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Las Publicaciones Matematicas del Uruguay constituyen una serie orientada a
comunicar nuevos desarrollos en la creacion, ensefianza y aplicacién de la Matemaética.
Seran considerados para su publicacién en esta serie, trabajos del tipo siguiente:

1. Articulos originales y monogréficos, en forma definitiva o preliminar

2. Cursos avanzados que contengan enfoques originales e informes de puesta al
dia sobre temas de importancia.

3. Avances de investigacién

4. Actas de coloquios

5. Resumenes de resultados o puntos de vista nuevos.

Con estas publicaciones aspiramos a dar cuenta de la labor de los matematicos
que trabajan en el Uruguay, y a estrechar sus vinculos con la comunidad cientifica
internacional. Por ello, solicitamos a todos los que compartan tales objetivos, que
nos envien sus colaboraciones. Proponemos establecer relaciones de canje a todos
los responsables de publicaciones cientificas que estén en condiciones de concertar
acuerdos semejantes.

Consejo Editor.

Publicaciones Matematicas del Uruguay is a series oriented to new developments
in Mathematics. We will consider for publication:

1. Original results in the form of preprints or final versions

2. Lectures on advanced topics and up-to-date reviews on selected topics

3. Proceedings of meetings.

The Editorial Board.
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Gonzalo Pérez Iribarren.

Gonzalo Pérez fallecié el 27 de agosto de 1998 en Montevideo. Este texto
no es una revisiéon de su obra como matemadtico, sino mas bien una mezcla
de recuerdos personales, entre los que la Matematica estd presente como un
componente de su personalidad multifacética. Sélo de esa manera creo que se
da testimonio veraz de la huella que su vida dejé en nosotros, los que fuimos
sus colegas, sus companeros y amigos.

Quizé no sea posible entender gran parte de sus opciones, si no hacemos
un esfuerzo y conseguimos trasladarnos hacia atrds en el tiempo y tratamos
de aproximarnos a las condiciones y los valores que flotaban en el ammbiente en
cada etapa de su vida.

Viene a estudiar a Montevideo en la segunda mitad de los 50. desde
Carmelo, donde habia crecido. Con una fuerte vocaciéon y talento para la
Matemadtica, comienza estudios en la Facultad de Ingenieria: alli habia una
pequena escuela matematica animada por excelentes profesores y el pais no
ofrecia formaciones cientificas profesionales. Docente vocacional desde muy
temprano, ingresa por concurso como profesor a la ensefianza media, a ios 21
anos.

El ambiente juvenil de la época tenia un fuerte tinte filoséfico. Estdbamos
motivados por dilemas universales; la discusién era mucha y en general infle-
xible e informada. Existia sin duda la politica, aunque se trataba de pequenas
minorias, con vocacién testimonial y un agudo sentido critico. En ese Uruguay
con la crisis en las entranas, pero sin embargo satisfecho, Gonzalo participé de
los cuestionamientos y de las busquedas que ya nunca podrian abandonarlo.
Recuerdo su grupo de amigos de la Facultad: German Casal, José Kreimer-
man, Carlos Aragone; nombres borrados para casi todos, pero sobre los que
él solia proyectar a veces una mirada desde la madurez, reinventando las pre-
guntas.



Después de ese tiempo inicial, impulsado por su fe, abandond sus estudios
y su trabajo de profesor y entré al Seminario Jesuita, primero en Uruguay y
luego en Roma.

Sélo puedo atestiguar de ese periodo en que dejé de verlo - ;jcudnto duré?
isiete, ocho anos? - lo que dejé como profunda huella en su vida: una gran
cultura y un rigor incomparable para el abordaje de cada tema, que incluyé
naturalmente el dominio de las lenguas latinas vivas, y también del inglés y del
aleman, este ultimo a raiz de una estancia larga en Alemania. Y el latin y el
griego, que conocia con sutileza literaria y que siempre era capaz de transmitir
al lego con su llaneza poco docta, casi de paisano.

Sus anos de seminarista coincidieron con una tremenda transformacién de
la Iglesia Catdlica. Fueron los anos del Papa Roncalli y del Concilio Vaticano
II, que anunciaron grandes cambios en la doctrina y también en la aproxi-
macién de la Iglesia a la sociedad. Gonzalo vivié ese periodo en las entranas
del sistema, con la mayor intensidad. Las ideas y emociones de esa época
consolidaron su formacién espiritual.

Pero no se ordené sacerdote. Volvié al Uruguay, un pais bien distinto al que
habia dejado unos anos antes. Formé una pareja con Beatriz, su companera y
comenzd una vida que le depararia todavia muchas alternativas y riquezas.

De ese periodo queda un libro de testimonio que escribié sobre la situacién
social del norte del pais. Su retorno a la vida profesional también fue, en cierto
modo, un comienzo: es entonces que desarrolla un gran interés por la interac-
cién entre la Matemética y las otras disciplinas cientificas, especialmente las
ciencias de la vida. Se incorporé al Centro Latinoamericano de Perinatologia
y desde alli hizo un trabajo que debe considerarse pionero en el Uruguay, que
para él fue una constante de su actividad matemadtica de alli en adelante.

El golpe de Estado de 1973 y luego la intervencién de la Universidad llevé
a un grupo importante de matemadaticos uruguayos - entre los cuales Gonzalo

Pérez - a trabajar a la Universidad de Buenos Aires. Pero eso durd poco: a los



ocho meses estdbamos sin trabajo, perplejos ante las consecuencias inesperadas
que las fluctuaciones de la politica argentina tenia sobre nuestras vidas.

La mayor parte del grupo se dispersé. Anuncio no declarado de que la
dictadura habria de ser larga y determinante para todos y de que los suenos
de justicia y de grandes cambios sociales en nuestros paises, habian quedado
atras. Con Gonzalo pudimos permanecer un tiempo mas en Buenos Aires, ha-
ciendo una experiencia intensa en Matematica Aplicada, tanto para empresas
publicas como privadas; alli pude aprender como la visién de un hombre culto
se interna en problemas técnicos complejos, y en qué medida es empobrecedora
la particién del conocimiento a la que estamos sometidos.

Gonzalo siempre considerd esa actividad como muy formativa, sonando con
que los matematicos de las generaciones siguientes tuvieran la oportunidad de
insertar su saber en las realidades sociales y productivas. como tuvimos la
ocasion de hacerlo nosotros entonces, bajo la presiéon de las circunstancias.

A fines de 1975, Gonzalo Pérez debe emprender nuevamente el camino
del exilio, con su familia que ya habia empezado a multiplicarse. Poco antes
del golpe de Estado de Videla, en marzo de 1976, se instalé en Maracaibo,
trabajando como Profesor en la Universidad del Zulia. Completé su formacion
académica como matemadtico, que el Uruguay no le habia ofrecido: después de
su licenciatura en Buenos Aires, hizo su postgrado en Caracas, bajo la direccién
de Enrique Cabana, a quien tuvo la fortuna de reencontrar como orientador
cientifico en el exilio venezolano, como varios de nosotros.

La experiencia “maracucha” del trépico abrumador, inspiraba sus cuentos
sorprendidos de sureno trasplantado, en aquel mundo con reglas tan distin-
tas. También le permitid volver a viejos amores: a pintar, como lo habia
hecho intensamente en su juventud, y ya no dejaria de hacerlo desde entonces.
También las amarguras, la muerte de un pequeno hijo, a raiz de una enfer-
medad fulminante.

Pero no era de alli. En 1983, rehizo el equipaje de su ya numerosa familia



viajera y volvié al terruno coloniense, a vivir como se pudiera, pero donde
se queria. Sin trabajo regular, se convirtié en profesor particular de una
pequena ciudad del interior, esperando. Durante todo el ano 1984 viajaba
regularmente a Montevideo, donde formaba parte del grupo de voluntarios
que discutia la futura reorganizacién cientifica del pais y la fundacién del
PEDECIBA, una actividad cuasi peligrosa para quien tenia sus antecedentes.
Al mismo tiempo, recuper6 las multiplicidades que lo hacian vivir, recuperd su
condicién de escritor y fue premiado por su trabajo literario en el “tournant”
de la dictadura.

Con la primera fase del restablecimiento de la democracia, se instala en
Montevideo, y con la colaboracién de Walter Ferrer y de los colegas que van
regresando al pais en los meses y anos siguientes, se propone reconstruir la
Matemdtica uruguaya, devastada por el régimen militar: presos, exilados,
jovenes talentos en el exterior, liquidacién de las bibliotecas, cada capitulo
requiere dedicacién, imaginacién, tenacidad. Lo hace con la misma energia
que habia puesto en cada uno de sus proyectos anteriores; primero en la Fac-
ultad de Ingenieria, luego en la de Humanidades y Ciencias y finalmente en
la Facultad de Ciencias, cuyo Consejo integré entre 1993 y 1997, como primer
titular de la representacién de los docentes.

Simultaneamente, vuelve a su tarea académica. Es un profesor ejem-
plar. Su investigacién matemadtica se centra en los estudios de Estadistica
No-paramétrica (Estimacién funcional, Métodos de Entropia Médxima). Con
frecuencia, aunque no siempre, sus estudios de Matemadtica aparecen motiva-
dos por interrogantes que nacen de aplicaciones no triviales a problemas fisicos,
a los que vuelve a dedicar una parte importante de sus energias; es el caso de
sus investigaciones sobre las Cadenas de Markov escondidas, motivadas por
sus estudios para modelizar el clima, tema en el que sus aportes fueron objeto
de publicacién en revistas importantes. Desde otro punto de vista, promovié

y fue principal ejecutor de programas de interacciéon academia-industria, tanto



en su actividad personal como en su direccién del Laboratorio de Estadistica
del Centro de Matemadtica. Siempre inflexible en cuanto al nivel, siempre
riguroso en el estudio y en la critica.

En una época que no se distingue por el triunfo de la claridad de las posi-
ciones de cada uno, Gonzalo supo exponer sus puntos de vista sin filigrana,
reduciendo con frecuencia las verdaderas opciones a imperativos éticos sen-
cillos; su tarea colectiva fue un ejemplo de coherencia entre los dichos y las
practicas. Aplico su singular inteligencia a mejorar la vida en comun, sin pedir
nada para si mismo. Esa es la leccién de su vida y los que tuvimos la suerte

de tenerla cerca, con el pesar de su ausencia, seguiremos aprendiendo de ella.

Mario Wschebor






Algebras de Auslander Casi Inclinadas.

Marcelo Lanzilotta *

Resumen

Un é&lgebra de artin A sobre un anillo de artin conmutativo R es
casi inclinada si dgl(A) < 2, y para todo médulo finitamente generado e
indescomponible M se verifica que dp(M) < 1 o0 di(M) < 1. Un 4lgebra
de A sobre un anillo de artin conmutativo R es un dlgebra de Auslander
si dgl(A) < 2 y dim.dom(A) > 2. La idea de este trabajo es clasificar
todas las algebras casi inclinadas que son ademds dlgebras de Auslander.

An artin algebra A, over a conmutative ring R, is quasitilted when
gldim(A) < 2, and for each indecomposable finitely generated A-module
M we have pd(M) < 1 or id(M) < 1. An artin algebra A over a con-
mutative artin ring R is an Auslander algebra if gldim(A) < 2 and
dom.dim(A) > 2. On this work we classify the familly of Auslander
algebras who also are quasitilted.

1 Preliminares.

La clase de dlgebras casi inclinadas, fue introducida en [HRS1] y en [HR], con
la idea de encontrar una teoria de inclinacién general para categorias abelianas.
Especificamente, un dlgebra casi inclinada es un algebra de endomorfismos

Endy(T), donde H es una categoria abeliana y T es un objeto inclinante (o sea
Ext}, (T, T) = 0; y si Ext},(T, X) = 0, Hom(T, X) = 0, entonces X = 0).Esta
definicién es posiblemente de dificil manejo, pero afortunadamente existe la

*Realizado en el instituto de Matematica e Estatistica da Universidade de Sao Paulo, con
el soporte econémico de CNPq y el apoyo del Centro de Matemadtica de la Universidad de la
Republica.



sigulente caracterizacion, demostrada también por Happel, Reiten y Smalg.
Un élgebra A es casi inclinada si y sélo si se cumplen las dos siguientes
propiedades: (cij) la dimensién global de A (dgl(A)) es menor o igual que
dos; (ciz) todo médulo indescomponible sobre A tiene dimensién proyectiva o
dimensién inyectiva menor o igual a uno.

La idea de este trabajo es clasificar todas las 4dlgebras casi inclinadas que
son ademads dlgebras de Auslander.

Definicién 1.1

1. Sea A un dlgebra de artin. La dimensién dominante de un mddulo
N € mod A (que notaremos por dim.domp(N)), es el mayor entero t o
00, tal que si consideramos la resolucidn inyectiva minimal de N :

O->N->Lh—->L—>o...=> 1 — ...

tenemos que todos los médulos I con j =0,...,t—1 (0 j=0,...,00),
son proyectivos.

2. Una dlgebra de artin A, es una algebra de Auslander si:

(a) dgl(A) <2;
(b) dim.domy(A) = 2.

3. Sea A un dlgebra de artin. Un modulo M es un generador aditivo

en mod A si todo mddulo indescomponible es sumando de M (o sea si
add(M) = mod A).

Tomando como referencia [ARS], citamos el siguiente resultado:
Proposicion:
Sea A un dlgebra de artin que satisface dgl(A) = 2 y dim.domp(A) = 2. Sea
Q € mod A tal que add(Q) = { B € mod A / B es proyectivo e inyectivo }.
Entonces:

1. El dlgebra A = Endj(Q)°? es de tipo de representacién finito.

2. A =2 Endy (M), donde M es un médulo generador aditivo en mod A. m



Notaremos A = A(A) en las condiciones de la proposicién anterior. También
necesitamos mencionar el siguiente resultado ([ARS]):

Proposicién:

El grafo subyacente al carcaj de Auslander-Reiten I'4 de un algebra de artin
A con tipo de representacion finito coincide con el carcaj ordinario asociado
al dlgebra de Auslander A(A).m

2 Clasificacién de las algebras de Auslander casi in-
clinadas.

Lema 2.1
Sea A(A) un dlgebra de Auslander cast inclinada. Entonces todo mddulo in-
descomponible M € ind(A), es inyectivo o proyectivo.

Demostracién

Probaremos que DTr%(M) = 0, para todo médulo M € ind(A). Supongamos
que existe M € ind(A) tal que DTr?(M) # 0. Sea n el vértice del car-
caj ordinario de A(A), asociado al médulo indescomponible DTr(M) en T 4.
Considero el médulo simple S, € ind(A(A)), y también la situacién local en
el vértice n del carcaj ordinario de A(A) (determinada por las sucesiones de
Auslander-Reiten que tienen al médulo M como pozo y fuente en cada caso).
O sea:

Podemos concluir que dp(S,) = 2, ya que la sucesién

=P
0= Pryrs1 = EP Payi =& Pn = Sp = 0

=1



es la resolucién proyectiva de Sy,.

Anélogamente podriamos probar que di(S,) = 2. Portanto A(A) no seria
casi inclinada, lo que conduce a una contradiccién. Probamos entonces que
DTr*(M) = 0, para todo médulo indescomponible M. Esto implica que
todo moédulo indescomponible es proyectivo o inyectivo, pues si tuviésemos
M € ind(A) no proyectivo ni inyectivo, entonces DTr?(TrD(M)) # 0. =

Observacién 2.1

Sea I'4 el carcaj de Auslander-Reiten de un dlgebra de artin A. Entonces
no existe una flecha saliendo de un mdédulo inyectivo indescomponible I y
llegando a un médulo proyectivo indescomponible P, pues en el caso contrario
tendriamos un morfismo irrreductible I % P, lo que serfa absurdo porque
inevitablemente se partiria. m

Lema 2.2

Sea A un dlgebra de artin de tipo de representacion finito, donde todo mddulo
indescomponible es inyectivo o proyectivo. Supongamos que ezxiste un mddulo
biyectivo (o sea proyectivo e inyectivo) indescomponible no simple B € ind(A).
Entonces el carcaj de Auslander-Reiten de A es:

Ta:

Demostracién
Sea B el médulo biyectivo indescomponible no simple. Localmente tenemos:

X,
/ \- Yinn
donde los médulos X; con ¢ = 1,...,n, y los ¥Yj con j = 1,...,m, son
J_m i=n
indescomponibles, B — GB Y; es una fuente, y @X — B es un pozo. Por
Jj=1 i=1

10



la Observacién 2.1, podemos concluir que los médulos X; coni=1,...,n, no

son inyectivos y por lo tanto son proyectivos, y los médulos Y; con j = 1,...,m,
no son proyectivos y por lo tanto son inyectivos. Luego existe DTr(Y;), Vj =
1,...,m, y existe TrD(X;), Vi = 1,...,n. Por lo tanto se puede concluir
que n = m y reordenando si es necesario podemos asumir que DTr(Y;) = X,
Vj=1,...,m. Entonces localmente la situacién es:

i o ~——=—=—=- e B

b ;%—xﬁ e

Xn Ya

L b—&y <45 VI = Loy m
j=m
2 Z Yy =b—1
Asi tenemos las siguientes informaciones: il
j=m
3 Ty = b—1

Luego m.b— (b—1) < b—1, y por lo tanto (m — 2).b < —2. Las unicas
posibilidades son m =0 o m = 1.

Si fuese m = 0, tendriamos que el médulo B seria simple, lo que contradice
nuestra hipdtesis. Luego m = 1, y por lo tanto localmente tenemos:

donde X; es un médulo proyectivo indescomponible, siendo TrD(X;) = Y3
un médulo inyectivo indescomponible. Luego z; = b — 1 = y;.

11



Afirmacién: No existen mas flechas saliendo de X; en I'4.

Supongamos que existe X; — M enI' 4, siendo M un médulo indescomponible
no isomorfo a B. Por la hipétesis, M es inyectivo o proyectivo.

Si M es proyectivo, tenemos que (M) > z;+ 1 = b, y si M es inyectivo,
tenemos que £(M) > y; +1 = b. En ambos casos {(M) + b > y; + z1, lo
que también es absurdo. Asi queda probada la afirmacién. Consecuentemente
podemos concluir también que no existen més flechas llegando en ¥;. Luego
z14+y1 =b, masz; =b— 1=y, por lo tanto z; = y; = 1 y b = 2. Entonces
X; es un médulo proyectivo simple, e Y7 es un mddulo inyectivo simple. El
4lgebra A es de tipo de representacién finito, por lo tanto I'4 es conexo. Luego
concluimos que:

Lema 2.3
Sea T' 4 el carcaj de Auslander-Reiten del dlgebra A, en la cual tenemos local-
mente la siguiente situacion:

siendo que los mddulos X;, con i =1,...,m, son indescomponibles, P es
un mddulo proyectivo indescomponible e I es un mddulo inyectivo indescom-
ponible. Si A es un dlgebra de artin de tipo de representacion finito donde
todo mddulo indescomponible es inyectivo o proyectivo, entonces:

1. Los mddulos X;, con ©1=1,...,m, son todos proyectivos o todos inyec-
tivos.

2. Se verifica que m < 2.

12



Demostracion

1. Supongamos que m > 2, y que existe 1 < k < m tal que el médulo
X es proyectivo y existe 1 < 7 < m tal que X; es inyectivo. Luego si
zx = U(Xg), zj = UX;), p = LP), y i = £(I), tenemos que zx > p y

h=m
z; > 4. Entonces Z Tp > p+ 1, lo que es una contradiccién. Mas por
h=1
la hipétesis, todo médulo indescomponible es proyectivo o inyectivo, por
lo tanto los médulos X;, con @ = 1,...,m, son todos proyectivos (y no
inyectivos si m > 2), o son todos inyectivos (y no proyectivos si m > 2).

