, ;i since ||IT||
semidefinite scalar product that generates a Hilbert space F

[IX]] = 1, we get a positive
F1 V Fy. Obviously, T =
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F
P 1
FolF4

Now, H can be considered as a subspace of F because {Thy,h'2>F, = <XP,hy,h'p) fi, holds
for every hy = Wy(s)v, h'a = Wo(u, st € Ty, (vu) € Eq X Ep. In fact, since
PF2E2T My = XPe CTW (v, W o(udE, = CTU(s)V. Ua(-DudF, =
(U (s+tv,ud = KXPLU (s+)V D E, = KXTq(s+)V,udE, = {T2()XPLU (s)V.uDE,
= {XPLWq(s)v, % o(ud Eigs

Since T intertwines Uq and Ua, a unitary representation U of I" on F is defined by setting
U(s)[f1+f2] == U1 (s)fy + Ua(s)fp, ¥ s € T, fy € Fy,1p € Fp. Forevery s € I'y, v € M,
u€ My we get U(s)[W 2(s)v + u] = Ua(s)[Ua(-s)v] + Uq(s)u = v + Wy (s)u , so
U(s)|D(s) = V(s). Also, F = V {U(s)H: s € T'}, because V{U(s)H: s € T'} D V{U(s)Ej: s €
ry = F], j=12.

Let U be the (eventually empty) family of couples (U,F), with F a Hilbert space that
contains H and U a unitary representation of I' on F that extends V, such that the minimality
condition F = V{U(s)H: s € '} holds. We say that (U,F) = (U',F) in U if there exists a
unitary operator R € L (F,F') such that RIH = |H and R U(s) = U'(s) R for every s € I". With

this notation, the above construction shows that , if T € LIF(X)", there exists (U,F) € U such

F
thatF =FyV Foand T =P FolFy’

We shall now prove that, if (U,F) € U, it may always be assumed that F = Fy V F5 and
that UIF] = Uj ,J=12. Recall that F O H> My and U(S)|M1 = V(s)|M1 = U1(s)|M1 ,Vse
I'q; also, F{ = V{Uq(-)Mq:t€ I'1}. Set F'{ = V{U(-yMq:t€ I'q} and U'y(s) = U(S)IFH:
then F D F'y and a unitary operator Ry € L (F{,F'{) such that RyUq(s) = U'(s)Ry is defined
by R{[U1(-h] = U'y(-th, ¥ t€ I'"y, h € Mq. Thus, F{ may be identified with the subspace
F'y of F and Uy with the restriction U'y of U to F'y. In the same way we can prove the assertion

concerning Fo and Up. Moreover, F{ V Fa = V{U(s)[M{ + ﬁzl: s € I'} = V{U(s)H: s € T}
=F. '

Thus, a correspondence  T: W - L (Fy,Fp) s defined by associating to each (U,F) €

U the operator T = PF2F2|F1 . We have seen that for every T € LIF(X)" there exists (U,F)

€ U such that T = T(U,F). Now we shall prove the converse, i.e., that for every (U,F) € U,
T = T(UF) € LIFX)" .
F
Let v{ € Eq, vp € Ep and s € T'y; then (P 2E21|M1)U1(s)v1,v2> Ep =

<PF2E2U1(s)v1,v2>F = {Uq(shvy.vad = <XP{U{(s)vy.vaD g, . SO pF2 21

5
Eo " |My
PM1E1. Then 12 ||T|| 2 [IX|]| =1, so ||T|| = 1. if sty,tp € ', vy € Eq, vo € Ep, then
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<TU1(S)U1(t1)V1,U2(t2)V2> Fp = <PFF2U(S+t1)V1,U(t2)V2>F = <U1(1)V1,U2(t2-

S)VoD F <PFF2U(11 V1, U(ta-s)vo D F = < TUq(ty)vy.Ua(s) Us(ta)voD Fp i thus,

TUq(s) = Up(s)T.
' Fo _pF'2 ;
Finally, if (U,F), (U,F) € W are such that P FalFy = P FolFie then setting

R[Uq(sq)vy + Ua(s2)vg) = U'y(sq)vy + U'a(sa)va , it is easy to see that (UF) = (U'F),
so T s injective. Summing up we have the following, which is our main technical result.

(1) THEQREM The correspondence T is a bijection between the sets Ul and
LIF(X)"".

As a first application, we point out a sufficient condition for the three sets of liftings we
have been considering to be the same one.

(m2) PROPOSITION U T =T ¢ U (-I' 1), then LIF(X) = LIF(X)' = LIF(X)" .

PROOF. Let T € LIF(X)"; in order to show that it belongs to LIF(X)' it is enough, by proposition
(1.2), to see that Y := PF2M21‘-|M1 intertwines W4 and W», lLe., that

*) CYW 1 (s)W1(ty)vy, Walt2)vad My = SW2(s) Y Wi(ty)ve, Wa(t2)vad M,

holds for every s,ty,to € I'y, vy € Eq, vo € Eo. Call A the left side of equality (#), B the right
one, let (U,F) € U be such that T = T (U,F) and consider the following two cases.

(i) t2-s€ I'q: A= U(s+tq)vq,U(t2)vadF = <PF2M2W1(11)V1vW2(12-S)V2> M, = B.

(i)s-to € T'y: A=<U(s-to+ty)Vy,VaDF = <XPM1E1W1(s-tz)W1((1)v1,v2> Ep =

Ta(s-t)XPM 1 Witvivad gy = <Tals2PM2E yW1tivivadE, -
{Wa(st2) YW1 (t1)vy.v2D E, = B.

Thus, T € LIF(X)'. Since T € LIF(X')", it follows that T € LIF(X')' and in particular that
’t'ﬁz < ﬁ1, so T € LIF(X). The proof is over.

We now turno to a closer study of the family V = {V(s): s € I"1}. Set R(s) = V(s)D(s),
V s € I'q. Thus,

R(s) = Fla V [Wy(s)My] = (F28Ep) ® (Eo V Wq(s)Eq) ® W(s)(M{BEy),
because W1(s)(M1BE{) C (M{BE{), since it is orthogonal to E{. As before we see that
ExV Wi(s)Eq = Ep ® ((I - xpM1E1)w1(s)v: v € Eq}, so:

M

(N1.3) R(s) = Mo ® {(1 - XP 1E1)W1(s)v: veEE]) ® Wi(s)(MyBEq), ¥V s e I'y.

From V(s)'1lf+W1(s)g] = Wz(s)hg, v fe My ge My, we get
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(111.4) D(s) = Wz(s)ﬁg D {( - Wz(s)XTﬂs))v: vEE) B (MBEy), Y se I'y.
And V(s): D(s) = R(s) is given by

(11.5) V(W o(s) [I-W 2(5)XT1(s)IvD g} = 1B [Wq(s)-XT1(s)Iv® W4 (s)g
Vselqfe ﬁg.vé Eqandg € (M18Eq).

IV.- An extension of the Nagy-Foias theorem to general groups

Let T = {T(s): s € I'1} € L(E) be a semigroup of unitary operators on I"'y and Yy € L(E) a
contraction that commutes with every element of T; then a semigroup of contractions

T# o (T#(s,n): (s.n) € T'y X Z4} C L(E) is defined by T#(s,n) = T(s)y" . Working as in
proposition (1.6.3) of [N-F] it can be seen that T# has a minimal unitary dilation
U# = (U#(s,n) = U(s)Q": (s,n) € T' X Z} C L(F). Let
w# - (W#(s,n) = W(s)R™: (s;n) € Ty X Z4} C L (M) be the corresponding minimal
isometric dilation of T# e, M = V {U#*(s,n)E: (s,n) € Ty X Z4} and W¥(s,n) =
U#(s,n)IM .Then M=V{Q"E:ne Z4} and W(s)Q"E =Q"E, ¥ (s;n) € T'y X Z4,s0
W(s)M = M and W = {W(s): s € "1} C L (M) is a semigroup of unitary operators.

We shall now see that for a commutant {T#,, T#5, X} on a semigroup 'y X Z4, with

T# = T# as above, LIF(X)" is non empty. By duality, the same holds when T#z Is given by a
unitary representation of I" { and a contraction commuting with it.