2. Por lo probado en el punto anterior, los médulos X, con h =1,...,m,
son todos proyectivos o todos inyectivos. Supongamos que son todos
proyectivos. Supongamos también que m > 3. Entonces por lo visto en
el punto anterior, los médulos X, con h = 1,..., M, No son inyectivos.
Luego existe Yy = TrD(X,), Vh = 1...., m. Notamos por y, = £(Y}).
y mantenemos el resto de las notaciones del punto anterior. Entonces
Jj=m

tenemos que Yy, > 1 — Ty = (Z z; — p) — Th, Yh =1,...,m. Luego
j=1

obtenemos las siguientes desigualdades:

h=m j=m j=m
th—z>22$]—mp—2zh—7— m—l)Zaj—mp—iz
h=1 j=1 F=l
j=m
m—l)sz—mp—(ij—p_ —-2) Zp+1 m—1)p >
=1 3= =1

h=m
si m > 3. Entonces Z yp —t > 0, si m > 3, lo que implicaria que

h=1
existe el médulo TrD(I), que es una contradiccién. Concluimos que
0<m<2m

Lema 2.4
Sea A un dlgebra de artin de tipo de representacion finito donde todo mddulo

13



indescomponible es inyectivo o proyectivo, y supongamos que tenemos local-
mente la siguiente situacion en el carcaj de Auslander-Reiten T 4:

1. Silos mddulos X1 y Xo son proyectivos, entonces se verifica que:

(a) El mddulo P es proyectivo simple;
(b) Ezisten los médulos Y1 = TrD(X;) e Yo = TrD(Xq) que son in-
yectivos (y no proyectivos);

(c) Los mddulos Y1 e Yy son los dnicos sucesores del mddulo I en T 4.
2. Si los mddulos X1 y Xo son inyectivos, entonces se verifica que:

(a) El mddulo I es inyectivo simple;

(b) Ezisten los médulos Y1 = DTr(X;) e Yo = DTr(X3) que son
proyectivos (y no inyectivos);

(¢) Los médulos Y1 e Yz son los unicos predecesores del mddulo P en
Ta.

Demostracion

1. Si existiese una flecha llegando al médulo P en el carcaj I 4, deberia ser
de la forma I — P, lo que es absurdo segin la Observacién 2.1. Luego
P no tiene predecesores en I' 4, y por lo tanto P es un médulo simple.
Por otro lado, segtiin el Lema 2.3, como los médulos X;, 1 = 1,2, son
proyectivos, entonces no son inyectivos. Luego existen TrD(X;) = Y;
con ¢ = 1,2. Finalmente no es dificil de ver que no existen mas flechas
saliendo de I en T 4, pues serian del tipo I — @, donde @ es un médulo
proyectivo indescomponible, lo que es absurdo segun la Observagao 2.1.
Luego localmente la situacién es:

14



Teorema 2.1
Sea A un dlgebra de artin indescomponible. Las siguientes afirmaciones son
equivalentes:

1. Todo mddulo indescomponible es proyectivo o inyectivo.

2. El carcaj de Auslander-Reiten I 4 tiene alguna de las siguientes formas:

3. A(A) es un dlgebra de Auslander inclinada.

4. A(A) es un dlgebra de Auslander casi inclinada.

15



Demostracion
(1) = (2
Observemos que si el dlgebra A es indescomponible y de tipo de representacién
finito, entonces I'4 es conexa. Esta es la situacién aqui ya que todo mddulo
es proyectivo o inyectivo, y por lo tanto A es de tipo de representacién finito.
Supongamos que existe un médulo biyectivo B € ind(A). Si el médulo B es
simple, entonces

Tg: -

pues el carcaj es conexo. Si el mdédulo B no es simple, por el Lema 2.2,

tenemos que

°
o

T i

Sélo resta analizar el caso en que no existe un moédulo biyectivo indescom-
ponible.
Sea P un médulo proyectivo no inyectivo. Entonces existe el médulo indescom-
ponible TrD(P), que no es proyectivo, y por lo tanto, por hipétesis es inyec-
tivo. Notaremos TrD(P) = I. Asi localmente tenemos la siguiente situacién:

Entonces por el Lema 2.3, m < 2 y los médulos X; y X5 son proyectivos
o inyectivos. Notaremos por z; = £(X;), con 1 < i <m, p=¥¢(P) e i = £(I).
Supongamos que m = 2, y que X; y Xy son proyectivos (y por lo tanto no
inyectivos). Entonces localmente la situacién es:



donde Y7 = TrD(X;) e Y, = TrD(X3) son médulos inyectivos. Luego por
el Lema 2.4, el médulo P es simple y los sucesores de I son los mddulos Y7 e
YQ.
Afirmacidn:

1. P es el unico predecesor de X; y Xo en I' 4.

2. | I es el unico sucesor inmediato de X y Xo en I',.
3. I es el unico predecesor inmediato de Y7 e Yo en I 4.
4. Y] e Y5 no tienen sucesores en [ 4.

Por el Lema 2.4, los unicos sucesores del mdédulo 7 son Y7 e Y. Entonces si
y1 = 4(Y1) e yo = £(Y3), tenemos que y; + y» = i — 1. Como P es simple.
tenemos que p = 1, y por lo tanto ¢ = z; +z2 — 1. Consideramos las sucesiones
de Auslander-Reiten:

£E: 02X, > FE —-Y —0,donde I | E, y,
(: 0= Xy > Ey =Yy — 0, donde I | Es.

Entonces yp > i—xp,con h =1,2. Porlotantot—1 =y, +ys > 2i—2, —29 =
2i—(i+1) =i—1. Concluimos que y; =i—2zj e y» =i —zo. Luego [ = Ey. e
I = E5. Asi tenemos probado que el unico sucesor inmediato de los mddulos
X1y X9 en I'4 asi como el tnico predecesor inmediato de los médulos Y e Y5
es el médulo I. Por hipétesis, todo mddulo indescomponible debe ser inyectivo
o proyectivo, por lo tanto, sigue de la Observaciéon 2.1 que los médulos Y
e Y5 no tienen sucesores y que el unico predecesor de los médulos X; y X,
es P. Entonces tenemos todos los elementos para concluir que el carcaj de
Auslander-Reiten del algebra A es:
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Siendo m = 2 resta por analizar el caso en que los médulos X; y X»
son inyectivos. Haciendo un trabajo andlogo concluiriamos que el carcaj de
Auslander-Reiten de A es:

Adoptando las notaciones anteriores, tendriamos que z1 = p+1. El médulo
indescomponible X; tiene que ser, segin la hipdtesis, inyectivo (y no proyec-
tivo) o proyectivo (y no inyectivo). Supongamos que X; es proyectivo y no

h=s
inyectivo. Entonces existen Y = TrD(X,), y un médulo M = @Mh con
h=1
(M) =y + (z; —1) > 0, tales que

O—)XI%I@M-)YI—)O

es la sucesién de Auslander-Reiten para el médulo X;. Localmente tenemos
la situacién:

18



donde Y] es un mdédulo no proyectivo y por lo tanto es inyectivo. Estamos
en las hipétesis del Lema 2.3, del cual deducimos que s = 1 y que M; es
inyectivo. Entonces la situacién localmente es:

donde el médulo X; es proyectivo, y el médulo Y| es invectivo. Por lo
tanto podemos notar que estamos en la misma situacion local que en ¢l caso
m = 2 con los moédulos del término central de la sucesion de Auslander-
Reiten inyectivos. Entonces concluimos de la misma manera que el carcaj de
Auslander-Reiten de A tiene la siguiente forma:

Sélo resta considerar el caso en que el médulo X es inyectivo y no proyec-
tivo. Haciendo un andlisis andlogo concluiriamos que el carcaj de Auslander-
Reiten de A tiene la seguinte forma:



sl - s St
.

donde Y7, Py M son médulos proyectivos, e I, X1,y TrD (M) son médulos
inyectivos.
Queda probado asi la primera implicacion.
(2) = ()
Tenemos un dlgebra de artin A tal que su carcaj de Auslander-Reiten I' 4 tiene
alguna de las siguientes formas:

N
/

Consideramos el dlgebra de Auslander A(A), cuyo carcaj ordinario A coin-
cide con el carcaj subyacente a I' 4. Evidentemente A(A) es indescomponible.
Vamos a probar que el dlgebra A(A) es inclinada.

En el caso en que A : . , tendriamos que A(A) = RA = R, y por lo tanto
A(A) es inclinada.
Consideremos el caso en que:

20



Calculamos el carcaj de Auslander-Reiten de A(A):

Podemos concluir que A(A) es inclinada, ya que la clase S = { P,, Sy, P, }
es una seccién completa ([Ass]).
Consideramos el caso en que:

R
s s

donde M, N, Q, R, T, V son los siguientes mdédulos indescomponibles:
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0 1 (] 1
. ° ° °
M : ~ 7 S\ N ~ ~.
./'().\./.1 ./< /.0
1 (]
0 1 0 1
0 1 i 0
° . °
Q: R:
./'\ /‘0 /.\ /.0
1 ° L] 1 °
0 0 0 1
0 0 1 0
. . ° °
. ~ ~ V7 ~__7 ~
T ./1<./. & ./1.\./.0
1 0 0 0

no es dificil de ver que S = { P3, P5s, R, N, Q, P, } es una seccién completa.
Luego concluimos, que el dlgebra A(A) es un algebra inclinada.
Finalmente restaria el caso en que:

Haciendo un andlisis analogo al hecho en el caso anterior, se prueba también
aqui que A(A) es un &lgebra inclinada.
(3) = (4)
Es un resultado conocido que toda algebra inclinada es casi inclinada ([Ass]).
(4) = (1)
El resultado ya fue probado en el Lema 2.1. m

Bibliografia.
[ARS] M. Auslander, I. Reiten, S. Smalg, Representation theory of artin al-

gebras, Cambridge Studies in Advanced Mathematics 36, Cambridge
University Press, (1995).

22



[Ass] 1. Assem, Tilting theory - an introduction, Topics in Algebra, Banach
Center Publications, Vol. 26 PWN, Warsaw (1990).

[HRS1] D. Happel, I. Reiten, S. Smalp, Tilting in abelian categories and qu-
asitilted algebras, Memoirs Amer. Math. Society, 575, (1996).

[HR] D. Happel, I. Reiten. An introduction in quaititlted algebras, preprint,
Norwegian University of Science and Technology, Norway.

23



_-..___.

g



Stable and unstable sets in a C'° open and dense set
of Diffeomorphisms*
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Abstract

On a C° open dense set of diffeomorphisms, local stable and unstable
sets contain connected pieces which have non-trivial homology groups of
complementary dimensions.

Resumen

En un C° abierto y denso de difeomorfismos, los conjuntos estables e inestables
locales contienen piezas conexas que tienen grupos de homologia no trivial en dimen-
siones complementarias.

1 Introduction

This work is concerned mainly with a geometrical description of local stable
and unstable sets of homeomorphisms on n-manifolds in terms of homology.
Our result is that for a wide class of homeomorphisms, local stable and un-
stable sets satisfy a weak kind of transversality, namely:

Main Result Given € > 0, for f in a C° open and dense set of Diff(M"),

*The final version of this paper will be submitted for publication elsewhere
tResearch partially supported by a grant from PEDECIBA



there exists A > 0 such that if x is in Q(f), then the e-local stable and unstable
sets of © contain non-trivial compact connected pieces CI(z) and DI (z) with
diam(C{(z)), diam(D{(z))> X\, which verify H*tY(By(z); Cf(z)) D Z2 and
H*tY(By(z); D{(z)) D Z3, where s +u=mn

Here H? stands for the Alexander g - cohomology group over Z,. It might
happen, however, that no such a piece contain z, as it is seen in §3. In any
event, we have the following

Proposition For all m > 1 there is obtained a C° open dense set U,, such
that if f, =, Ay are in the conditions of the statement above, then the or-
bit of T is A\/m-traced by the orbit of a point which is in C(z) N DI (z)(i.e.
d(f™(z), f*(y)) <A/m VneZ)

Moreover Df(z) \ Bj/m(z) # 0 in Hy_1(Bx(z) \ C{(z)), and also C{(z)\
By/m(z) # 0 in Hs_1(Bx \ D/ (z))

In particular, when s = 1, the local unstable set of z contains a connected
piece DJ(z) that separates the ball Bj(z), while the piece C/(z) in the local
stable set of z joins two well separated connected component of 0B, (z)\D{ ().
It should be pointed out that the e-local stable set of z € M with respect to
an homeomorphism f : M — M is defined here to be the set

Si(z)={yeM:d(f*(z),f"(y)) <e ¥n> 0}

The e-local unstable set Uef(:r) is defined analogously, replacing condition n > 0
by n <0.

We begin by considering an Axiom A diffeomorphism ¢ satisfying the
strong transversality condition (STC). Topological stability of this kind of dif-
feomorphisms yields a continuous surjection hy : M — M, C° close to the
identity map for f C? close to g, which verifies go hy = hyo f ([N2, H]). In
particular, points in the non wandering set of such an f will closely follow
points in the non wandering set of g. We first restrict our attention to points
z in the non wandering set £2(f) which follow points in some basic set A of g.
Roughly speaking, what we show is that there are connected components in
the local stable and unstable sets of such z which attain the “dimension” of
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the stable and unstable manifolds of A. Further, this is achieved in such a way,
that the intersection points of these pieces(which are also seen to exist) trace
the orbit of z at a distance substantially smaller than their diameter. In this
way there is obtained a C° neighborhood N (g, A,m) of g, where the intersec-
tion of the pieces C/(z) and D/ (z) traces the orbit of z at a distance bounded
by 1/m inf(diam(C{(z)), diam(D{(z))). A finite intersection of these neigh-
borhoods provides an open set A/(g,m) in the C° topology for which all points
in ©(f) have the desired property, so long as f is a diffeomorphism. Combin-
ing this with the fact that Axiom A diffeomorphisms satisfying the STC are
C° dense in Diff'(M) ([S1]), gives the proof of our result. (Observe that the
diameter A depends on g). We next see that the result can be extended over
a C° open dense set in the closure of Diff!(M). We remark that this closure
equals the set of homeomorphisms when dim M < 3; however. this is no longer
true for higher dimensions.

We shall proceed in this way: following. basic definitions are given. Section
§2 is devoted to proving the main result. The proof is organized in three parts.
The first part treats the case of codimension one, which contains the essential
ideas of the general case, but in a simplified setting. Since it allows a better
geometrical visualization, we thought it might be of interest to include it
here. The details to complete the general case are supplied in the third part.
while the second is devoted to extending the result over homeomorphisms
in the C° closure of Diff!(M). The proof makes strong use of a dynamic
non sub-additive “metric” which satisfies a condition weaker than, though
resembling hyperbolicity. Existence and description of this rather technical
tool are postponed until the last section. Finally, section §3 contains examples
of local stable and unstable sets exhibiting pathological behavior. We further
see that they may be found arbitrarily close to an Anosov diffeomorphism.

I would like to thank J. Lewowicz for giving the seminal idea of this paper,
and also R. Ures for useful suggestions. I am specially indebted to J.L. Vieitez
for carefully reading earlier versions and making many important remarks.

Let (M, d) be a compact Riemannian n-manifold. For any homeomorphism
f: M — M, the set M x R, where we identify (z,1) with (f(z),0) will be
written as MY. On this set, f induces a flow, which we call the suspension
flow of f, and is defined by fi(z) = (f(z),t — [t]), where [t] denotes the
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mtegral part of ¢. Sometimes, we will write M; [ for the projection of M x {t}
to M/. We shall identify M0 with M, and will omit the superscript in M/,
where there is no likehood of confusion.

Definition 1.1 Given an homeomorphism f: M — M we will say that Vi s
a Lyapunov function for ft if
(LF1) (f'(z), f'(y)) = V;(fi(z), ft(y)) is a non-negative, continuous and posi-
tive definite map (i.e. Vi(f'(z), fi(y)) = 0 iff x = y) defined for points
fi(z), fi(y) which lie in the same My, in a neighborhood of the diagonal
§(My) = {(fl (=), fi(=)): [fz) € M}, witht € R

(LF2) Vf and Vf are continuous, where

d

Vi(ft(2), fHly)) = Z Vi (@), £ () (1.1)

Vf is defined analogously substituting V; by Vf.

2 Proof of the main result

Throughout this section, we shall fix an Axiom A diffeomorphism g satisfying
the STC, and a hyperbolic basic set A of g. We further consider a fixed z € A
once and for all. In §4 we introduce two families of cones Py(z,t), N,(z,t)
contained in T, M for all ¢t € [0, 1), which are continuous in (z,t) € A x (0,1)
and with the property that

§(2)Pn(z,t) C Pylg(2),1)
7] @Np(z,t) > Na(g7(2),2)

(see Lemma 4.2). There are also obtained Lyapunov functions for diffeomor-
phisms in a C° neighborhood of g. More precisely:

Proposition 2.1 For each positive p < p1 and n < n,, there is an assignment
f = Vy defined on a C° neighborhood N (g, A, p) of g, such that if f € N(g),
z € h;l(z), and |v| < p1, then Vn € Z and t € [0,1) we have:
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1. ag|v|? S VE(FH(x), fi(ezpsn(g)v)) < Af|v]?

2. If a vector v is in the cone Py(g"(2),t) (resp. Ny(g9"(2),t)) with [v] > p
then Vi(f**"(z), f(ezpn(z)v)) > 0 (resp. < 0). And conversely, if v is
such that Vf(ft+”(:r),ft(e.'z:pfn(x)'u)) > 3np? (resp. < —3np?) then v is
in Pp(g"(2),t) (resp. Ny(g"(2),1))

3. Vi(f™(z), fH(expsn(a)v)) > p if Jv] >p

where 1 is a positive constant which does not depend on f. We may further
ask that N'(g, A, p) be taken so that d(hy,id) < p/2.

Proof of Proposition 2.1 is given in the last section, we remark that all
bounds mentioned here are uniform on A. Now let ¢ > 0 be taken to sat-
isfy ¢ < a/2, where « is the expansivity constant of g on A. Consider o
and A > 0 so that the function V, corresponding to g satisfies the condi-
tions Vy(g'(2),9'(y)) < 20 = d(g'(2),9'(y)) < €/2 and d(g'(2),9'(y)) < A
= Vy(g'(2),¢"(y)) < o/2 for all t € R. Now choose any arbitrarily small
0 < p < A. We shall consider f in the C° neighborhood N (g. A, p) obtained
in Proposition 2.1 relative to this p (n will be fixed later on) and will further
fix z € hf_l(z) from now on, and so subscripts concerning f will be omitted.
Let us denote by

D (1) = {(f' ), 1) : V(f'(=), f'(y) < o}

and define D,(t) to equal the set {f'(y): (f(y).t) € D:i(¢)}. Here it is as-
sumed as well that A (g, A, p) is such that the following inclusions hold for all
teR

B,(f!(x)) C Ba(f4(2)) C Do (t) C Bejo(f(x))
Let us introduce the notation which will be used throughout this section. For
n€Z,te(0,1), we write

P*(t+n)= {(f‘(empfn(x)'u),t + n) 1V E Pn(g"(z),t)} (2.1)
and also, for all t € R, we denote P(t) = {f'(y) : (f'(y),t) € P*(t)}. The sets

N*(t), N(t), are defined in a similar way, considering the cone N, (g"(z),?1)
instead of P,(g"(2),t). It should be pointed out that for all ¢, P(t) and N(t)
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are diffeomorphic to cones, and that both U;cgr P*(¢t) and Uicgr N*(t) are
connected sets.