(IV.3) THEOREM Let the following conditions hold:
a) I' is an abelian group with neutral element e and I' ; is a sub-semigroup of T
such that e € I'y and every u € I' can be written as u = s - t, with st € I'q.

b) T4 = {T(s): s € 'y} C L (E4) Is a semigroup of unitary operators on I'4
and Y4 € L(Eq) is a contraction that commutes with every element of Ty.
c) Uy € L (Fq) is a unitary representation of I', Q; € L (Fq) is a unitary

operator that commutes with every element of Uq and U*1(s,n) = U1(s)01n
gives a minimal unitary dilation on I' X Z of the semigroup on I' { X Z4

defined by T#;(s,n) ® T{(s)Y{".
d) T = {Ta(s): s € 'y} C L(Eg) Is a semigroup of contractions on I' { and
Yo € L (Ey) is a contraction that commutes with every element of Ta.

e) There exist Uy C L (F3), a unitary representation of I', and Q3 € L (F5), a
unitary operator that commutes with every element of Uj, such that

U¥y(s,n) = Uz(s)an gives a minimal unitary dilation on I' X Z of the
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semigroup on I'y X Z, defined by T¥5(s,n) ® To(s)Y,".
f) X € L(Eq,E2) intertwines T; and Ty as well as Yy and Y.
Then there exists an operator T € L (Fq,Fy) intertwining Uy and U as well

Fa

as Q4 and Q2, such that P =X and ||T|l = |IX]].

T
Ez " |Eq

REMARK. We have already observed that, for T4, Y1 as in (b), there always exist U4, Qq as in
(c). On the contrary, for To, Yo as in (d), (e) need not hold, so it has to be explicitely assumed.
PROOF. We consider the family V# = {V¥#(s,n): (s,n) € 'y X Z4} of isometries associated to
{T#4, T#5, X}. Each element of V# has its domain D(s,n) and its range contained in the space
H =My V Fip, with My = V{U#{(s,n)Eq: (sn) € Ty X Z4} and
My = V{U#5(-s,-n)Ep: (s.,n) € T'y X Z4). Foreach (s,n) € 'y X Zy,
D(s.,n) = [W#5(s,n)M5] V My = [Wo(s)R5"M5] V My and
V#(s,n)[W 2(s)Ro"v+u] = v+Wq(s)R1"u, ¥ v € M5, ue My, with

# EFSEIRS W S SUdes) & 2 Ry Lo N L
Wa(en) = Wa(s)Ro™. Wals) = Up(-shg . R2 = Q2 1. Wals) = Uq(s)y,..

Ry = Q1IM1' Since each Wq(s) is a unitary operator, V#(s,n)D(s,n) = ﬁz \V R1nM1, SO

V(s) := V¥#(s,0) is an isometry with domain [W 2(s)ﬁ2] V My and range H, ¥V s € T"q. Thus,

Ve = {V(s)'1: s € I'q} is an isometric representation of I' 1. Call B the isometry v#(e,1) from

ﬁzﬁz V My onto H2 V R{Mjq. By theorem (lIl.1) in [A.1], in order to see that there exist a

unitary representation U' C L(F) of " that extends V' to a space F that contains H and a unitary

operator A' € L (F) that extends B'1 and commutes with every element of U', it is enough to

prove that  <V(s) "B vy "B o> 1 = <v(s) T vy Tgd  holds for every f.g in the

domain of B! and every st € I'q, i.e,, that

¢ <vs) B Ry, V) B (usRVID | =
<V(s)'1(u+R1v),V(t)'1(u'+R1v')>H s Youuneifigiv € My fsieilry.

Now, the left side of () equals < V(s) ' (Rpusv), V() ' (Rou+v)> yy =

< p(s)RpusWi(s) V. WomRou+wyy vdy =

CRoWa(s)usWy(s) "R W o(yuswy () vd gy =

<BIR W o(s)u+W1(s) 'VI.BIR oW o(yusWq () VD iy =

W o(s)usRyW1(s) v, W o(yu'+RyW () 'v'Dy . which is equal to the right side of (°).

Since V#(s'")m(s.n) = V(S)BnID(s,n)' it is clear that in this way we get a unitary extension

of V# to the space F that contains H. From (lIl.1) the result follows.
Theorem (IV.1) for I' = {e} and proposition (l11.2) give the Nagy-Foias theorem.



V.- Complementary remarks

As a direct consequence of theorem (IV.1) and proposition (Ill.2) we also obtain the
following. : ;

(V.1) THEOREM Let {T4,T2, X} be a commutant on a semigroup I'{ =TI"'g X Z 4,
where I' o is an abelian group; set I' =I"'y X Z . Then LIF(X) is non empty.

PROOF. {T](s,O): s € I"¢) Is a unitary group for j = 1,2, so theorem (IV.1) shows that LIF(X)"
is non empty; since I' = T"y U (" {-), LIF(X)" = LIF(X).
This result was essentially proved in [A.1] by a more complicated method that was also

applied to the study of commutants in z2. The last problem will be considered in the next
sections, using the simpler approach we have presented here, which Is an extension of the proof
of Nagy-Foias theorem given in [A.2]. In [F-F] several proofs of the same theorem are
considered. The one we are extending can be seen as a "scattering proof”, in the A-A-K sense, as
it is stressed in Sarason's presentation of it [S].

A continuous version of the commutant lifting theorem was proved in [A.3] and - with a
simpler and more conceptual proof - in [B]. Combining the basic result of the last paper with
our approach here a still simpler proof is obtained, as we now sketch.

(V.2) THEOREM For j = 1,2 let Tl be a weakly continuous semigroup of
contractions in the Hilbert space Ej and Ul its minimal unitary dilation to the

space Fj, and set M; = Vv {Uj(s)Ej: s 2 0}, ﬁ' =V {Uj(-s)Ej: s > 0}. Let X €
L (E1,Eg) intertwine Ty and Ta. Then there exists an operator T € L (F¢,Fp)

intertwining U4 and Ua such that:

Fa o M4 = *
PP2. T, =X P Te . ITI =X TMyC My, i, c fiy.

PROOF. Set R | = (s € R: s > 0} and consider the commutant {T4,T2, X} on B . Then the
associated family of isometries V Is a local semigroup of isometries in the sense of [B], where it

Is proved that its naturally defined generator can be extendet to a self adjoint operator, so U is
non empty. The result follows.

The last statement Is precisely the continuous version of the commutant lifting theorem as it
is stated in [F], where it is applied to the solution of an interpolation problem of Dym and
Gohberg [D-G].

VI.- Commutants in Z2

We consider the case I' = Z2, T 1= 221 == {(m,n) € z2 mn20}. T C L()is a

semigroup of contractions on 221, a well-known theorem due to Ando (se [N-F], p. 20) shows
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that a unitary dilation of T exists. Thus, if {T{,T2, X} is a commutant on 221, we can consider
the corresponding lifting problems, with the same dfinitions and notations as in sections | and II.

In this case, for J = 1,2, T](m,n) = T‘]m T"j", for every m,n 2 0, where T} and T"j are
commuting contractions in the Hilbert space E], while Wj(m,n) = W'jm W"]n, Y m,n >0, and
Ujm,n) = U™ U™, ¥ mn e Z, with W}, W7 commuting isometries in M; and Uj, U’;
commuting unitary operators in Fj. Also, Wz(m,n) = W'sz'zn , where W'Z and W"z are
commuting isometries in Mo.

Then, for each (m,n) € Z24, we have D(m,n) = [W'2"W"5"Fio] V My and R(m.n) =
Mo V (w'4™ wry"™M4], while the isometry V(m,n): D(m,n) - R(m,n) is defined by

vimn) (W W " s up=v+ W™ wy"u, ¥ vefis ue My Set v = v(1,0), v
V(0,1), D' = D(1,0), D" = D(0,1), R = R(1,0), R" = R(0,1). Since V(m,n)

V'mv"n|D(m,n)' in this case U can be identified with the family of all the (equivalence classes
of) couples (U',U") of commuting unitary operators that extend (V',V"), respectively, to a
Hilbert space F = V(U']m U"]nH: (m,n) € 22} that contains H. We know that there is a
bijection between W and LIF(X)". Thus:

(Vi) THEOREM For j = 1,2 let T'] and T"j be commuting contractions in a
Hilbert space E], U'] and U"l commuting unitary operators in a Hilbert space
Fj such that {U'lm U"]n
T"i": m,n > 0}. Let X € L (E4,E3) be such that X T'y = T3 X, X T" = T"5 X
and ||X|| = 1. Set My =V {U'{™ U"{"E¢: (mn) > 0},