For technical reasons, it will be more fitting to our purposes to work with
dynamic balls D, (t) first. We shall see afterwards that the result holds for
euclidean balls By (f!(z)).

Remark 2.1 We should observe that 0D, (t) is diffeomorphic to S™1, be-
cause V comes from a positive definite quadratic form (see (4.3)).

The following lemma will provide a useful property of dynamic balls.
Lemma 2.1 If we have that (f'(y),t) is in D%(t) for all t € [-T,0] (10,T))
with sufficiently large T > 0, then

1. there is some t, € [-T,0) ([0,T]) s.t. f(y) € By(fte(z))

2. If, besides, V(z,y) = o, then V(z,y) > 3np? (< —3np?)
Proof) Assume f!(z) ¢ B,(f'(z)) for all t € [-T,0] , then Taylor expansion
w.r.t. t gives, according to (3) in Proposition 2.1

2

V@), 1) > V(o) - TV (@) + - > o if T large

Now let
v = sup{V(f*(z), f'(¥)) : f'(y) € Bo(f'(2))} < o
and observe that (1) implies the existence of an instant ¢, € (0,7) s.t.

V(f™(z),f ™) =v and V(f™(z),f ™) >0

2(0c —v)

then Taylor expansion again, implies 0 < ¢, < —/J— But also convexity
of V yields

: V(z,y) = V(f~%(z), [t —

Vo > VER V@0 | foie g

if n is chosen sufficiently small.

30



2.1 Codimension one

The first part of this section is devoted to proving the main result under the
assumption dimE} = 1, dimE} = n — 1, namely

Theorem A There ezists a compact connected set DI (z) contained in
U/ (z) that meets both connected components of P(0) N 8By (x)

Theorem B There exists a compact connected set C{(z) contained in SI(z)
which separates By(z) in such a way that both connected components of
P(0) N 0By(z) are in different connected components of By(z) \ C/(z).
Besides, C{(z) N8By (z) is contained in N(0) N OBy(x).

Theorem C There is a point y in CL(x) ND{(z) such that
d(f*(z), f"(y)) <p<<A VneZ
(i.e. y p-traces the whole orbit of )

The arguments used in proving the general result do not differ much from
these, though specializing to this case yields a much simpler development,
which is also easier to visualize geometrically. Hence, we will delay these
details until the end of this section, where necessary tools to complete the
proof will be outlined. We shall construct Df(z) and C/(z) by finding for
arbitrarily large T' > 0

e an arc yr C B)(z) joining both components of P(0) N 9B (z), and
staying in B.(f!(x)) under the image of the flow f! for an interval of
time [—T, 0]

e a manifold with boundary Vr separating Bj(z) so that both connected
components of P(0) N By (z) remain in different connected components
of By(z) \ Vr, with the property that

f{(Vr) € Be(f'(z))  Vte[0,T]

In our working hypothesis, the set PT = U<z P () \ [Bo(fH(z)) x {t}]
consists of two connected components PlT and P2T . On the other hand, the
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set NT =Uy<r N*( )\ [Bo(ft(z)) x {t}] separates the tube

= Ujj<7[Bp (f4(2)) \ B,(f ( ] {t} into two connected components
each of which contains, respectively PT and P§. These, in turn, can be
defined to satisfy PT C P® i = 1,2 whenever T' < S. This is a major
advantage in working with suspension flows rather than discrete dynamical
systems. We shall write

P7(t) = {f'(y): (f'(v):t) € BT NODy(t) for some T > |¢[}
Nt = {fYy): (f'(y),t) € N NODx(t) for some T > ||}

Then we have the following

Proposition A.1 For arbitrarily large T > 0 there is an arc Br contained
in Dy(0), which connects P{(0) with P§(0), and has the property that

f(Br) € Do(t)  Vte[-T,0]

Proof) Let ar :[~1,1] = Dy(—T) be an arc with endpoints
ar(—1) € Pf(-T) and ar(1) € P2 (=T). Then, there is a well defined map
t:[=1,1] - R§ U oo defined by

L V(f*T(z), flar(s)) <o Vte€[0,(s))

2. V(f*T(z), fHar(s) =0 Vi=1t(s)
t(s) is the instant at which the orbit (f!(ar(s)),t — T') meets D (t — T) for
the first time. We seek an interval [s1, sp] C t7}[T, 0o] with
fiar(si)) € P7(0) fori=1,2 and (s1,82) Ct (T, 00]. An arc with the
desired form is then obtained by taking fr = f'oar {[sb,sa] We claim t(s) is
continuous on [—1, 1] and differentiable on ¢t~!(0,00). Indeed, convexity of
V(ft(z), fi(y)) w.r.t. t on 8D,(t) implies that V (ft(z), ft(ar(s))) > o for
t > t(s) near t(s). Differentiability follows from the Implicit Function

Theorem, since definition of #(s) implies, on account of the previous
considerations, that

ZUT@, o) | =V @), O er) >0 (22)

t=t(s)
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Now, for a residual set of T', we can consider t~(T') consists of a finite
number of points. Take s¢ = inft~!(7T') and s = supt~}(T'). Let us remark
that fi(ar(s?)) € P?7(0) for : = 1,2. Indeed, the arc
(ft) (ar(s)),t(s) = T) : s € [s3,1] is wholly contained in the connected
component of U [Dz(t) \ NT] that contains PJ, as t(1) = 0 and (2.2)
te[~T,0

holds. But on th[e otkller hand, if T is large, we can even assert that
(f(ar(s9)),0) is in P*(0), as stated in Lemma 2.1. This readily implies the
existence of an interval as claimed, for otherwise
{(f"*)(ar(s)),t(s) = T) : s € [s1, s2]} would contain an arc lying in

U {(f(y),t) € ODL(t) : V(fi(z), f'(y)) > 0} with endpoints in PT and B
t<M
while, as stated above, such an arc should intersect

U N*(t) \ [B,(f*(z)) x {t}], which is a contradiction. Further, this
t<M
argument also shows that ¢ is onto.

As a corollary of the previous arguments, we get the following as well

Proposition A.2 For arbitrarily large T > 0 the arc By contains a
connected segment yr, joining both connected components of P(0) N 0B,(z)
and verifying

fUBr) C Be(f'(x))  Vte[-T.0]

Now we will obtain analogues of Prop Al and A2 for manifolds separating
Bj(z)

Proposition B.1 For arbitrarily large T > 0 there is a manifold with

boundary Wr C D4(0) which satisfies
fYWr) C Dy(t)  Vte[0,T)

and separates D,(0) so that P{(0) and P5(0) are in different connected
components of 0D, (0) \ Wr
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Proof) Let B be the closed unit ball in R"~!, and consider a differentiable
embedding o1 : B = D,(T) such that pr(0B) C N?(T) (cf Remark (2.1)).
We may ask that every arc joining P (0) with P§(0) meet or(B). Let us

define t, : B — R} Uoo as in Prop.A.1, i.e.

L V(T =), fHer(v) <o Vte[0,t4(v))

2. V(fTH2), fHer(@) =0 ift=t.(v)
In analogous way, we obtain that ¢, is a continuous function onto R} U oo
and is differentiable on ¢ '(0,00). Therefore, t7'[T, 0] is a manifold with
boundary for a residual set of 7. We write Vr for the set f~7(t1'[T,c0]).
Now, if o is an arc with endpoints a(—1) in P{(0), (1) in P$(0),
Proposition A.1 ensures the existence of a segment of f*(«) joining P{(T)
with Pg (7). But this segment must meet @7(B) at a point @7 (v), by our
choice of ¢r. Look that this is the same as saying that ¢, (v) > T, and
therefore f~7 (o7 (v)) will be in & N Vr, as claimed.
Now, as Vr consists of a finite number of connected components, we will
have that one of them, say Wr, separates D,(0) leaving P{(0) and Py (0) in
different connected components of D, (0) \ Wr

We have also shown that

Proposition B.2 For arbitrarily large T > 0 there is a connected manifold
with boundary Vp C Wr N By(z) such that

f{Vr) C Be(fi(x))  Vte[0,T)

Besides, V1 separates By(x) leaving each connected component of
P(0) N8By (z) in different connected components of By(z) \ Vr.

To construct the sets we are looking for, we need only show that we can
”take limits” of the sets obtained in Propositions A2, B2. In order to do so,
the following tool will be applied

Definition 2.1 For E C R" the §-parallel body of E is defined by
[Els = {z € R" : d(x, B) < §)
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If K(n) denotes the collection of all non-empty compact sets of R™, then the
Hausdorff metric on K(n) is defined by

dy(E,F) =inf{6: E C [Fls and F C [E]s}

Observe that the space (K(n),dy) is complete, and besides, collections of
sets contained in a bounded portion of R" are compact subspaces of
(K(n),dy). This means in particular that any sequence of continua contained
in a bounded set B C R" has subsequence converging to a continuum in B
(see [F1]). This will allow us to complete the proof of Theorems A and B.

Proof)Observe that the sets v, and V, obtained in Propositions A2 and B2
for n € N are all contained in the ball By(z). Hence we may take D/ (z) and
C/(z) as the Hausdorff limit of converging subsequences 7y, , Vy,, .Direct
verification shows that Df(z) C U/ (z) and C{(z) C S!(z). Moreover, D! (z)
and Cf(z) are connected. Otherwise, D{(z) for instance, could be written as
the union of two non empty disjoint compact sets K and L. and letting

dy (K, L) equal § we would have for large £ that

Yne C [K U Lls/q = [K]5/4 U[L]s/4, which is a contradiction, since each
parallel body should contain points of 7, , while v,, is connected. Clearly
D/(z) contains points in both connected components of P(0) N dBy(z). and
on the other hand, every arc o with endpoints in P/ N 8By(z) and in

P} N 0By(z) must meet V,, at a point yx. Any accumulation point of this
sequence is in C{(z). Hence a N C{(z) is non void for any such an arc and
thus C/(z) separates Bj(z).

It is easy to see that C/(z) must meet D/ (z) (at least) at a point y, such a
point will satisfy
d(f*(z), f"(y)) <e VneZ

taking into account that the semiconjugacy h; between f and g could be
made to satisfy d(hy,id) < p/2, we have VneZ

d(g" (hs(2)), 9" (hs(y))) = d(hs(f"(2)),hs(F"(v)))
< 2d(hg,id) + d(f"(2), fM(y)) <p+e
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where o was the expansivity constant of g on A. Thus hf(z) = hs(y), what
yields d(f"(z), f"(y)) <p  Vn€eZ.

2.2 Extension to Diff!(M)

We are ultimately interested in extending this result to the C° closure of
Diff}(M). In order to do so, let us consider a homeomorphism f in the
neighborhood N (g, A, p/2) C N(g, A, p) obtained in Proposition 2.1 relative
to p/2, and let z € hf_l(z). Suppose we can approximate f by a sequence of
diffeomorphisms f, in Na(g). We may choose z,, € h;nl(z) such that

z, — z*. Observe that hy(z*) satisfies d(f*(z*), g (hs(z*)) < p/4 for all

k € Z, then by taking limits on d(f¥(zn), g% (2) < p/4, we get hf(z*) = z. As
a result we will have that d(f*(z), f*(z*)) < p/2. Thus, there is no harm in
considering z* instead of z. We claim that for f we can find pieces C/(z)
and D/(z) as obtained in Theorems A and B. Note that, because no
differentiability assumption is made in def 2.1, the expressions P;(0) and
N;(0) make sense. We shall find it convenient to denote by P,(0), N,(0) the
cones corresponding to (fn, ). Now, as we can assume Cg’/‘z(xn) and
Dsf'/‘z(xn) are contained in By (z), we can take Hausdorff limits of converging
subsequences. An easy calculation shows that these limit sets are contained
in sz/Q(a:*) and Usf/z(:z*) respectively, and hence they are parts of S/ (z) and
U/ (z). But also, by our choice of A, each D£72(a:n) has points in both
connected components of P,(0) N dBx(z,); and so, by taking limits and
recalling that D/ (z) is connected, we get the desired property. Similarly, we
see that each arc joining both connected components of P;(0) N 0By (z) must
intersect 0572(3:”) if n is large, and it easily follows that it meets C/(z).
Moreover, Cf(z) N D{(z) contains a point p/2-tracing the orbit of z*, what
implies it p-traces the orbit of z.
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2.3 The general case

We deal now with the general case dim E} = s, dim E} = u, where

s +u = n, towards which we have been heading. We shall give the details
only in the translation of the former case to higher dimensions. The rest
follows in a very analogous way, and so we shall omit further consideration of
it.

Take o, A and p as at the beginning of this section. In case s = 0, then, it
trivially follows that By(z) C S{(z), and limsup,,_,, d(f™(z), f*(y)) < p for
any y in By(z). A similar result is obtained if u = 0. Thus we will assume in
the remainder of this section that s, u > 1.

An important remark to be made is that the “reduced cones” PT and N7
now satisfy the following properties:

PT£0 in H,_1(BT\NT)
NT £0 in H,_,(BT\ PT)

Moreover, for each fixed |t| < T,

P )\ [Bp(f'(z)) x {t}] #0  in

w1 (BT\NT)
N*()\ [Bp(f'(2)) x {t}] #0  in u

H
H,_1(BT\ PT)

Proposition A’.1 For arbitrarily large T' > 0 there is an s-manifold

W3 C Dy (0) with boundary OW3 C N9(0), such that
W) C Do(t)  VYtel0,T)
Moreover P(0) \ Bx(z) # 0 in Hy_1(Ds(0) \ W3)

Proof) The proof will proceed much in the spirit of Props A.1 and B.1. Let
us choose an embedding ¢% of the closed unitary ball B®* C R® in D,(T), B*
can be imbedded so that ¢5(8B*) C N°(0) and P(T) \ B,(fT(z)) # 0 in
Hy—1(Dy(T) \ ¢5(B®). We define t : BS - R} U oo as in Proposition B.1,
and take T > 0 so that ¢7'[T, 0] be an s-manifold with boundary, we shall
also denote f _T(tjrl[T, oo]) by V}. We claim that there is a connected
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component W3 of Vi, whose boundary is not null-homologous in

H;_1(Ds(0) \ P(0)).

If we define W<t to be the set
Wer = {(f'®(v), T — t(v)) : v € £71[0,T] }

it easily follows that Wcr is an s-manifold with boundary which is contained

in | J{(f ) € OD;(t) : V(f'(z), f(y)) < 0}, whence W<t ~ 0 in
ltI<T

H,_1(BT \ PT), and as a consequence ¢§.(9B°) x T ~ 9V x 0 in

Hs—l(BT \ PT)'

Taking 7" > 0 large enough so that Lemma 2.1 apply we will have

0Vi C N?(0), and the above calculation yields 0V3. £ 0 in

H,_1(N?(0)) C Hs_1(Dy(0) \ P(0)).This readily implies the existence of a

connected component as claimed, for otherwise

oV = 0U{W3 : W3 is a connected component of Vi} would be null

homologous in Hs_1(Dy(0) \ P(0)), a contradiction. This is the same as

saying that P(0) \ B,(z) # in Hy_1(Ds(0) \ W3)

On the other hand, this argument also shows that ¢, is onto. If it were not

so, the manifold

W = {(f'®) (), T — t(v)) : v € B*}
would be contained in U {(Ff(y), ) € ODL(t) : V(fi(z), f(y)) < 0}, for
lt|I<M
some positive M > 0, and the map v — (f“*)(v), T — t(v)) would give a
retract of B® into a manifold which is isotopic to S*~1.

Since the arguments used in the previous proposition are perfectly dual, we
get a manifold W# that satisfies an analogue of the previous statement. An
isotopy argument thus yields the following:

Proposition A’.2 For arbitrarily large T > 0 there are obtained connected
manifolds with boundary V3 and VF contained in By(x) such that for all
te0,T],

f{(VP) € Ba(f(z))  and  fTH(VF) C Ba(f'(2))
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They further verify that P(0) \ By(z) # 0 in Hy_1(Ba(z) \ V£) and
N(0)\ By(z) # 0 in Hs_1(Bx(z) \ V{).

The sets C{(z) and D{(z) are constructed as before. We need only show
that they have non trivial co-homology groups. Now, the interior of the
§-parallel bodies {[C{(z)]¢}s>0 and {[D{(z)]¢}s>0 provide a collection of
open neighborhoods directed downward by inclusion, each of which verifies
that P(0) \ B,(z) is not null-homologous in

Hy,_1(Bx(z) \ [C{(2)]) = H*"Y(Bx(z); [C{(z)]3). Therefore we have

H**!(Bx(2); CL(2)) = lim H**}(B)(2); [CL(2)]5) D Zo

3 Counterexample - A case where no D/(z)
contains z

It remains the question of whether or not it can be achieved a piece D! (z) as
described in the previous theorem, such that z belong to D/ (z). This is. is it
always true that the local unstable set of  connects  with both connected
components of P(0) N 0B,(z)? The answer is negative, as we show in the
following example.

Proposition 3.1 Let g : M — M be an orientation preserving Anosov
diffeomorphism, such that dim E* = 1. Then there is a sequence of

diffeomorphisms fy 2 g, satisfying the following condition. For every n € N
there is an x, € Q(fn), such that the connected component of the local f,
-unstable set which contains x, meets 0B)(x,) at ezactly one point for
sufficiently small X.

Proof) We can regard g as an hyperbolic automorphism of T™ = R™/Z™
([F2, N1]). Then there is an A € M,(Z), |detA| = 1, with no modulus 1
eigenvalues, such that gom =m0 A where 7 : R™ — T™ is the canonical
projection. Note that in R", the transformation g(z) = Az is the time-one
mapping of the flow g¢ corresponding to the equation & = Cz in R™,
where e© = A.
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Let {zn}neN be a sequence in R™ converging to 0, such that z, belongs
neither to the local g-stable nor to the local g- unstable manifold of 0. Take
Zn to be in the cube @ = {z € R™ : | 7| < % t=1,...,m}, and choose
r(n) so that the ball By, (n)(zn) be contained in @ and do not intersect the
local g-invariant manifolds of 0. Then take a smooth non-negative function
F, : R™ — [0,1] to satisfy

and consider the equation & = F,(z)Cz in R™. We shall define f,(z) to
be the time-one map of the flow f!(z) corresponding to this equation. Then,
we have that

Lemma 3.1 f,(7(z)) := 7o fu(x) for z € 2Q defines a diffeomorphism on
T™, if n is sufficiently large, and fn,=g on T™

Now, if we take N > 0 such that z,, € B.(0) Yn > N, then the e-local
fn-unstable set of z, equals the set W3, (0) U [0, (zn) N B (0)], where W3, (0)
is the local g-unstable manifold of 0, and o, (z5) is the backward orbit of z,
with respect to gt.

It follows that the connected component of UZ*(z,) which contains z, is
exactly the segment {g*(z,) : t € [0,%(¢)]}, where

t(e) = inf{t > 0 s.t. g'(zn) € Be(z,)}; and thus it meets 9By (z,) only at
one point VA < e.

We are reduced to proving that ¥V > 0 there is some N such that 3
fa(z) = g(z) if n > N and z ¢ B,(0). This will imply on one side that f,

40



can be projected to T™ without problems, while on the other hand, will
make the distance d(fn,g) equal supep, (o) |fn(z) — §(z)|, which is easily
seen to tend uniformly to 0.

To see this, let 7 > 0 be given, and choose § > 0, N > 0 so that if n > Nthen

Brm)(@n) C 6'(B5(0)) C By(0) Ve [-1,1]

For z ¢ B,(0) let us write t;, = inf{t > —1: fi(z) € By()(zn)}. It is
immediate that ¢, , must be greater than 1; indeed, F,,(f.(z)) = 1 as long as
t € [=1,tzn), whence fl(z) = g'(z) Vt € [-1,t,.,). Being t;, < 1 would
yield ¢g'(z) € Bs(0) for some z ¢ Bn(0) and t € (—1,1), which contradicts
our choice of § > 0. This readily implies that f,(z) = §(z) for all z ¢ B,(0)
and n > N, but also that f,(Bs(0)) C B,(0). Now, by considering a new

N; > N such that fn(z) = §(z) for all z ¢ Bs(0) we get

d(fnag) = sup |fn(x) —g(z)| £ sup |fn(~r)| +|g(z)| < 29
€ Bs(0) € Bs(0)

The statement now follows from uniform continuity of .
|

Examples similar to this can be found to see that the dimension of the local
unstable sets may be greater than u. It suffices to proceed as in the previous
paragraph, substituting the function F;, appearing in Prop 4.1 by a
non-negative smooth function whose singularities consist of a (k — 1)
dimensional set 'y contained in B, (,)(z).

4 Lyapunov functions in a C° neighborhood of an
Axiom A diffeomorphism

This section contains the proof of Proposition 2.1. We shall consider an
Axiom A diffeomorphism g satisfying the STC on M, and a hyperbolic basic
set A of g. We may take a quadratic form on A (i.e. an assignment

A: TpoM — R such that A; = A|r,a is a quadratic form on T, M),
satisfying certain conditions. First, we will denote, for simplicity, the form
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Ag(z)(¢'(z)v) as g% (A);(v) for (z,v) in TAM. Then, hyperbolicity of A
allows us to take the form A, such that it be continuous, positive definite and
verifying:

i. B =g#(A) — A is non-degenerate
ii. ¢#(B) — B is positive definite

meaning that these forms are resp. non-degenerate, positive definite on each
tangent space (see [L]). We may, and will, extend A over a (no longer
invariant) open neighborhood of A, N(A), in such a way that it continue to

be positive definite and properties (i), (ii) hold on N(A).

Lemma 4.1 For a suitable p, there exists a continuous function
U:{(z,expv) : x € N(A), |v] < po} = R} such that

1. U(z,expzv) > Clv|?
2. | AU(z,expzv) — Bz(v) | = of|v]?)
3. AU (z,expLv) > Clvl?,

where AU (z,y) = U(g(z),9(y)) —Ul(z,y), and AU stands for A(AU) when
it makes sense.

Proof) Taking p > 0 small enough, we can define
U(z,expgv) := Az (v) (4.1)

and regard g(ezpzv) — g(z) and g%(exp,v) — ¢g%(z) as vectors in R™ . If we
denote by R (z,exp,v) the following expression

AU(IE,CJI‘DIU) - BI(U) = Ag(z) ( g(emplv) - g(flt) ) = Ag(:t) ( gl(w)v )

and take matrices A;, B, such that A;(v) = (Agv,v), Bz(v) = (Bgv,v) for
(z,v) € TAM, then we have that |Ra (z,ezp,v)| is bounded by

ig\)”Az” lg(ezpev) — g(z) — g'(z)vll (llg(ezpev) — g(2)Il + llg'(z)v]l )

which is clearly a term of cubic order.
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Similarly, denoting Rp(z, ezpzv) = By(s)(9(expzv) — g()) — By(z)(g' (z)v),
we can compute A%U(z, exp,v) — (g#(B) - B)) (v), which equals
Ra(g9(z),g(ezpyv)) — Ra(z, expyv) + RB(.’IJ,CZI:pIxU), thus obtaining the
following estimate -

|A2U (z, ezpev) — (9%(B) = B)) (v)] < Caof?

T

does (just replace

as Rg(z,y) admits the same kind of bound as RA(:C y)
#(B) — B together with

A, by B,). Now, positive definiteness of the form g
the last expression, completes the proof.

We proceed now to extend some of these features to a C° neighborhood of g.
As it was said in the Introduction, topological stability of g yields a
continuous surjection hy : M — M, C? close to identity for f C? close to g,
which verifies go hy = hy o f. In particular we may consider f such that

h;l(A) CN(A) if f C° close to g

We shall work with suspension flows for technical reasons, some of which are
explained before Proposition A.1. In the remainder of this section, we will fix
a diffeomorphism f in the conditions just described, z € hJTl (A) and

v € T, M such that all the following definitions make sense. We will call

y = exp,v, and let for ¢t € [0,1)

Wi(f'(z), f{(y) = Q-9 Ulz,y) + O U(f(2),fy) (4.2)

where 1 : [0,1] — [0,1] is any smooth increasing function such that
$(0) =0, ¢(1) = 1 and *)(0) = 0, $*)(1) = 0, Vk € N,
We define

Vi@ @) = [ [ Wi, e @dsdu| (49)

which is positive definite, and we have, in the sense of (1.1) that
. 1
V(i) f'(y)) = /0 Wi (£ (@), F ) — Wr(f* (@), 477 (y)) du
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Vi(ft(@), ') = Wr(f*(e), f4 ) — 2Wi(fi(2), FA(v)
+ Wi(f ), £ W)

If we call U(t / 1), it easily follows that:

Vi(fi(e), ffy) =  [1—8)—=(2(1) = @) AU ), f~1 () +
+ ((1) —2@) +t— V() ) ArU(z,y) + C()AFU(f(2), f(y))

V(! ) = (1=9(t)) AU =), F () + 9(t) AU (z,y)

Here we have written A¢U(z,y) for [U(f(z), f(y)) — U(z,y)] and A?U for

As(AU).
Observe that if f = g, estimates in Lemma 4.1 imply that :

Lemma 4.2 For each n <1, and z € A there exist two nonempty and
nontrivial families of cones {Pn(z,t),Nn(z,t)}te[O 1y such that for small
lv| < o1

Vg(gt(z),gt(e;cpz)) Z 77|U|2 Zf v € Pn(z’t) (S _77"0|2 Zf (NS Nn(Z,t))

Besides, (z,t) = (Py(2,t),Ny(z,t)) is continuous on A x (0,1); and
vt € [0,1)

Conversely, if %(gt(z),gt(ezpzv)) > gn\v|2 [ —gnIUIQ), with |v| < p; then
S P,,(z, t) (Nn(zvt))
Proof) Call

Clz,v,1) = [(1—-1)— (Y1) = ¥(t) )] By-1(5)([g7] (2)v) +

And take



where S; M is the set of unitary vectors in T, M. Clearly, 7, is positive, as
B, (v) is a non degenerate quadratic form. Then, it suffices to define

P,(z,t) = {v e T,M : C(z,v,t) > 2n[v|*} (4.4)

(In a similar fashion, N, (z,t) is defined to equal the set
{veTM:C(z,v,t) < —2nv|?}) It should be noted that

Vy(g'(2), g'(ezp.v)) = oljvf’) + C(z,v,1)

then, since C(z,v,1) is a convex combination of By-1.,y([g7']'(2)v), B:(v)

and By(,)(g'(2)v), the claim follows from the fact that g*(B) — B > 0.

Lemma 4.3 Ift € [0,1) and z = hy(zx) then

Vo(9'(2), 9" (ezp2v)) = X_Zf(fi(x),f"(expzv))|
Vo' (2), g (exp.v)) — Vi(fi(z), fi(exprv))|

where O(f) — 0 when f — g in the C° topology.

Proof) Both expressions can be bounded by a convex combination of
|AU(971(2), 97" (ezpv)) — AU(f ™ (z), [~ (ezpsv));

|AU (z, exp,v) — AfU(z,exp,v)| and

|AU (g(2), g(exp.v)) — AfU(f(z), f(expyv))|. Observe that one needs only
estimate |U(g(z), g(ezp,v)) — U(f(z), f(expyv))| which is easily seen to be
bounded by [((Ag;) — Af))wz, we)| + [(Aj(z) (W, — we), w, + wz)l, using
notation in Lemma 4.1, where w, and w, stand, respectively, for

g(exp,v) — g(z) and f(exp,v) — f(z), here regarded as vectors in R™.
Clearly, this last expression admits Cd(hy,id)|v| as a bound, where C' is a
positive constant.

A IA
jS;
o

As a consequence of all the previous discussion, and taking into account that
estimates in Lemma 4.1 also imply that V,(g'(z), g*(ezp.v)) > C|v|?
Proposition 2.1 follows.
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A 3D-manifold with a uniform local

product structure is 73

José L. Vieitez
IMERL

Facultad de Ingenieria
Montevideo, URUGUAY

Abstract

Let M be a compact connected oriented three dimensional bound-
aryless manifold and f : M — M an expansive homeomorphism such
that Q(f) = M. Assume that the stable sets of f form a C° foliation
of M of codimension 1 and the unstable sets a transverse C° foliation of
dimension 1. Then M is homeomorphic to T°2.

Resumen

Sea M una variedad sin borde compacta, conexa y orientada de di-
mensién 3. Sea f : M — M un homeomorfismo expansivo tal que
Q(f) = M. Supongamos que los conjuntos estables asociados a f forman
una foliacién continua F° de codimensién 1 y que los inestables consti-
tuyen una foliacién unidimensional transversa a la estable y continua.
Entonces M es homeomorfo al toro T

1 Introduction

Let M be a compact connected oriented three dimensional manifold and
f: M — M a diffeomorphism. Let dist : M x M — IR be a metric
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defining its topology.

Definition 1.1 We say that f is expansive if there ezists a positive con-
stant o such that if we have z,y € M, z # y there is n € Z such that
dist(f*(z), f*(y)) > a. The number  is called an ezpansivity constant

for f.

Let us assume now that there are C° foliations F* and F* preserved by
f, such that if z,y are in the same leave W* of F* then

lim dist(f™(z), f"(y)) =0
n—+00
and if z,y are in the same leave W* of F* then
lim_dist(f"(z), f*(y)) = 0

Moreover assume that Q(f) = M. Then M is homeomorphic to T°.

It should be pointed out that the main purpose of this paper is to
show how it can be proved under the hypotheses stated above that the
manifold M is T®. So the reader should be aware that these hypotheses
are not minimal. Anyway we wish to say a few words about them. See
below for the definitions that are needed.

1. The existence ofthe invarian foliations implies in our case (one of
the foliations if of codimension one) that the non-wandering set
Q(f) is the whole manifold M. The proof of this is rather similar
to the proof given by Newhouse in the article ” Codimension one
Anosov diffeomorphisms” (see [Nw])

2. The assumption in the existence of both foliations is redundant too.
Once we have a codimension one stable foliation F* it follows the
existence of the one dimensional unstable foliation F* transverse to
the stable one. The proof of this can be proved from the fact that
if f is expansive then for all z € M the connected component C(zx)
of W¥(z) containing z is a non-trivial continuum (see [Le2]). It is
well known that a continuum that has only two non-cut points is an
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arc (see [Wi]). But the intersection of C(z) with W2(y) is at most
a point. As for all y € M W?(y) is a disk it locally separates M.
Therefore if C(z) N W(y) = {z} then C(z)\{z} is not connected
or z is a non-cut point. From this it is not difficult to prove that
C(z) is an arc. Moreover, it can be proved too that C(z)\{z} has
two connected components.

3. Even the existence of the one dimensional unstable foliation implies
the existence of the codimension one stable foliation. But the proof
of this fact will appart us far away from our objective.

Let us give the main definitions we will need here after.

Definition 1.2 For z € M we define
WS (z, f) = {y € M/dist(f*(z), f*(y)) < e :k > 0}

as the local e-stable set for the point x and the homeomorphism f.

Analogously we define the local e-unstable set for z and f as W¥(z, f) =
We(z, f~1). If there is no ambiguity we shall usually omit any ref-
erence to € and f and speak about local stable and unstable sets of
the point z denoting them by W7 (z) and W¥(z) respectively. Ob-
serve that W2(z) and W¥(z) verify that f(W:(z)) C W(f(z)) and
fHWE (&) C WrF (a):

Definition 1.3 We define
We(e,f) = {y € M/ lim_dist(f*(@), f*()) = 0}

as the stable set for the point z and the homeomorphism f.

Analogously we define the unstable set for z, f as W¥(z, f) = Ws(z, f1).
We usually will omit the reference to f.

Lemma 1.1 If a is an ezpansivity constant for f and ¢ < «, then
We(z) C Wi(z), We(z) C WH(z).
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As usual Ozy = {(z,y,2) € R*/z = 0} and Oz = {(z,y,2) €
IR?/z = y = 0}, a horizontal square is a square located in a plane parallel
to Ozy, a vertical line is a segment located in a straight line parallel to
Oz.

Definition 1.4 Given f : M — M and a point £ € M we say that
there is a local product structure in = (abbr.: x has an f-lps) if there is
a neighborhood V (z), and a homeomorphism h : V(z) — [—1,1]3, the
standard 3D cube, such that either h sends the local stable sets of points
in V(z) onto horizontal squares and the unstable sets onto vertical lines
or, alternatively, sends the local stable sets of points in V (z) onto vertical

lines and the unstable sets onto horizontal squares.

We remark that our definition of local product structure differs from the
usual one (see [Sh]). We require the existence of local basic foliations.
We say that a set A C M has an f-local product structure (abbr. A has
an f-lps) if every point of A has an f-lpsin M. By definition A is open.
The open ball of center z and radius r > 0 is the set B(z,7) = {y €
M/dist(z,y) < r}. As M is a compact 3D-manifold there is r; > 0
such that for all 0 < r < r; B(z,r) is homeomorphic to B? the standard
3-cell of IR®. We assume from now on that we take 7 < r;. Throughout
this paper we assume that M is a compact connected orientable smooth
3D-manifold so we will usually avoid to state it.

2  The manifold M is homeomorphic to 73

Throughout this section we assume that f : M — M is expansive Q(f) =
M, and that there is a uniform local product structure invariant by f
in M. Our goal is to prove that if M is a three dimensional compact
connected smooth manifold then it is the three torus 73. To prove this
we will use the following theorem of [St].

Theorem 2.1 Let M be a closed 3D-manifold which is irreducible, that
is, every tamely embedded 2-sphere in M bounds an embedded ball in
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M. If there is an epimorphism of I, (M) to Z whose kernel is finitely
generated and not Zs, then M is a fibre bundle over S* with fibre a
closed 2-manifold.

Proof. See [St], see also [He-Hi], chapter VIII, theorem 3.2.9. =

We will follow closely techniques of [Fr] addapting them to our case in
which we cannot make use of a hyperbolic sppliting of the tangent bundle.
These techniques will be mixed up with others more closely related to
those of [Ro] or [Rs] as in the following lemma.

Lemma 2.2 Let M be a manifold and p : R> — M a covering map.
Then M is irreducible.

Proof. Let S be a tamely embedded 2-sphere in M. As S is simply
connected, there is a tamely embedded 2-sphere S’ C IR® such that
p(S') = S. For let S’ be a connected lift of S and let zy € S and
To € IR® such that p(Zo) = zo. Consider a circle v C S, z¢ € v and lift
v to ¥, Top € 4. Let v be parameterized by t € [0, 1], v(0) = (1) = zo.
and let 4(0) = Zo. Then 5(1) = Zo. For we may construct a homotopy
H :[0,1] x [0,1] — S such that H(¢,0) = ~(t), H(t,1) = z¢, Vt € [0,1]
and lift H to H :[0,1] x [0,1] — S’. Hence S’ is simply connected and
p|s' is a homeomorphism. It is proved in [Bi], that since S is tame we may
approximate it by 2-spheres from both sides. Lifting them we conclude
that S’ is tame. By Schoenflies Theorem there is an embedded 3 ball
D' ¢ IR? such that 8D’ = S'. Is we prove that p is injective in D' we are
done. Let 8 be any covering translation. If 8 # id then 3(D')N D' = 0.
For if z € B(D')N D’ and y € D'\B(D') then B(S') NS" # @ which is
not possible because p|s: is a homeomorphism. Thus either 3(D") C D'
or D' ¢ B(D'). By Brouwer’s Fixed Point Theorem, there is a point
z such that S(z) = z. But this implies that 8 = id contradicting our
assumption. Hence p is injective in D’ and therefore p(D') = D is a ball
bounded by S. =

Let p : M — M be the simply connected covering of M, and f :
M — M alift of f : M - M. Then f is a homeomorphism which is
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also expansive with expansivity constant a > 0 if we lift to M the metric
d of M. Let us call this metric p. Moreover we may assume also (see
[Du-Hu]) that there is a number rg > 0 such that

e 1)If Z,§ € M and p(Z,7) < 2ro then d(p(Z),p())) = p(z,7).

e 2)Ifz € M,y € M and d(p(z),y) < 2ro then there is a unique
§ € M such that § € p~!(y) and p(z,7) = d(p(Z),y).

e 3) All covering transformations are C°-isometries.

e 4) pis a complete metric.

In order to simplify notation we will write d(z,7) instead of p(z, 7). For
any point z € M, W*(z) =Un > 0f (W2 (f™(z))) is an immersed copy
of R? and W*(z) = Un > 0f*(W2(f~™(z))) is an immersed copy of IR.
The properties cited in 2 enables us, if € < rg, to lift the local product
structure obtaining W2 (z) = W2 (p(z)), W*(z) = W*(p(Z)), and to lift
W#(x) and W¥(zx) obtaining W*(z) and W*(z) in a similar way. Thus,
W (z) = R* and W*(z) = R

Proposition 2.3 For any Z € M, D|Ws(z) 1S injective.

Proof. p is a local homeomorphism and if 0 < d(Z,¥) < € then p(Z) #
(7). fz,7 € W*(2) and p(Z) = p(7), since fop = po f then for alln > 0,
p(f*(Z)) = p(f(@)). There is n > 0 such that d(f™(z), f*(7)) < e.
Hence f™(z) = f*(7) and therefore Z = 7. m

Similarly p;p«(z) is injective. Let us sketch a more geomeric proof:
if there are Z,§ € W*(Z), Z # ¢ such that p(Z) = p(§), then we have a
non-contractible loop in W#*(z), which is not possible.

Lemma 2.4 Pery(f) is dense in M.
Proof. See [Vi2] Proposition 2.15. m
Lemma 2.5 Ifp € Pery(f) then clos(W"(p)) = M.