ﬁz = V{U'g'm U"2'“E1: (m,n) > 0}. Let H be the Hilbert space defined by

H=M{V ﬁz and PHﬁ2|M1 =X PM1 . Let the subspaces D', D", R, R" of H

:m,n € Z} is a unitary dilation of the semigroup {T'jm

Eq
and the isometries V', V", with domains D', D" and ranges R’, R", respectively,
be given by: D' = U'z.ﬁz Vv M4, D" = U"z‘ﬁz Vv M¢, R = ﬁz \V4 U'yMg4,

R" = ﬁz V U"{Mq and V'[U'av+u] = v+U'qv, V'[U"gv+u] = v+U"qv,

Vve ﬁz, u € M4. Then the following conditions are equivalent:

a) There exists T € L (F{,Fg) such that TU'qy = UT, TU"q= U"'2T,
F2 - x pM1 4

P E2T|M1 =XP E; and ||T|| = [|IX]|.

b ) There exist two commuting unitary operators U’, U" that extend V', V",
respectively, to a Hilbert space F containing H.

In order to apply this theorem we shall need the following remarks. From the results of
section Ill we know that H = M, @ {(I-X)a: a € Eq} ® (M{B8Eq) = Mo @ Dy ® (M{8Ey).
Also, (1ll.4) and (111.3) show that, for every (m,n) € 221,
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D(m.n) = Wo(m.n)Fiy, @ ([I-Wo(m,n)XTy(mn)ja: a € E4) & (M{BEy),

R(m,n) = ﬁg D {(I- XPM1E1)W1(m,n)a: a € Eq} ® Wq(m,n)(M{1BE ).
Set D = D(1,1) and R = R(1,1). Thus

D= Wofi, ® (I-W'pXT'yJa: a € Eq) ® (M{BEy),

D=WoW oo ® (1-W oW oXTyT"1]la:a € Eq} & (M{BEq),

R=Ff,® (( XPM1E1)W'1a: a€ Eq) ® Wq(M{8Eq) and

R=Fp® {(- XPM1E1)W'1W'13: a€Eq) B Wi{W"(M{BEy).
From formula (1.2) we obtain E{ V (W"{My) = E; & A(0,1) ® W"{(M{BEq); from My =
Eq1V (W"{My) it follows that (M{BEq) = A (0,1) ® W"{(MyBE{), so W' (M{BEy) =
W'{W"{(M{BE{) ® (W'{(W"{-T"{)b: b € Eq} . Thus,
(R'8R) = [{(I- XPM‘E1)W'1a: a€Eq() B (W' (W"{-T"{)b: beE4}]

8 (- xpM

1E1)W'1W'1c: c€Eq} .
Now, the correspondence given, for any a € Eq andb € Eq, by
(I- XPM‘E1)W'1a ® W' (W"y-T"1)b - DxT4a @ Dt-,b s an isometry of

[10- XPM1E1)W'1a: a€E 1) @ {W'1(W"y-T"¢)b: beE1)] onto D, & Dy~ that, for

overy ¢ € Eq, takes (I- xpM1E1)W'1W"1c = (- XPM‘E1)W'1T"1C ® W (W"{-T"{)c to
DXT-1T"1c (3] DT"10~ Consequently:

(V1.2) (ROR) = [Dxy', ® Dy-,] 8 {DxT,T"1c ® Dy~ cic € Ey).

Working in a similar way, from formula (1.3) we obtain
(D'8D) = [{ W'o(- W pT"2)a: a€Eo) @ {(1-W '2XT'{)b: beEq)]

8 {(I- W' W oXT'yT"y)c: c€Eq),
and we see that the correspondence W'2(|- W'2T‘2)a @ (I-W‘ZXT'1)b - Dy-,a D Dr,xb
shows that

(V.3) (0'8D) = [Dy-, ® DT'2X] 8 {Dy-,T'2Xc @ Dy xcic € Ey).

We shall now state a reformulation of theorem (VI.1). We saw that
D'= UMy ® ((1-Up'XT'{)a:a € Eq} ® (M{BE4) and
D" = U My ® {(I-U"x"XT"{)a:a € Eq} ® (M{BEq) . while (Ill.5) shows that, for every
(m,n) € 221,v € My ae Eyandue (M1BEy),
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V(m,n){W o(m,n)ve [I-W »(m,n)XT¢(m,n)]aB u} =

v [Wq(m,n)-XT¢(m,n)]a® W {(m,n)u,

so V{U's 'v+(1-U's"XT'y)a+u} = va(U'y-XT'y)a+U'qu, V{U 5 v+(1-U"5"XT"y)a+u} =
v+(U"q-XT"q)a+U"qu.