Proof. Let k be the period of p, and consider a point z € WX*(p) and
assume that = # p is so close to p that f¥(z)inW¥(p) too. Let us denote
by [z, f*(z)] the arc in W*(p) bounded by z and f*(z). Moreover let
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K = clos(Unf™([z, f*(z)]). Assume y € K and let N be a product
neighbourhood of y. Let ¢ be a periodic point of f in N. Then, by the
Ips, W2(q) intersects U, f*([z, f*(z)]) in a point 2. If ng is a multiple of
the period of ¢ then we have that limj_ 1 f*™(2) = ¢ and f¥(2) €
W*¥(p). Therefore ¢ € K and K D N. Hence K # ( is open in M so it
isequal to M. m

Similarly we have clos(W?*(p)) = M it is enough to consider a funda-
mental domain in W#(p) given by an annulus instead of a segment.

Lemma 2.6 There is a point x € M such that clos(O(z)) = M. That
18, the orbit of = is dense in M.

Proof. Let V be a neighbourhood in M. Let p € V N Pery(f) and let
y € VN Wk(p). Then, as in 2.5, if k is the period of p, the segment
[p,y] C W¥(p) contains a fundamental domain of the form [z, f*(z)]
or [z, f**(z)], the second case would be necessary if f* reverse the ori-
entation in W4¥(p). Thus f2**([p,y]) is dense in M, the proof is the
same as that of 2.5, taking into account that we may take as ng in the
proof of 2.5 a multiple of the period of p. Moreover, if n > m then
2([p,y]) D f*™([p,y]). Hence the orbit of V' is dense. We have
shown that f is topologically transitive. This is equivalent to the thesis
(see [Sh], Chapter VIII). m

Remark 2.7 For all z € M we have W"(z) = IR. Hence W*(z)\{z}
is not arcwise connected and has two components which we call W' (z)
and W* (z)

Lemma 2.8 For all ¢ € M we have clos(W*(z)) = clos(W¥t(z)) =
clos(W¥~(z)) =M.

Proof. Let z € M and Wkt (z) = W¥F(z) N W¥(z). Let 2’ # z be a
point in W2*(z), and z so close to ' that by the local product structure
WE(z) intersects W**(z) in a point y. The positive orbit of z is dense
in M (as well as the negative orbit), and the distance between f™(z) and
f™(y) tends to zero-as n — +oo. Hence the orbit of y is dense in M
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and consequently clos(W¥*(z)) = M. The proof for the other cases is
similar. =

Let II; (M) be the fundamental group of M and 8 € II, (M) a covering
translation.

Corollary 2.9 For all # € M it holds

U sw@)

BT (M)

1s dense in M.

Proof. Let V # 0 be open in M. Hence p(V) is open in M and W*(p(z))
is dense in p(V'). Therefore there are y € W¥(p(z)) Np(V), 71 € W¥(z)
and g2 € V such that p(g1) = p(g2) = y. We may find 8 € II; (M) such
that B(71) = §2 so BWH(Z)NV #0. =

Remark 2.10 We may replace W¥(z)) by W¥t(Z)) or W¥~(Z)) in the
above proof.

The following proof is quite similar to that of [Fr], lemma 5.1. Neverthe-
less, as we don’t have a hyperbolic splitting of the tangent bundle there
are some differences and we prefer to rewrite it.

Lemma 2.11 For any pair of points Z, § € M there is at most a point
in WH(Z) N W*(5).

Proof. Assume, arguing by contradiction that there are Z,§ € M such
that Z # § and Z,7 € W*(Z) N W*(7). In this case we find a closed loop
topologically transversal to the foliation {IWW*}. Let vy : [0,1] — W*(Z) be
a homeomorphism onto the arc in W*(z) joining = (0) with § = (1)
Since W*(z) = W?*(g), there is n > 0 such that f™(z), f*(¢) lie in
the same neighbourhood N mapped homeomorphically and isometrically
(see 2) onto N C M by p: M — M. Hence there is an f-lps defined
on N. Let B(t) = f*o~(t), 0 <t < 1. By the local product struc-
ture, B(t) is topologically transversal to {IWW*}. Moreover, 3(t) intersects
W*(f(z)) with the same orientation at 8(0) and 3(1). For M is simply
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connected and hence orientable. Since there is a lps in M invariant by f,
we have that for any ¢y € [0,1], we have that there is a neighbourhood
E(to, d) such that for all t € E(to,), B(t) crosses in the same direction
W*(B8(t)) = IR®. Therefore, if we have different orientations in 3(0) and
B(1) we may decompose [0, 1] into two non-void disjoint open sets contra-
dicting that [0, 1] is connected. We may change 3(¢) to form.a closed loop
A(t) transversal to {WW*} in the topological sense. By the local product
structure of N we may assume that we are in the standard cube [—1,1]®
of IR® that W*(f™(z)) is locally in the Ozy plane and that the vertical
foliation is the unstable one. It is easy to modify in this cube the local
unstable leaves by £(0) and (1) without loosing the transversality in
order to obtain a loop.

As M is simply connected, A bounds a 2-disk D. That is, there is
¢ : D* - M a homeomorphism such that @jgp2 = A (identify in the
usual way [0,1] with 8D% = S'). Hence for every t € 8D?, (t) is
topologically transversal at t to the leaf W*(p(t)). By [So], section 2,
we may assume that D is in general position with respect to the folia-
tion {W*}. Thus the intersection of {W*} with D has a finite number
of singular points of "saddle” and ”focus” type. That is, they are lo-
cally topologically conjugate to the foliation given by either +(z? — y?)
or £(z? + y?) around (0,0) € IR*. Moreover each singular point lies in
a different leaf. Using ¢ we may lift {IW*} N D to a flow on D?, such
that the curves of the flow are transverse to 8D? and all of them enter
in D?. We now apply the usual Poincare-Bendixson theory to this sit-
uation. Let ¢ : [0,+00] = D? be one of the curves crossing D2. Let
w(c) = {z € D?*/3t, — +oo : lime(t,) = z} If w(c) = {zo} a single
point, then z( is one of the saddle points and is only possible to have
two such curves for each saddle point. Since by general position there is
only a finite number of saddle points, we can find a curve ¢’ for which
w(c') is more than one point. Hence it is a closed curve, or a crossing
eight depending on the fact that w(c’) contains or not a singular point
(it cannot contain an arc joining two singularities because each singular-
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ity is in a different leaf, hence w(c') contains at most one singularity).
In either case p(w(c')) is a loop in a single leaf which represents a non
trivial holonomy element of that leaf. This contradicts that every leaf of
{W#} is homeomorphic to IR?, hence simply connected and with trivial
holonomy. Thus the thesis follows. =

Lemma 2.12 Every leaf W*(Z) of the stable foliation is a proper leaf.
Moreover it separates M in two connected components.

Proof. Let us recall that a leaf F' of a foliation is said to be proper if
the topology induced on F' by the topology of the space is the same as
the topology induced on F' by the topology of the leaves. It is proved in
[Ha] that a leaf is proper if and only if there is a transverse submanifold
cutting it in a single point.

Take W*(z). Clearly by the local product structure it is transverse to
W*(z). Moreover, by 2.11 it intersects W*(z) just in Z. Hence W*(Z)
is proper. To prove that W*(Z) separates let us define V = M\W?*(z).
Then V is a manifold. By the exact homology sequence we have that

— Hy(M) = H,(M,V) = Ho(V) = Ho(M) — Ho(M,V) = (0)

Since V # 0 and M is arcwise connected it holds that Ho(M,V) = (0)
which gives us the exact sequence

— Hy(M) = Hy(M,V) = Ho(V) = Ho(M) — (0)

Since M is simply connected we have that H,(M) = (0) and Ho(M) =
Z. Using Alexander-Pontrjaguin’s Duality, H;(M,V) = H2(W*(z))
, where H} represents cohomology with compact support. Again by
duality H2(W*(z)) = Ho(W*(z)) = Z. Therefore Ho(V) = Z & Z
which implies that V has two connected components m.

Proposition 2.13 For any Z,§ € M we have that W*(Z) N W* () # 0.

Proof. Let T = Zo and define
Q = {g € M/W*(Z) N W*(g) # 0}

56



We will prove that @ is open and closed in M. As it is clearly non void,
it will follow by the connectedness of M that it equals M. Let § € Q
and Z € W¥(Zo) N W*(7). Let N be such that fV(7) lies in a product
neighbourhood of fV(Z). Then for all 4’ in a neighbourhood V"’ of f (7)
has the property that W2 (7') intersects W*(f (2)). Thus for every point
7' in the neighbourhood V = =N (V7')i of § we have W*(Zo)NW*(7') # 0.
Hence @ is open. Let us show that @ is closed too. Let p € clos(Q). There
is a sequence {7y, } such that W¥*(zo) N W*(%,) # 0 and g, — p. By the
local product structure, W2 (g,) cuts W¥(p). Hence we may assume that
Jn € W¥(p). Since W¥(p) = IR we may pick a fixed ordering < for it.
Let o € Q NWX(p) and suppose, without loss of generality, that gy < p.
W(p) = IR is embedded in M so by Lindeloff’s theorem @ N W¥(p) is
a countable union of open intervals. Let Q N VT”(“(p) = U;(a;, b;) with
a; < b;. To finish the proof it suffices to prove that a;,b; € @ For,
clearly QN W¥(p) # 0 and in that case Q N W¥(p) = W¥(p). So assume
that for all § : § € [go,b) it holds that W*(g) N W¥(zo) # 0. We
wish to see that the same holds for . Let us give an orientation to
W (Zo) = IR. We define a function ¢ from [§o,b) C W¥(p) to W¥*(zo)
by ¢(7) = W*(g) N W¥*(Zo). By 2.11 this is well defined. Moreover ¢
is a monotone function. For since M is simply connected we have by
2.12 that for all § W*(y) separates M in two connected components.
So assume that the orientation we have given to W¥(Z,) is such that
7 < §' implies that ¢(7) < ¢(§') and let §" be another point in [go,b)
such that, for instance, §' < g”". Then ¢(g') < ¢(g"). If this is not the
case, then ¢(7") < ¢(7') and we may join by W¥(Z,) the points ¢(7) and
#(7") without intersecting W*(¢') and then using W*(¢) and W*(5") we
join ¢(g) and ¢(§") with § and §" respectively, again without cutting
W*(7'). So they are in the same connected component with respect to
W*(g') But it is clear that W*(¢') locally separates 7 from §". Therefore
they are in different connected components with respect to W*(7'). This
contradiction implies that ¢(3"”) < ¢(§’) is not possible. Thus it holds
that B = limg_,;- ¢(7) exists. Now, if B is finite and W*(b)NW¥(Zo) # 0
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then the point of intersection is B, if not, we will have points § € [7o, b)
near b such that W*(7) intersects twice W*(Zo) one near B and the other
near W*(b) N W*(Zy), which contradicts 2.11. Let us proof that B = oo
cannot occur.

Lemma 2.14 The number B is finite.

Proof. Assume this is not the case. Then the function ¢ has domain
[50,b) C W¥(p) and image a half-line W+ (¢(go)). This function is a
homeomorphism between [§o, b) and W¥* (4(7o)) This half-line, by corol-
lary 2.9 and remark 2.10, has the property that

U BOV**(6(50))
BEM; (M)
is dense in M. Hence there is 3 € II; (M) such that B(W**(é(Jo)) has a
point Z in a product neighbourhood N of [, b). This product neighbour-
hood exists because [, b) is a compact interval in W*(p). Hence there
is a segment of W*(Z) crossing the product neighbourhood N. §~1(N)
gives a product neighbourhood N’ around B87!(z) € W¥*+(¢(go)). Hence
for all points in V' it is defined the intersection between their local stable
sets and W**(¢(go)) Take a point § € [Jo, b] and define a function h by

g B y) »w =W (B y) N W (¢(%0)) — ¢~ (w) € [Fo,b)

We have a map h from the closed interval [go, b] to itself. Hence it has
a fixed point . But this means that W*(g) = W*(8~!(3)). By 2.3
the covering projection p : M — M is injective restricted to W*(7). But
p(7) = p(B~1(¥)). Hence B = id, so B is finite. This is absurd. Therefore
B is finite. m

To finish the proof of 2.13 we must prove that B € W*(b). Let us take
a path y(t), t € [0,1] in W*(go) between v(0) = %o and v(1) = ¢(%o)-
For every t we may give an orientation to W*(v(t)) such that if § < g’
then W*(g) N W¥*(y(t)) < W*(%') N W¥*(y(t)). By the local product
structure this is well defined in a neighbourhood V' of o in [§o,b). For
every t € [0,1] we may define a function ¢; analogous to ¢ which will

58



be monotone too. We claim that for all v(t) and § € [go,b] we have
W (g) N W*(y(t)) # 0 This clearly implies (take § = b) the thesis. Let
t* be the supremum of those ¢ € [0, 1] such that W*(g) N W¥(y(t)) # 0
for all § € [§o,b] once again by the local product structure this set is
a non-empty open set. If t* # 1 then we have that ¢;- diverges to oo
when § — b. But in this case we may repeat the arguments of 2.14 hence
arriving to a contradiction. This finish the proof. m

Definition 2.1 We say that f is splitting if M is homeomorphic to IR* x
IR by a homeomorphism which takes each leaf of the unstable foliation
{Wt} to a line and each leaf of the stable foliation {W#} to a plane.

Theorem 2.15 The expansive homeomorphism f is splitting.

Zo) € {W*} then h : M — WH(Z) x

Proof. If W¥(z,) € {W }
)= (20), W¥(Z)NW*(Z) is the desired

d W (
W (%) given by h(z) = (W*(z)NW
homeomorphism. =

Corollary 2.16 We have M = R®.
Proposition 2.17 II; (M) is free Abelian.

Proof. Since dim(W*(z)) = 1 the stable foliation is homeomorphic to
IR; we identify points in the same stable leave. II; (M) acts sending stable
leaves onto stable leaves. Hence it acts as a group of homeomorphisms
of IR. These homeomorphisms are fixed point free because if g € I1; (M)
then [ restricted to the unstable leaves is injective. By corollary 2.9, for
all Z € M, Ugem, (m)BW*(Z) is dense in M. Thus every orbit of II; (M)
is dense in {W*} = IR. It follows from this that II; (M) is minimal (see
[He-Hi], pp 243-) and we have that II; (M) is free abelian (see [He-Hi],
part B, chapter VIII, section 3). m

We have that II; (M) is free abelian. It is a non trivial group, for by
the C° version of Haefliger’s Theorem, every foliation of codimension 1 of
a simply connected manifold, has a non simply connected leaf. (see [So]).
Let 1, ...,z be a basis of II; (M) and define an epimorphism of IT; (M)
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to Z by sending z; to 1, z; to 0 for ¢« > 1 and extending it linearly:
II; (M) 5 Z. ker(e) # Z, and is finitely generated. Hence by 2.1, M
is a fibre bundle over S! with fibre a closed 2-manifold 7. That is, there
is o : M — S such that ¢™3(z) =T, T and M = T x IR/ ~ where
(z,t) ~ (2',t') iff there is n € Z such that t' = ¢t +n and ' = H "(z),
with H a homeomorphism, H : T — T. Consider the exact homotopy
sequence of this fibre bundle: T 4HML s

I (T) 3 (M) %5 TMa(S?) B Mnet(T) Tno1 (M)
= Tp(SY) B IL(T) 5 (M) 5 0 (SY)
Since M is covered by R® and II,(IR%®) = (0) for all n > 1 and
pe : Ia (IR, %) = I, (M, %), p(Zo) = 2o, for all n > 2 we have that
II,(M) = (0), n > 2 (see [Sp] chapter 7). Moreover, IR is a covering of

St so I, (SY) = (0), n > 2. Therefore the sequence is trivial for n > 2.
If n = 1 we obtain

0) = IL(T) » (M) - (SH=2Z

It follows that II;(7") is mapped injectively in II; (M). Since II; (M)
is free abelian, II;(T) is free abelian. Thus T = S! x S! = T2, As
M fibers over S!, we have that M = T? x R/ ~,with (z,t + 1) ~
(H(z),t). Hence II; (M) is the free group on three generators g, h, k with
the relations gh = hg, k~'gk = H.(g), with g, h generators of II, (T?)
and H, : I1;(T?) — II;(T?) the homomorphism induced by H. II; (M) is
Abelian, so H.(g) = g and H,(h) = h. This implies that H is homotopic
to the identity of T2. Hence it is isotopic to the identity. Therefore
M = T? x S'. We have proved:

Theorem 2.18 M is homeomorphic to T3
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The main purpose of this paper is to extend, beyond the exceptional case, our
construction of hyperelliptic tangential covers and their canonically associated
hyper-elliptic potentials. We recall for the convenience of the reader, in sections
§1, §2, §3 and §3, the basic results on the subject, as well as earlier joint work.

The author must state that, except for §8 and §9, all other paragraphs were
discussed, worked out and developed together with Jean-Louis Verdier (more
than © years ago !). I should also stress that the starting point for the full
characterization obtained in §9 (i.e. : the “fundamental” equation (27) and the
plane model approach of §7) are due to him. Furthermore, §4 and §7 are partly
based upon his own hand-written notes. Put another way, this is a joint article
which should’ve been finished years from now.

1 Hyperelliptic tangential covers vs. elliptic KdV
finite-gap potentials.

1.1

Let T be an integral projective curve of arithmetic genus ¢ > 0 and fix a local
coordinate, say A, of I' at a smooth point p € I'. Choose any effective divisor
D of degree g and let m be the greatest integer such that D — mp is still
an effective divisor. Then, there exists a unique (so-called Baker-Akhiezer)
function, denoted by v p, meromorphic over C3 x (T'\ {p}) and satisfying the
following conditions (see [8],[9], and also [3],[4]) : for any sufficiently generic
(z,y,t) € C® , the restriction of ¥p to {(z,y,t)} x (T \ {p}) has :

a) its divisor of poles equal to D — mp ;

b) an essential singularity at p, with the following normalized local develop-
ment at p :

1 _ = :
(1) ¥plz,y.t2) = 1o exp(@A™ + 9277 + A7) 1+ Y &p(@,y, M) -
i>1
1.2

We shall say in the sequel that (T',p) is a hyperelliptic marked curve if and
only if there exists a projection f : I' — P!(C) such that f*(c0) = 2p. In the
latter case I' is canonically equipped with a hyperelliptic involution, ¢ : I' = T’
(T/~, =~ PY(C)), which fixes p. Hence p is a Weierstrass point and for any
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o-anti-invariant local coordinate of T" at p, say A, we have that ¢*(\) = —\ and
fQ) = 7\17 +0()\?) . Furthermore, for any divisor D as above, the corresponding
Baker-Akhiezer function satisfies the following differential equation (Ibid) :

2
@ (307 = u0)¥D(2,3,853) = F(VD (2,3, 85)

where up(z,y,t) := —3% (&,p(z,y,t)) . In other words, ¥p is an eigenfunction
of the Schrédinger operator ai:f — up , with eigenvalue f()\) . Moreover, the
function up is independent of y and satisfies the Korteweg-de Vries equation.
Having fixed a o-anti-invariant local coordinate of I' at p, say A , the initial
value function u(z) = up(z,0,0) is uniquely determined by the isomorphism
class of Or(D —p) . We'll say hereafter that u(z) is the KdV finite-gap potential
associated to (T, p, A, Or(D — p)) .

1.3

Let A be a lattice of C and (X,q) = (C/A,0) the corresponding elliptic curve,
equipped with the canonical local coordinate z, at its origin ¢ € X . Consider any
finite marked projection 7 : (I',p) — (X, q), where p is a smooth point of I" and
m(p) = q. Naturally associated with = we have the Abel (rational) embedding,
Ap : T = JacT , p' = Or(p’ — p), and the homomorphism, i, : X — JacT ,
¢ — Ap(m*(¢' — g)), of T and X into the (generalized) jacobian of T .

1.4 Definitions .

1) The marked projection 7 : (I',p) — (X, q) is a tangential cover if and only
if i.(X) and A,(T") are tangent at the origin, A,(p) = i(q), of JacT.

2) m: (T,p) = (X,q) is a hyperelliptic tangential cover if and only if 7 is a
tangential cover and (T, p) is a hyperelliptic marked curve.

1.5 Theorem (tangency criterion ; .

A marked morphism 7 : (I', p) — (X, q) is a tangential cover if and only if there
exists a meromorphic function over I, k, called tangential function, satisfying
the following conditions :

1) k is holomorphic outside 7~ 1(q) ;

2) k+ 7*(27!) is well defined over a neighborhood of 7~1(q) \ {p}, and has
a simple pole at p. ’
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1L:b

Definition .

The moduli space of all torsion-free, rank 1, coherent sheaves of degree g — 1
over the above curve T', denoted by W(T'), exists and will be henceforth called
the compactified jacobian of I' . Let wr denote the canonical sheaf over I" and,
for any £ € W(I'), let £* denote the sheaf £* := Hom(wr, £). Then £* is again
in W(I') and (£*)* is isomorphic to £. Consequently the map £ — L* gives
rise to an involution of W (T") . We shall say that £ € W(T') is a #-characteristic
if and only if £ is fixed by the above involution, i.e. if £ ~ Hom(wr, £) .

1.7
1)

1.8

Remarks.

The compactified jacobian W (T') is a projective variety on which the gen-
eralized one, JacT' , acts via the tensor product. Whenever T is a smooth
curve, W(T') is equal to Jac?"!(T'). If, as in our case, I' can be embed-
ded in a smooth algebraic surface, then W(T') is reduced, irreducible and
g-dimensional. Moreover, let I'° denote the open subset of smooth points
of I' and let I'; denote its g-th symmetric power, then Jac? ~1(I) is equal
to {Or(D —p), D € Ty} and is a dense open subset of W(T') (e.g. [2]) .

We can still associate a KdV finite-gap potential to any £ € W(T') . There
exists indeed a unique partial desingularization j : I' — T, of arithmetic
genus § < g, and an invertible sheaf £ € Jac?™!(T') ¢ W(I') , such that
j«(L) is isomorphic to £ .We shall say that the corresponding potential
ur(z) := uz(z) is associated to £ ([16] §6).

Let m : (T,p) = (X,q) be any marked projection of degree n > 1, and
Or := {L£ € W(T),h°(L) > 0} the natural theta divisor of W(I') . For
any £ € W(I), let Orb, : X — W(T') denote the corresponding “orbit”
morphism, ¢’ = L ®ix(¢") = L Or(7*(¢' — ¢q)) . Pulling back Or by
Orb, we obtain a divisor of degree n of X, > i ; a; = Orby(Or) (e.g.
[16) §A2). We can, therefore, associate to any projection m as above, the
morphism
L, : W() = X,, L~ Orb;(Or),

where X,, denotes the n-th symmetric power of X.

Definitions.

Let 7 : (I, p) = (X, q) be a hyperelliptic tangential cover andlet o : I = T'
denote its hyperelliptic involution. Let also [—1] : (X, ¢) — (X, q) denote
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the inverse homomorphism. Then 7 is equivariant (i.e. : Too =
[-1]o7) and there exists a unique o-anti-invariant tangential function % .
In particular, we can choose A, := (k + 7*(z71)) ~! as a g-anti-invariant
local coordinate of I at p .

2) Recall that the Weierstrass p-function associated to the lattice A is the
unique meromorphic even function on X, holomorphic outside ¢, and hav-
ing at g the Laurent development : p(z) = 717 + O(2?) . We'll be mainly
interested in KdV (n,X) (n > 1), the closure in X,, of the locally closed
sub-variety defined by the following system of equations :

Z pl(ai_aj)zox izlv"'en: ().1#0] (Zakelx’n)v
k=1

1<j<n,j#i

©' being the usual derivative of p. It turns out that K'dV (n, X) param-
eterizes all KdV solutions of the form u(z,t) =231 | p(z — z;(t)). and
will be called henceforth, the n-th KdV" locus (over X) (e.g. [1]).

1.9 Theorem .

Let 7 : (T, p) = (X, q) be a hyperelliptic tangential cover of degree n . Then for
any £ € W(T'), the KdV finite-gap potential associated to (I', p, A, £) is equal
to uc(z) =23 1, plz —a;) , where 3.7, o; is equal to I(L£) and belongs to
KdV(n,X). Moreover the morphism I, : W(I') = X,, besides factoring through
KdV(n,X) — X,, is also injective and equivariant (i.e. : for any £ € W(T),
I.(£*) = [-1](Iz(£))). In particular, the potential us(z) is A-periodic for any
L € W(T'), and it’s even if and only if £ is a #-characteristic .

1.10 Remark.

Let 7= : (I',p) = (X,q) be as in §1.9, pick any partial desingularization j :
(T,p) = (T,p), and let j. denote the closed immersion j, : W(I) — W(T),
L + j.(£) . Then, the composed marked morphism, 7 := 707 : (T, p) = (X, q)
is also a hyperelliptic tangential cover, and the corresponding injection, Iz :
W(T) = KdV,(X), factors as Iz = I, o j. ([11] §6). Consequently Iz (W (T))
is a closed subvariety of I, (W (I'))(C KdV(n,X)) and the family of A-periodic,
KdV finite-gap potentials associated to 7 embodies the one associated to & .
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1.11 Definition.

Let 7 : (I',p) = (X,q) be as in §1.9. We shall say that 7 is a minimal-
hyperelliptic tangential cover if and only if 7 does not factor through a (non-
isomorphic) hyperelliptic tangential cover of the same degree over X.

1.12 Theorem .

Let R(n, X) denote the (finite ; see §2.10) set of isomorphism classes of minimal-
hyperelliptic tangential covers of degree n over X, and let W (n, X) denote the
(disjoint) reunion of their compactified jacobians. Then, the natural morphism
I,(X) : W(n,X) - KdV(n,X), made up of all the I’s, 7 € R(n,X), is a
birational injection. In particular KdV (n, X) splits as the disjoint reunion of
the images of the corresponding compactified jacobians :

Kdvin,X)= [ LWw@).
nE€R(n,X)

1.13 Definition.

Let 7 : (I',p) — (X,q) be any hyperelliptic tangential cover, £L € W (T'), and
let u(z) := ug(z) denote the corresponding elliptic KdV finite-gap potential

(51.9).

1) We shall say then that u(z) is the hyper-elliptic potential associated to
(m; L) (or to (T',p, Ax, £)) ;

2) We shall say that u(z), considered as a meromorphic function over X =
C/Au: X — P!(C), is non-primitive, if and only if there exists a non-
trivial isogeny ¢ : (X, q) — (X', ¢') factoring u .

1.14 Remarks.

1) Let u(z) : X — P!(C) be a non-primitive function as in §1.13.2) and
@ (X',q") = (X,q) denote the dual isogeny. Then d := degy = deg¢
divides n, ¢ factors 7 and the inverse image morphism, ¢* : X;/d - Xn,
> B; = 3, 9%(By) factors In : W(I') — X,. More precisely, there
exists a hyperelliptic tangential cover n' : (I',p) — (X',¢’) such that
n=d-degn',m=@on’ and In = p* oI .
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2)

1.15

Conversely, if 7 : (I',p) — (X, q) factors through an isogeny of degree
d>1,v:(X",¢) = (X,q),asn =vorn' thenn=d-degn’, 7' : (I',p) =
(X’,¢') is a hyperelliptic tangential cover of degree n/d, and I, factors as
- = @* o L., where ¢ is equal to ¥, the dual isogeny of ¥. Therefore,
any hyper-elliptic potential associated to 7 is non-primitive and factors
through ¢ =¥ : X — X'. We shall also say that 7 is non-primitive.

With the above definitions and basic relations in mind, we shall explain herecafter
the structure and methods developed to attain the main objectives of our paper.

1)

The tangency criterion §1.5 is an intermediate step in the way to the
algebraic surface aproach of §2 and §3. The leading parts are played there
by the blow-up of a particular ruled surface 7g. : S+ — S — X and its
quotient by the action of the natural involution 7+ , S~ := S+ / ~_.. We
start proving that any hyperelliptic tangential cover 7 : (I';p) — (XX, ¢q)
factors uniquely through wg: . We then say that 7 has “type” pu =
(i;) if the image of I’ in S+ intersects the exceptional divisor ri with
multiplicity g, for ¢ = 0,---,3 (§2.1, §2.2). The latter amounts to say
(roughly speaking) that I' has u; + d;0 Weierstrass points over the half
period w; (1 = 0,---,3). For any u € N* and n > 1 we then let R(n, u. X)
denote the subset of R(n, X)) made of all covers 7 € R(n, X') having “type”
i . The elements of R(n,u, X) can be identified with integral divisors of
a particular linear system on S+ . The knowledge of the corresponding
linear equivalence class finally allows us to deduce the basic results about
R(n,u, X). For example, if the congruence conditions po + 1 = p; =
py = p3 =n(mod -2) and (2n+ 1 — E?:o u?) € 4N are not satisfied, the
set R(n,p,X) is void (§2.3). Otherwise R(n, u,X'), hence also R(n,X),

is finite and any 7= € R(n, u, X) has (arithmetic) genus equal to (-1 +

S0 ) (§2.10, §2.6). ‘

Since the natural involution 7+ : S+ — S+ induces the hyperelliptic one
on any curve I' as above, the projection of I" into S~ := S+/ ~_1 is a
rational integral curve of a particular linear system, say |A(n, )|, of S~
(83.1). Reciprocally, any rational integral divisor in |A(n, u)| gives rise
to an element of R(n,u,X) (§2.6). The latter result is particularly well
suited for proving the existence of nice families of minimal-hyperelliptic
tangential covers. As a matter of fact, we start associating an exceptional
divisor of S~ to any g = (u;) € N* satisfying the congruences po +
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1 = p; = pe = ps(mod.2). The restriction of 751 : S+ — X to the
inverse image (by S+ — S~) of the above exceptional divisor, is then
shown to be a minimal-hyperelliptic tangential cover of type 4 and degree
n:=1(-1+ Z?:o p?) . We thus obtain the unique element of the moduli

space R(n,u,X), called hereafter “the exceptional cover of type u (and
degree n := %(—1—%—2?20 p?)) over X” (see §3.4, §4.1, §4.2, §4.3 and §4.4) .

The rest of §4 is devoted to study (for the first time !) the next cases.
We start proving that for all n > 1 and p € N* such that po+1l=p =
e = ps(mod - 2) and (2n + 1 — E?:o u?) € 4N, the dimension of the
linear system |A(n, p)| is equal to }(2n + 1 — Z?:o u2) (§4.9) . It then
follows that whenever E?:o p? = 2n—3 (the first “non-exceptional case”!)
the set R(n, u, X) is in a one to one correspondence with the integral and
rational fibers of a pencil of elliptic curves on S~ . Applying the Lefschetz
formula (e.g. [7] p.509), relating the Euler-Poincaré characteristic of the
fibers of the pencil with that of S~ , we finally succeed in bounding the
cardinal of R(n,u, X) (§4.12). The latter result implies the existence of a
new family of hyperelliptic tangential covers (other than the exceptional
one).

On and after the §5 we equip any hyperelliptic tangential cover of degree
n and arithmetic genus g, say 7 : (I',p) — (X, q) , with the following eight
“canonical” f-characteristics (§5.3. 3)) :

. £E=0r((g-1)p+7*(wi—¢q)) and
3
E=0r((g-1-n)p+7*(wi)) (i=0,---,3),

where as usual we let {w;,i = 0,---,3} (wo = ¢) denote the set 3A/A ,
of %-periods of (X,q) . Finding the corresponding even hyper-elliptic
potentials (see §1.9) amounts to calculating the intersection of their X-
orbits (Orbg X) with the theta divisor ©Or . Since we’re dealing with
(hyperelliptic) tangential covers, Orbg(X) is also the orbit of the first
KP flow on W (I') associated to the data (I',p,£). Accordingly, we can
calculate its multiplicity of intersection with Or , at any point, by means of
the Fay-Segal & Wilson formula of §5 ([5],[11] ; see also [18] §3). The latter
problem has been completely solved within the frame of exceptional covers,
as explained in the rest of §5. We recall there that for any exceptional
cover of type u , the even hyper-elliptic potentials associated to the above
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“canonical” f-characteristics are equal to

3
(4) ue(z) = Y ai(a;i + Dp(z — wi) ,

=0

for some (a;) € N* given in terms of (u;) (e.g.:§5.5), such that 2n =
Z?:o ai(a;+1) . Conversely, given any integer vector (a;) € N* | (there ex-
ists a unique type u such that) u(z) = Zf‘=0 a;(a;+1)p(z—w;) is the hyper-
elliptic potential associated to one of the “canonical” §-characteristics over
an exceptional cover of (type u), degree n := 1 Zf:o a;(a; +1) and arith-
metic genus equal to 3 max{2M,1+ L — (1 + (-=1)¥)(m + 3)} , where
M := max{a;}, Y := 3°_, a; and m := min{a;} (see also [6]).

Since our aim is to generalize the above results beyond the exceptional
case, we undertake (starting from §6) the analogous study for the next
interesting case : Uzn_szzu;) R(n,u, X) . We tackle the problem of char-
acterizing the “canonically”xassociated hyper-elliptic potentials, by glob-
alizing our earlier constructions. Let A denote the moduli space of all
elliptic curves endowed with their half-periods, and let R(n,u) denote
the algebraic family |J, R(n,u, X) . We shall suppose (from §6 till the
end) that u(®? = 2n — 3 , and associate to any 7 € R(n,u), one of
its canonical §-characteristics, 7 — ¢ (for ex : € = Or((g — 1)p)) .
The corresponding hyper-elliptic potential, u¢(z), is equal this time to
ue(z) = 2p(z — p) + 2p(z + p) + Z?:o a;(a; + Vp(z — w;) , for some
@ = (a;) € N*such thatn = 2+1 30 a;(a;+1) (§6 (29)) and p € X \{w;}
satisfying Zf’=0(2ai +1)2p'(p—w;) =0.

The equation 2?20(201' +1)2p'(p—w;) = 0is indeed a necessary condition
for such a function to be a hyper-elliptic potential (§6.2). We also realize
that the map p — (p(p) : p(w1) : p(wg)) € P?(C) defines an isomorphism
between the set of solutions {Zfzo(Zai+l)2p’(p—wi) =0, peX, X € &}
and the affine sextic Cz\ {01, 02,03} (§7.3, §7.4). At last we prove that the
composition of the latter maps, 7 — £ = ue(z) = (p(p) : p(wi) : p(w2)),
gives rise to a proper injection (in fact an embedding) of R(n,u) into
Cz\{01,02,03} (8§7.7, see also §9.6).

Conversely, for any X € X and any solution of Zf=c(2ai + 1)%p'(p —

w;) = 0 (or equivalently, for any point of Cz \ {O1,02,03}) it’s quite
natural to ask whether the function u(z) = 2p(z — p) + 2p(z + p) +
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Z?:o ai(a; + 1)p(z — w;) is a hyper-elliptic potential (or not), and to
find the corresponding spectral data (m;&) in the affirmative case. For
example, if C; is irreducible R(n,u) must cover the whole affine sextic
Cz \ {01,02,03} , and any such function u(z) is a hyper-elliptic function
associated to a (well determined) canonical §-characteristic over some 7 €
R(n, u, X) . More generally, the last statement remains true for any u(z)
as above if and only if (p(p) s plwr) - p(wg)) belongs to the image of
R(n, u) . Consequently, we’re naturally lead to find the integer vectors @ =
(a;) € N* for which Cz is reducible and to write down the corresponding
decomposition. Surprisingly, the latter problem is (again) reduced in §8
to studying the reducible fibers of a pencil of elliptic curves (i.e. : the

one generated by the sextics Cz and Cp) and applying the same Lefschetz
formula as in §4.

As a matter of fact, the complement of the image of R(n,u) in Cz \
{01,02,03} also parameterizes hyper-elliptic potentials, although of a
different kind. The latter potentials are carefully constructed through
§86.6, the proof of §9.4, §9.6.4) and §9.9. Our “elliptic surface” approach
finally enables us to give at the end of §9, a reasonably complete answer to
our previous questions : for any @ = (a;) € N*, any elliptic curve X € X
and any p € X \{w;},u(z) = 2p(m—p)+2p(x+p)+2?zo ai(a;+1)p(z—w;)
is a hyper-elliptic potential if and only if Z?=0(2ai +1)2%p' (p—w;)) =0 .
More precisely, let g denote the integer g := %max{ZM,l +X -1+
(=1)%)(m+ 1)} , where M := max{a;}, £ := 3;_ a; and m := min{a;},
and let IIz(z,y, z) be the homogeneous polynomial defined in §9.9. Then,
i 5250 (2ai+1)2! (p-ws) = 0 but Tz (p(p), p(wr), p(ws) ) # O, the hyper-
elliptic potential u(z) above is associated to a canonical §-characteristic
over a hyperelliptic tangential cover of degree n = 2 + § E?:o ai(a; + 1),
genus = g and type p = (u;) such that }23’:0 u? = 2n — 3 . Otherwise

k3

(e : if $3o(20s + 1)/ (p — wi) = 0 and Tz (p(p), p(wr), pl(ws) ) = 0)
u(z) is associated to a “non-canonical” #-characteristic over an exceptional
cover of same degree n, genus = g + 1 and type i = (i;) such that
Z?:o 2 =2n+1 (see §9.9 for a more accurate statement).

Let me finish this long introductory paragraph with an open problem.
For any elliptic X € X, any p = (u;) as in 1.15.4) and any n € N such
that ZLO p2 = 2n + 1, the set R(n,u, X) contains a unique element :
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the “exceptional cover of type p” over X. It was proven in [6] §3.5 iii)
that for a “sufficiently generic” X, the exceptional cover of type u over
X is smooth. In case Z?:o p? = 2n — 3 (see §2.3) the set R(n,u, X)
is finite and for the generic elliptic curve Xgen, its cardinal is equal to
#R(n, u, Xgen) = 6 — 23, j being equal to j := #{i, u; = 0} (§4.12). We
conjecture that the corresponding covers are smooth.

2 The hyperelliptic tangential covers as divisors
of the projective surface S+ .

2.1

Let £ be the unique (up to isomorphism) indecomposable locally free sheaf of
rank 2 and degree 0 over the elliptic curve (X,q) . Let S = P(£) denote the
associated projective space bundle, canonically equipped with the projection
7s S = X. It’s classically known that S is the unique ruled surface over X
having only one section, denoted hereafter by Cy, of self-intersection 0. The
inverse homomorphism [—1] : (X,¢) = (X, q) can be lifted to an involution of
S, 7:S5 — S, having two fixed points over each %-period, w; (1 =0,--+,3),
of (X,q) : one in Cp, denoted by s;, and the other one denoted by r; . Let
e : S+ — S denote the blow-up of S at the eight fixed points of 7. We can
still lift 7 : S — S to an involution, 7+ : S+ — S+. The corresponding
exceptional divisors, denoted by {ri,s*,i =0,---,3}, get fixed by 7+, and the
quotient S~ := S/ ~_. is a smooth rational surface. The degree 2 projection
¢ : S+ — S~ is intimately related to the set of all hyperelliptic tangential
covers. In fact, as recalled hereafter, any such cover can be uniquely factored
through 7g. := mgoe : St — S, and can be reconstructed out of suitable
rational integral curves in S™.