M1 H_ _ pH. I i ¥ _
We know that X P By ™ P Fi,1My so X=P RiolE since (I-U'2 XT'y)a =
(I-U'2°T'p)Xa + (I-X)a, it follows that
{(I;lUp"XT'y)a: a € Eq) = {(I-U'x'T'p)Xa® Dya: a € E4})". Analagously,

{(I-U"Z'XT"1)a: a€Eq) = {(I-U"Z'T'Z)XaQ Dxa: a € Eq}.
Summing up, theorem (VI.1) says that:

(VI.1.a) THEOREM For j = 1,2 let T'l and T"’ be commuting contractions in a
Hilbert space E,, U'l and U"l commuting unitary operators in a Hilbert space

F] such that {U'imU"]n: m,n € Z} is a unitary dilation of the semigroup
{(Ty™71": mn > 0} Let X € L(Eq,E2) be such that X T'y = T'p X, X T"y =
T2 X and |IX|| = 1. Set My = V {U'{™ u"{"E¢: (mn) > 0},

Fia =V {ua™™ u'a""Eq: (mn) > 0}. Define the Hilbert space H, the subspaces
D',D" of H, and the isometries V', V" with domains D',D", respectively, and
ranges contained in H, by:

H=Ff,® Dy ® (M{BE);

D'= Up'Ffly, ® {(1-U'2°T'2)Xa® Dya: a € Eq} ® (M{8Eq),

D" = U"2'Fl2 ® {(1-U"3'T"2)Xa® Dya: a € Eq} ® (M{BEq);
vi{u'v® (1-U'' T'2)Xa® Dxa®u} = vB DxT'1a® {(U'{-T'y)a+U'qu},

vi{u v (1-U" ' T"2)Xa® Dxa®u} = vB DT "1a® {(U"1-T"y)a+U""qu},

V ve ﬁz,a € Eq and u € My. Then the following conditions are equivalent:

a) There exists T € L (Fy,Fp) such that TU'y = UT, TU"y= U'5T,
PFzEz‘t'M1 = X P""‘,51 and 1T = [IXII.

b ) There exist two commuting unitary operators U', U" that extend V', V",
respectively, to a Hilbert space F containing H.

Vil.- On_the existence of commutative unitary extensions of
isometries

Theorem (VI.1) leads us to the consideration of the following problem. We say that the
isometry V acts in a Hilbert space H when the domain and the range of V are closed suspaces of H.
When V', V" are given isometries acting in H, with domains D',D" and ranges R',R",

respectively, we call U the family of all the (equivalence classes of) couples (U',U") of
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commuting unitary operatores that extend (V',V"), respectively, to a Hilbert space F = V(U‘m

TRATE (m,n) € 22}. We need to give conditions that ensure that U is non void. It was proved in
[A-1] that:

(VIL1) 1 D' = H, W is non void iff <V'"v"1,v"g> = <Vv'",g> holds, ¥ f,g € D", n = 1.2...

(VIl.2) THEORE'A Let H be a Hilbert space, D',D",R',R" closed subspaces of H,

V', V" isometric operators with domains D',D” and ranges R',R". If T' € LH is
a contractive extension of V' the following conditions are equivalent:

g - n _
1) PpuT V' Phuw = VPR T Ppu o W = 1,2

i) 3 u,uv, commutallve unitary extensions of V' V", respectively, to a
Hilbert space F D H and U' is a unitary dilation of T

M 3 ]
i) P T""T"Pp. = Po . T"T' TP

extension T € L (H) of V.

pr M= 1,2..4 for every contractive

PROOF. For T" as in (iii) It is easy to see that T"(HBD) C (HBR), so T"P p = V'Pp» = PgeT"

D" R"

consequently, (i) and (ilii) are equivalent. If (il) holds R.,T V"P =
N wisH F N oepH F v N H F F Np H

R"(P U IH)U P D"’P R"U u"p pr =P gUUP Hu=P g U'P QUTP ., =

V"PD..T'nPD.. and (i) holds. If the last is true, let W' € L (G')