2.2 Definition.

Let 7 : (T',p) = (X,q) be a hyperelliptic tangential cover and denote by i :
I' —» S+ the unique morphism such that 7 = mgoeoit. We call type of 7, the

intersection multiplicity vector p = (u;) := (iL(I‘) . r}) € N*, and denote by
p® and by p®, the sums p® := 33 u; and p® = 3% 42 respectively.
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2.3 Proposition.

Let 7 : (I',p) = (X, q) be a hyperelliptic tangential cover of degree n and type
i, and i+ : T — S+ the canonical factorization of 7 via e : S+ — S . Then,

1) the image 't := iL(I") is Tl-invariant and linearly equivalent to
e*(nCo + So) — s¢ — g wiri-, where So = 75(q) ;

2) the restriction of 7+ to I'* induces the hyperelliptic involution on I', and
#(T'+) is a rational integral curve of S~. Furthermore, we have the fol-
lowing (in)equalities between n, p*) | u(?) and the arithmetic genus, say
g,of T":

3) po+1=p =po=ps =n(mod-2);

4) p® <2n+1and 2n+1-pu®) € 4N ;

5) 2g+1<pM and Lg(g+1)<n.

2.4 Definition.

We shall say that an integer vector u € N* fits in (with n € N), if and only if
po + 1= p1 = p2 = p3(= n)(mod - 2).

2.5 Lemma.

For any couple (n, 1) € N x N* such that u fits in with n, there exists a unique
linear equivalence class in Pic(S™), denoted by A(n, 1), such that

(5) & (A ) = € (nCo + So) — s = > wri

0<i<3

2.6 Theorem.

For any (n,u) as in §2.4, let C™~ be a rational integral curve in |[A(n,u)|,
j : PY(C) — C~ its desingularization, and consider the fibre product, I' :=
P!(C) xc~ ¢*(C™), of j and the restriction of ¢ : S+ = 8~ to ¢*(C™). Then,
the first projection I' — PI(C) defines a hyperelliptic involution on I, fix-
ing the smooth point p := =In sy, while the second projection I > ¢ (C’N)
composed with mg1 : S+ — X is a minimal-hyperelliptic tangential cover, say
#: ([, p) = (X, q), of degree n, type u and arithmetic genus § := —( ) —1).

74



2.7
1)

2.8

Remarks.

Let j: (T',p) — (f',p) be any marked morphism of degree 1. Then 7 :=
7oj:(T,p) = (X,q) is also a hyperelliptic tangential cover of degree n
and type u, but arithmetic genus < %(u(l) — 1) (with equality if and only
if j is an isomorphism).

Conversely, for any hyperelliptic tangential cover 7 : (I',p) — (X, q), of
degree n and type p, its canonical image in S™, ¢ o i+(T), is a rational
integral curve in |A(n, u)|. Furthermore, let 7 : (I',p) = (X, q) be the
hyperelliptic tangential cover (of degree n, type p and arithmetic genus
§ = 3(u™ —1)) canonically associated to ¢ oi*(T'). Then = is easily seen
to factor through 7, and 7 is minimal-hyperelliptic (§1.11).

Definition.

For any couple (n,u) as in §2.4 we denote by R(n, u, X) the set of equivalence
classes of hyperelliptic tangential covers of degree n, type u and arithmetic genus

g = glp" =1}
2.9 Remarks.
1) According to §2.7, any hyperelliptic tangential cover of degree n and

3)

4)

type w is isomorphic to a partial desingularization of a unique element
of R(n, u,X). In particular 7 € R(n,u,X) if and only if 7 is a minimal-
hyperelliptic tangential cover of degree n and type pu.

For any hyperelliptic tangential cover, 7 : (I',p) — (X, ¢), of degree n and
type u, the arithmetic genus of I' is smaller or equal to %(,u(l) — 1), with
equality if and only if 7 € R(n, u, X).

We finally learn from §2.6 that there is a natural one-to-one correspon-
dence between the set R(n, 1, X) and the set of rational integral curves in
S~, linearly equivalent to A(n, u).

As a matter of fact, for any rational curve C~ € |A(n, )|, the correspond-
ing normalization morphism j : P'(C) — C~ C S~ can not be deformed
([15] §4.10), implying the following result.
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2.10 Theorem.

For any elliptic curve (X,g), and any couple (n,u) € N x N* such that p fits
in with n, the set R(n, i, X) defined in §2.8 is finite (but may be empty).

3 On countable many exceptional divisors on
the rational surface S~ .

Choose any fibre £ of 75 : S — X, over the complement of (X, q), = {w;}, and
let 7" and s (1 =0, -+, 3) be the reduced images of r;- and s+ in S~. For any
divisor D of S let D+(C S+) be its strict transform by e : S* — S, and let D~
be the reduced image of D+ in S~, D~ := ¢(D%) (§2.1).

3.1 Lemma.

1) The surface S™ is rational.

2) The group Pic(S™) is free of rank 10, and the 10 divisors
{C5, 0,87 =mg(w;)™ ,ry ,i=0,---,3} make up a Z-basis.

3) For any i = 0,---,3 the curve £~ is linearly (and numerically) equivalent
to £~ =287 + 1 + 57

4) For any n > 1, and p € N* which fits in whith n, the linear equivalence
class A(n, u) of §2.5 is equivalent to

(6) n(Cy +207) ~ (n = 1)S5' ~ 5(n+ o ~ g
S | i
- Z {nS; + §(n+p,j)rj }.
1<5<3

5) For any couple (n,u) as in §3.1.4), and any divisor D € |A(n, u)|, there
exists an integer m > 0, an integer vector (v;) = v € N* which fits in with
m, and an irreducible curve C™ such that :

o O~ € |X(m,v)|;

e u; <yfor0<i<3;

e m <nand m=n(mod-2);

o @ <@ <2m41<2n+1;
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e D decomposes as
D=C"+(n-m)Cq + 3 Locics{(n — m)s + (vi — pa)rl}-

3.2 Remark.

We easily deduce from §3.1.5) that for |A(n, u)| to be non-empty, we must impose
the condition u(?) < 2n 4 1. Better still, we calculate hereafter the dimension
of |A(n, u)| and give as well a numerical criterion for an integral divisor of S™
to belong to |A(n, u)|.

3.3 Lemma.

Let K, K+ and K™ be the canonical divisors of S, S* and S~ respectively, and
choose any couple (n, 1) € N x N* such that y fits in with n (see §2.4). Then :

1) the divisors e*(K) and ¢*(K ™) are both linearly equivalent to

K+~ 2051'53(31‘L gl
2) wehave K~-K~ =0, A(n,p) - K~ = -1land A(n,u)? = $(2n—1—p?);

3) any irreducible divisor D € |A(n, p)| satisfies the equality D - K~ = —1

(aswellas: D -0~ =n, D-ry = p;, for i =0,---,3), intersects sg’, and
its arithmetic genus is equal to ps(D) := ;(2n + 1 — pu(?).
Conversely, for any irreducible divisor D C S~ satisfying the equality
D - K~ = —1 and intersecting sg’, let m := D -{~ and v; :== D -r}" ; ( for
any i = 0,---,3). Then m is a positive integer, the vector v = (1;) € N*
fits in with m, and D € |A(m,v)|.

3.4 Proposition.

Let (n, ) € NxN* be any couple such that p fits in with n. Then, the projective
space |A(n,u)| is empty if 2n + 1 < u(®, and has dimension dim |A\(n, p)| =
%(271 + 1 — u®) otherwise. Moreover, if 2n + 1 > u(?)| the generic element of
|A(n, u)| is a smooth irreducible curve of genus 1(2n + 1 — ().
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3.5 Corollary.

There is a one-to-one correspondence between the set U(n ) B(n, p, X) (of iso-
morphism classes of minimal-hyperelliptic tangential covers over (X,gq)) and

the set of rational curves C™~ in S7, intersecting s;’ and £, and such that
c~ K~ =-1.

4 The exceptional covers and beyond.

4.1

Let us first recall that by an exceptional curve on a smooth projective surface we
mean an integral divisor D, isomorphic to P*(C) and of self-intersection D-D =
—1. Choose any integer vector u € N* such that po+1 = py = ps = u3(mod.2).
Then 2n + 1 := u(® is an odd integer, u fits in with n, dim |A(n,x)| = 0, and
the unique effective divisor in |A(n, u)| is an exceptional curve of S~, denoted
hereafter by C};'. The latter exceptional curves can be numerically characterized
and give rise to the so-called, exceptional (hyperelliptic tangential) covers.

4.2 Theorem.

Let u € N* be as in §4.1, n := $(u® — 1) and let C denote the unique
exceptional curve in S7, linearly equivalent to A(n, ). Then C intersects sg
and £~, and we have the following equalities : C" - sg” = 1, C - £~ = n and
Cy -1y = ; for any 1 =0,---,3. Conversely, given any exceptional curve C™
on S~, if C™ intersects sy’ and £~, then C™ - s5” = 1. Moreover, the integer
vector v = (v;) = (C~ - ry) fits in with m := C~ - £~, v = 2m + 1 and
c~=Cy.

4.3 Definition.

Let u € N* and C} be as in §4.2, and consider the curve Ci := ¢*(CJ) C
S+, equipped with the smooth point p, := Cj Nsy = ¢~1(C; N s5). Then,
the marked projection 7, : (C’j,p#) — (X, q), obtained by restricting mg.1 :
St = X to C’f;, is a minimal-hyperelliptic tangential cover of type u, degree
n:= 1(u® —1) and arithmetic genus = 3(u™® — 1) (cf. §2.6). We'll say that
7, is the exceptional cover of type p over (X, q).
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4.4 Theorem.

Let 7 : (T',p) — (X, q) be a hyperelliptic tangential cover of degree n and type p.
The following properties are equivalent, and imply that 2n+ 1 = u(?) (compare
with [15] §6.1) :

i) the canonical morphism it : ' = S+ is an embedding ;

ii) 7 is minimal-hyperelliptic and ¢(iL(F )) is an exceptional curve of S™ ;

iii) the arithmetic genus of T is equal to 3(u(!) — 1) and ¢(H(I‘)> =

iv) 7 is isomorphic to the exceptional cover 7.

4.5 Definition.

The set {(n,n) € N x N*, 4 fits in with n and u(?) < 2n + 1} will be equipped
with the following partial ordering : we say that (m,v) is smaller than (n, )
(and write (m,v) < (n,u)) if and only if n — m € 2N and v — p € 2N*.

In the latter case we have the following decomposition

s g L =
sit3 Z (= fa)r;

0<i<3 0<i<3

(7) A(n, 1) = A(m,v) + (n —m)Cy + n

Adding, in fact, the effective divisor A(n,u) — A(m,v), defines an injection of
|[X(m, v)| as a projective sub-space of |A(n, u)| . We shall identify |A\(m,v)| with
its image in |A(n, u)| (whenever (m,v) < (n,pu)).

4.6 Lemma.

Let (n,u) € N x N* be such that u fits in with n and 4 < 2n + 1, and
let D C S~ be any effective divisor linearly equivalent to A(n,u). Then D is
reducible if and only if there exists (m,v) < (n,u) ((m,v) # (n,u)) such that
D € |\(m,v)| C |A(n, )] .

Proof : In fact,D is reducible if and only if the 7+-invariant divisor of S+,
¢* (D), is reducible. On the other hand e.(¢*(D)) is a T-invariant divisor of S,
linearly equivalent to nCy + Sp. Hence, there exists m < n, m = n(mod.2), and
an integral T-invariant divisor I" € |[mCpy + Sp|, such that e.(¢* (D)) decomposes
as '+ (n — m)Cp . We can recover ¢*(D) out of I' + (n — m)Cy as

¢*(D) =T+ +(n~m)Cy, mod((si",ri", i =0,---,3)),
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where we let I't and Cj- denote the 71-invariant strict transforms of I and Cp
in S*. In particular, the reduced image of I'* in S~ belongs to |A(m, v)|, where
v = (v;) is the type of I't, ie. : v;:=T+ .7 fori =0,---,3, and

D=¢(T)+(n-m)Cq +5(n=m) 3 sT+5 > (i—m)ri €|Mn,p).
0<i<3 0<i<3

We’ve thus obtained a canonical decomposition of D as the sum of an irreducible
divisor ¢(I't) € |A\(m,v)|, plus another effective term = A(n, u) — A(m,v). It
follows that (m,v) < (n,u). Hence D is reducible if and only if (m,v) # (n, p).
In the latter case, D belongs to the natural image of |A\(m,v)| in |A(n,u)|. B

4.7 Proposition.

For any couple (n, ) such that u fits in with n and 2n + 1 > u(?, the generic
element of |A(n, p)| is an irreducible divisor.

Proof : There only exists a finite number of couples (m,v) such that
(m,v) < (n,p) and (m,v) # (n,u). For each one of them dim |\(m,v)| =
1em+1-v®) < 2(2n+1-p®) = dim |A(n, p)|. In particular, the reunion of
the corresponding proper projective subspaces, U(m,u) |A(m, v)|, which accord-
ing to §4.6 parametrizes the reducible divisors in |A(n, )|, is a closed proper
subset. Hence, the generic element in |A(n, )| is irreducible.

4.8 Proposition.

Let us suppose now that 2n + 1 > . Then, the complete linear system
|A(n, )| has a unique base point. This base point belongs to sg’ and is a smooth
point of any element = € |A(n, u)|.

Proof Let us first recall that A(n, u) = A(n — 2, u) +2C5" + 3 g<;<3 57 and
An,p) - Cg' = Xn,p) -7 = s -s7 = 0for j =1,2,8, but s5 - Cg" = 1.
In particular h°(Ocy (A(n,p) — s5)) = 0. Hence, the divisor D~ = 2Cg” +
> 1<j<3 S; being connected, we conclude that h° (OD~ (A(n, p) — 35)) =0. It
follows then, by looking at the cohomology sequence associated to the exact
sequence

(8) 0= Os~ (/\(n - 2,u)) — Og~ ()\(n, ) — sON) —Op~ (/\(n,p) - sg) -0,
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that A ((95~ (Mn, ) — sg)) = he ((95~ (AMn-2, u))) (= h° (os~ (A(n, u))) -1
by §3.4). Look, on the other hand, at the exact sequence

@ 0- Os~ (/\(n,,u) " s;) -y (/\(n,u)) il (/\(n,u)) -0.

Since H° ((95~ (A, p) — sg)) injects as an hyperplane of H° (OS~ ()\(n,u))),

the image of H® ((’)5~ ()\(n,u))) into H° ((’)50~ (A(n,u))) is a sub-space of di-
mension 1. Furthermore, since A(n,pu) - sg = 1, every irreducible divisor in
|X(n, )| intersects sy’ at only one and the same point of s5’. The latter is a
smooth point of any element of |A(n, u)|. We’ll finally prove, by induction over
n, that |A(n, )| has no other base point. Suppose in fact that 2n+1—u(?) = 4,
in which case A(n,u)? = $(2n — 1 — p®) = 1. Hence, any two irreducible
elements of |A\(n, )| can only intersect at one point, and this point must be the
unique base point already found. Suppose now that 2n + 1 — u(®) > 4 (hence
2(n—2)4+1—p® > 4), and that |A(n—2, 1)| has a unique base point (in s5). We
know that for any z € |A(n — 2, )|, £+ 2C5 + 3 gcic3 87 € |A(n, p)|. It easily
follows that any base point of |A(n, 1)| can only lie in C§ or s7" (1 = 0,---,3).

We also know that A(n,u) - Cg" = A(n,u) - s7 =0 (j = 1,2,3). Hence any base
point of |A(n, )| can only lie in s5° and must, therefore, be equal to the one
already found. |

4.9 Corollary.

For any (n,u) € N x N* such that u fits in with n, the generic element of
IA(n, 1)| is a smooth irreducible curve of genus (2n + 1 — pu(?).

Proof : If 2n 4+ 1 < u®, |\(n, )| is empty and there’s nothing to prove.
If 2n + 1 = p(®, the unique element of |[A(n,u)| is an exceptional curve (see
§4.1). Hence it is irreducible and smooth, of genus 0 = (2n + 1 — u®).
If 2n+1 > u® the result follows by coupling the Proposition §4.8 with Bertini’s
Theorem and §3.3. 3). |

4.10

Studying the rational curves z € |A(n—2, )|, for any couple (n, 1) satisfying the
inequality 2n+1 > u(?), seems quite difficult in general. We shall restrain in the
sequel to “the first non-exceptional case” : 2n+ 1 — u(? = 4. In the latter case,
dim |A(n, x)| = 1, the generic element in |A(n, )| is an elliptic curve, and there
exists a unique base point (depending only upon n, and) denoted by b(n) € sg'.

81



Recall also (§4.1) that C7, the unique element in |A\(n — 2, 1)|, is an exceptional
curve and Yoo = Cp + 207 + 3 ;<357 belongs to |A(n,u)|. By blowing
up the base point b(n) we get the surface S, equipped with the monoidal
transformation S;Y — S~ and the natural projection S’ — |A(n, u)| ~ P!(C).
In S, the strict transform of C is still an exceptional curve. By contracting it
we finally get a rational elliptic surface 7}, ) = |A(n, p)| = P'(C), with Picard
group Pic(S(“;w)) >~ 7%, Hence, the Euler-Poincaré characteristic of S(Nn’#) is
equal to x(S5(;, ,)) = 12, and the fibre over yo is equal to 2Cq" + 2 0<i<3 5T

where we let Cg” and s7 (i = 0,---,3) denote also their images in S, w)- The
latter curves have the following intersection diagram (in Stnw)
(10) Co-Co=s7-57=-2,C0-s7=1,s7-57=1

4.11 Remarks.

1) For any y € |A(n, u)|, let us denote by x, its Euler-Poincaré characteristic.
We know that the generic fibre of S(Nn’u) — |A(n, p)| is an elliptic curve.
Hence the function y — x, vanishes outside a finite number of points of
[A(n, p)|, and the (so-called Lefschetz) formula (e.g. : [7] p. 509) tells us
that
(11) 12=x(Shl= D, Xy

VEIA(n,u)]

2) The E — P characteristic x, is # 0 if and only if y is reducible, or ir-
reducible but singular. Let us denote by Red (resp : Irr) the subset of
reducible (resp : irreducible and singular) fibres. The particular fiber
Yoo = 205 + Y o<ic3 87 belongs to Red and all its irreducible compo-
nents are isomorphic to P*(C). It follows from their intersection diagram
(10) that xy. = 6. The remaining reducible fibers (Red \{y}) are in a
one-to-one correspondence with the indices ¢ = 0,---,3 for which p; =0
(84.6). Let in fact ip be such an index, and define the integer vector
(€:y(j)) € N* by the formula €, (j) = 6;y;, j = 0,---,3. Since pi, =0 we
easily check then that (n,u + 2€;,) < (n,u). Moreover, the exceptional
curve is the unique element in ]/\(n, u+ 2é',-o)|, the reducible curve

+ 7 belongs to [A(n, u)|, and

p+2¢€5,
Yip \—= u+2€;,
Tio ' T'io = _Tio ) H+2€5, ==

iy2s, 0 two distinct points and xy,, = 2,
or r;; is tangent to ;4_25',0 and xy,, = 3.

Hence, either 77, intersects
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3) On the other hand Irr has been defined as the subset of all singular ir-
reducible divisors in |A(n, x)|. The arithmetic genus of any y € |A(n, u)|
being equal to %(Zn +1—pu®) = 1, we deduce that Irr consists of all
integral rational curves in |A(n, u)|. As such, any curve y € Irr must have
a unique singular point : either a node and x, = 1, or a cusp and x, = 2.
Let us, as usual, denote by R(n,u,X) the set of equivalence classes of
minimal-hyperelliptic tangential covers of degree n and type u over (X, q).
Taking into account the equation (11) and the above remarks on x,,

y € Red UIrr, we immediately obtain the following bounds for #R(n, u, X).
the cardinal of R(n,pu, X).

4.12 Theorem.

For any (n, ) € NxN* such that y fits in with n and u(?) = 2n—3, #R(n, , X)
is bounded as follows :

1) #R(n,u, X) = 0 if #{i,p = 0) = 3;

2) 0 < #R(n,p, X) < 2if #{i, s =0} = 2;
3) 2< #R(n,u, X) < 4if #{i, =0} = 1;
4) 3 < #R(n,u, X) < 6if #{i,ui =0} = 0;

4.13 Remark.

The inequalities §4.12. 2) could be immediately improved. We give indeed,
in the proof of §9.4, a completely down-to-earth construction of two distinct
(non-primitive) elements of R(n,p, X ), whenever #{i,u; = 0} = 2. Hence,

#R(TL,[J.,X) =2 (lf #{iﬁ“i = 0} = 2)

5 The canonical f-characteristics and their po-
tentials : the case u® =2n+1 .

5.1

Let 7 : (T, p) = (X, q) be any hyperelliptic tangential cover of degree n > 1. Re-
call that for any £ € W(I'), the pull-back of the canonical theta divisor Or by the
orbit morphism Orbg : X — W(T'), ¢' = £(n*(¢' —q)) =€®Or(n*(¢'—q)),is a
divisor of degree n of X, Orbg(Or) = 31, a;. Furthermore, ) " ; a; belongs
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to KdV(n, X), the n-th KdV locus, and is uniquely determined by the isomor-
phism class of the data (m; §) (see [1] or [15] §2.7 §2.9). It also turns out that the
hyper-elliptic potential associated to (7; &) is equal to ug(z) =23 | p(z — ;)
(§1.9 or [16] §7.10). Better still, for any a = ¢’ — ¢ € Jac X(~ X) the hyper-
elliptic potential associated to £(7*(¢' — ¢)) is equal to 231 p(z — (a; — a)).
In other words, ug(x+(q'—q))(2) = ug(z + @). Finding Orbg(Or) amounts to cal-
culate the multiplicity of intersection between ©r and Orb¢(X), at any point
& = Orbe(q'), ¢ € X. Our main tool (§5.4) is an easy consequence of the
following restricted version of the Fay-Segal & Wilson formula.

5.2 Proposition.

Let 7 : (I',p) = (X, q) be any hyperelliptic tangential cover and ¢ any point of
W(T'). Then, the multiplicity of intersection between Or and Orb¢(X) at £ is
equal to

(2h°(6) = 1) -R°(€)  if (&) > h°(&(-p))

(1ilte (O, Orbe (X)) =
E( ) 5 ) { (2r°(€) + 1) -R°(€)  if h°(€) = h°(&(-p)) .

5.3 Remarks.

1) It follows from the formula (12), that the multiplicity of intersection is a
triangular number which increases with the value of h°(£). In particular,
if h° (£(—mp)) > 0, for some m > 0, we have the following lower bound :

(13) multe (Or, Orbe (X)) > =(m +1)(m +2) .

N =

2) Forany i =0,---,3 & :=&(n*(wi — wo)) has the same X-orbit as ¢, its
potential is equal to ug, (2) = u¢(z — w;), and

3
(14) D multg, (Or, Orbe(X)) < Or - Orbg(X) = deg(m) =n .
=0

3) The divisors {2np, 27*(w;),7 = 0,---,3} have same degree and get fixed
by the hyperelliptic involution of I'. Hence, the're linearly equivalent.
Moreover, denoting by g the arithmetic genus of I', we deduce that the
canonical sheaf is equal to wr ~ Or((2g — 2)p) and that the invertible
sheaves :
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(15) €ai = Or((g—Dp+7*(wi—q)),
£B,1' Or((g_l—n)p_"ﬂ‘(wi))a 1=0,---,3

are f-characteristics on I'. Whenever 7 is an exceptional cover we can
find the corresponding even hyper-elliptic potentials as outlined hereafter
(§5.4, §5.5). Due to the fact that for any j = 1,2,3, £4,; and {B,; be-
long to Orbg, ,(X) and Orbg, ,(X) respectively, it suffices to calculate
ug, o and ugy , (see §5.3.2)). The first basic result in this direction is
a general lower bound for the corresponding intersection multiplicities,
obtained as a direct application of §5.2 and §5.3.1) (but only valid for
minimal-hyperelliptic tangential covers).

5.4 Theorem.

Let 7 : (T,p) = (X, q) be any minimal-hyperelliptic tangential cover of degree
n, type p and arithmetic genus g := 1(p®) — 1), and let €4; and ép; be the
canonical #-characteristics defined in §5.3.3), for any half-period w; € (X, q)s.
Let also mf'o (resp. : miB’O) denote the multiplicity of intersection

(16) mf’o = mu}tﬁA‘i(er’OrbCA.o(X))
(resp :mP? = multg,, (@r,Orbéﬂ‘o(X))) )

Then m{,"" = 19(g+1),andfor j =1,2,3and i =0, - -,3 we have the following
lower bounds :

(17) mi® > (g — po — pj)(g — po — p; + 1) and

DN =

1
m?,o > 5(9—#1)(9 — B + 1) .-

5.5 Corollary.

Let m, : (I',p) = (X,q) be the exceptional cover of type p (degree n :=
1(u® —1) and arithmetic genus g := 1(u(!) —1)). Then, the even hyper-elliptic
potentials associated to the canonical 6-characteristics £40 = Or ((g— 1)p) and
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é,0 =0Or((g —1—n)p+7*(q)), are equal respectively to :
| uEA.o('T) =
99+ Dp(z) + icica(9—Ho— 1)(9 — po — pj + Dp(z — wj)

18
( X and

[ Utz (2) = Zogigs(.‘] = pi)(g — pi + Dp(z —w;) .

Proof : We easily check indeed that

dolg-m)g-m+1) = p® -1,
0<i<3
(19) Z p'(a; — ;) = 0,and
1<j<n,j#i
glg+1)+ Y (g—po—p)g—pmo—pi+1) = p®-1.

1<5<3
Applying the lower bounds (17) and §5.3.2) we immediately conclude that
B -1 € 2T eymi® < 2n
(20) and
p® -1 < 25 ami® <2n

Now, in our (exceptional) case, u(?) —1 is equal to 2n. Hence, for any j = 1,2,3
and 7 =0, --,3 we must have

om® = (g9—po—p;)(g— po— pj+1)
(21) and
i = (g-m)g-pm+1),
and ug¢, , () as well as ug, ,(z), are given by (18). |
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5.6 Renr_urk.

Accordirg to Corollary §5.5, whenever 7 is an exceptional cover the hyper-
elliptic potentials associated to the #-characteristics {€4,; , gy ¢ = 0,--+,3},
coda only have poles at the half-periods of (X,g). It turns out, as recalled
-hereafter, that this property characterizes the canonical f-characteristics on the
exceptional covers.

5.7 Theorem.

For any (a;) € N*\{0} there exists a unique exceptional cover 7 : (T, p) = (X, q)
such that the even function u(z) = Y j<;c3ai(a;i + 1)p(z — w;) is the hyper-
elliptic potential associated to one of the eight canonical #-characteristics,
{€a.:,éB,i,1 =0,---,3}, on I'. We can go further into detail, by adding that the
degree of 7 is equal to n := 3 Zogiga ai(a; + 1), and the arithmetic genus of T’
is equal to :

(22) = %max(2M,1+E—(1+(—1)E)(m+%)) ;

where ¥ = 3 ;<5 ai, M = max{a;} and m = min{a;}.

Sketch of the proof : the proof given in [18_] §4.4 & §5.3, is quite down-to-
earth and runs as follows. For any (a;) € N*\ {0} there is a particular u € N*,
given by an explicit formula developed in [18] §4.4 and §5.4. 3), such that yu fits
in with n := § 3"<;<5 ai(a; +1) and p'?) = 2n+1. Furthermore, let 7 : (T, p) —
(X, q) be the exceptional cover of type u and {€4,4,&B,i, 2 =0,---,3} the set of
#-characteristics defined in 5.3. 3) above. A direct verification of the formula
(18), given in Corollary §5.5, shows that u(z) = > g,z ai(ai + 1)p(z — w;)
is the hyper-elliptic potential associated to 4 ; or g ;, for some i = 0,---,3.
Finally, the arithmetic genus of I is known to be equal to g := (p®) — 1).
Replacing (p;) in terms of (a;), by means of the formula of [18] §4.4 & §5.4.3),
we easily deduce the expression (22). B

6 Finding new hyper-elliptic potentials.

6.1

We’ve applied in §5, the F — S&W multiplicity formula (§5.2) and the lower
bounds (17), to any exceptional cover, obtaining a complete characterization of
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the corresponding canonical -characteristics (§5.3. 2)) in terms of the associ-
ated hyper-elliptic potentials (§5.5, §5.7). Building up over §5.2, (17), §5.5 and
§5.7 we shall be able to deal hereafter, with the (“first non-exceptional”) case
p® = 2n — 3, finding an infinite family of even hyper-elliptic potentials of the
form u(z) = 2p(z — p) + 2p(z + p) + Zfzo ai(a; + 1)p(z — w;), where (a;) € N*
and p satisfies the equation 2?20(2(11- +1)2p'(p — w;) = 0 (see §6.3).

6.2 Proposition.

Let (a;) € N* and p € X \ {wi,i = 0,---,3}, be such that the even function
u(z) = 2p(z — p) + 2p(z + p) + E?:o ai(a; + 1)p(z — w;) is a hyper-elliptic
potential. Then p must satisfy the following “fundamental” equation

3
(23) Z(Qai +1)%p'(p—wi) =0.

1=0

Proof : Let us denote by v(z,t) the unique KdV solution having as “ini-
tial value” v(z,0) = wu(z). We know that there exists a set of n = 2 +
%E?:o ai(a; + 1) distinct analytical functions {zx(t), 1 < k < n}, such that
v(z,t) = 2% r_, p(z—2zk(t)), and the divisor __, (z«(t)) belongs to KdV (n, X)
for any t € C (e.g. §1.9). Hence > ;_, (zx(t)) converges as t goes to 0, to
the divisor (p) + (—p) + %E?:o ai(a; + 1)(w;), while satisfying (in particular)
> hes ' (z2(t) —zk(t)) = 0 (¢ # 0). Taking the limit (¢ — 0) of the latter equal-
ity we obtain 3_p_, ' (21(0) —zx(0)) = p'(2p)+ 3 E?:o ai(a;+1)p'(p—w;) = 0.
Since 8¢’ (2p) is classically known to be equal to 2?20 ©'(p — w;), we finally de-
duce that Z?=0(2ai +1)2p'(p — w;) = 0 as asserted. |

6.3 Theorem.

Let [7: ([,p) = (X,q)] € R(n,p, X) be any minimal-hyperelliptic tangential
cover of type p (hence, arithmetic genus g := 3(u®™) — 1)) and degree n such
that p(?) = 2n — 3. Then, for any canonical 6-characteristic £ € {£4.x,&B.x ,k =
0,---,3}, there exists an integer vector @ € N* and a point p € X (2p # 0)
satisfying E?zo(Zai + 1)%p'(p — w;) = 0, such that the hyper-elliptic potential
associated to (m; &) is equal to

3
(24) u(z) = 2p(z — p) +2p(z + p) + Y _ aila; + Dp(z — wi) .

=0
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Whenever £ = €41 (resp. € = £p 1), the vector @ = (a;) € N* appearing in (24)
will be denoted by A*(u) (resp : by B*(u)). In that case, @ = A°(u) (resp. :
@ = B°(w)) is given by the following formula :

ao=g=3(p® -1)anda; = 1(|u™ - 20 — 2p;| — 1) for j = 1,2,3
(2
(vesp : a; = 3 (|p™ — 2p;| = 1) fori = 0,--+,3)..

Knowing, on the other hand, that u¢, , (z) = u¢, ,(z —wi) and that ue, , (z) =
Ugg (T —wi), we can also deduce from (25) the explicit formulas for A¥ (1) and
B*(p) (k=1,2,3).

Proof: Let us suppose that £ is equal, either to u¢, ., or to u¢, ,, and denote
by m; the multiplicity of intersection at &; := £(7*(w; — wp)),(1 = 0,---,3) be-
tween Or and Orbg (X'). Choose @ equal to A°(u) (resp. : to B°(u)). A straight-
forward calculation shows that in both cases we have u® —1 = 3°2_ a;(a; +1).
On the other hand, it follows from 5.3.2) and the lower bounds (17), that
Z?:Omi < n and 1ai(a; +1) < m;, for i = 0,---,3. Hence p? —1 =
Sai(ai +1) <Y, 2m; < 2n.

Now, in our particular case u(®?) — 1 = 2n — 4, implying the inequalities
n-2=3 S22 sailai +1) < 32 m; < n. We can also argue that the hyper-
elliptic potential u¢(z) is an even function having (at least) two poles outside
the set of %-periods {wi}. Otherwise u¢(z) should be one of the potentials §5.7
and 7 an exceptional cover (contradiction !). We finally deduce that Z?:o mi =
n—2= %Z?:o a;(a; + 1), while m; > %ai(ai + 1) for i = 0,---,3. Hence

m; = %ai(ai +1) for i =0,---,3 as announced, and there exists p € X \ {w;},
satisfying the fundamental equation (23), such that u¢(z) = 2p(z — p) +
20(z + p) + Limg ailai + Dp(z — wi) (§6.2). g

6.4 Remarks.
1

1) To any m € R(n,u,X) as above (with n = 5(,u(2) + 3)) we've associated
eight hyper-elliptic potentials as in (24). The corresponding integer vectors
@ € N* satisfy the equality Z?:o ai(ai+1)=2n—4=pu® — 1, and only
depend upon p and the choice of the §-characteristic. The eight maps A*
and B*, u— @ (k= 0,-- -, 3) defined by each choice, have been thoroughly
Stljdied in [18] §4, §5 : they are injective and together they cover the whole
N*°.

2) Let us denote hereafter by M C N* the subset of all possible types,
M = {p = (1) € N*/uo+1= p1 = po = psz(mod-2)}, and by M#* (k =
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0,---,3) the subset of M consisting of all types having k zero coordinates
. M#FFE = {n € M/#{j,p; = 0} = k}. Recall that for any elliptic curve
(X,q) and any type pu € M, the set R(n,p, X) (n = 3(u® + 3)) is void
if and only if u belongs to M#® = {(2k +1,0,0,0),k € N}. On the other
hand, a straight-forward verification shows that p € M#*® if and only if|
for all k =0,---,3, A¥(u) and B*(u) belong to {(a,a,a,a),a € N}. We
almost immediately deduce the following converse of §6.3 :

6.5 Corollary.

For any vector @ in the complement of {(b,b,b,b),b € N}, (ie. : @ € N*\
(1,1,1,1)N), there exists p € X \ {w;}, satisfying 2320(2@ +1)%p' (p—w;) =0,
such that u(z) = 2p(z — p) + 2p(z + p) + Z?:o ai(a; + 1)p(z — w;) is one
of the hyper-elliptic potentials “canonically” associated (§6.3) to some 7 €
R(n,p, X) (where p is such that @ € {A*(n), B¥(n)}, and n := L (p® +3) =
2+ % Eg’:o ai(ai + 1))

Proof : For any such @ there exists p € M\ M*? and k € {0,---,3}
such that, either A¥(u) = @, or B¥(u) = d@. Furthermore, the set R(n,u, X)
(n = %(“(2) + 3)) is not empty. Hence, the hyper-elliptic potential associated
in §6.3, either to (m;€4 %) or to (m;&p k) for any 7 € R(n,u,X), is equal to
20(z — p) + 2p(z + p) + S0, ai(a; + 1)p(z — w;), for some p in X satisfying
Yi—o(2ai + 1)%p' (p — wi) = 0 (§6.3). i

6.6 Remark (the case @ € {(b,b,b,0),b € N}).

Suppose, on the contrary, that @ = (b, b,b,b) for some b € N, and choose any
p € X satisfying 2?20(2(11‘ + 1)2%p'(p — w;) = (2b+ 1) Z?:o p'(p—w;) = 0.
Then, 2p is a non-zero half-period (because E?:o p'(x —w;) = 8p'(2z)), and
u(z) = 2p(z — p) + 2p(z + p) + b(b + 1) Z?:o p(z — w;) is a non-primitive
(81.13. 2)) hyper-elliptic potential associated to an exceptional cover of type
p=(2b+1,2,0,0), (2b+1,0,2,0) or (2b+1,0,0,2).

More precisely, suppose that 2p = w; and denote by p : X - X/ < w; >=:Y
the canonical projection, and by ¢ : ¥ — X the dual homomorphism. In
particular Ker(yp) = {wo,w: }, and composing ¢ with ¢ gives “the multiplication
by 2”. Hence, wj = @(wo) = p(w1), wi = p(w2) = p(ws), wy := p(p) and
wy = @(p + ws) are the four half-periods of Y. Analogously, we can easily
check that ¢(w)) = P(w;) = wo and @(wh) = P(ws) = wy. Consider now the
exceptional cover ' : (I',p) = (Y,q'), of (degree m := b® + b + 1, arithmetic
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genus g := b+ 1 and) type v equal, either to v = (b+1,b,1,1) if b = 1(mod.2),
or tov = (b,b+1,1,1) if b = 0(mod.2). The hyper-elliptic potential associated

to (n';€) := (7r’; Or((g—1-m)p+ w"(wé))) is equal to (see §5.5) :

v(y) = b(b+ 1)p, (y) + b(b+ 1)p, (y —wi) + 2p, (y — w3) ,

where we denote by p, the p-Weierstrass function of (Y, q'). Composing the
above potential v(y) with ¢ : X — Y, we obtain (up to a constant) the hyper-
elliptic potential associated to (m;€) := (¢ o n';€). (see §1.14). Now, we also
know that p,, (¢(z)) = p(z)+p(z —w:i)+cst. Hence p, (¢(z)—wi) = p, (p(z—
ws)) = pla — ws) + plz — ws) + cst, and p, (p(z) — wh) = p, (p(z - p) =
p(x — p) + p(z — p) + cst (since —p — w; = p). We finally conclude that, up to
a constant,

3

u(z) = 2p(z — p) + 2p(z + p) + b(b+1) Y plz — wi) = v(p(z))

i=0

is a non-primitive hyper-elliptic potential associated to the data
<(;9 orm';Or((g—m—1)p+ ﬂ’*(wg))). In fact, the type of 7' being equal to
v=(b+1,b1,1) or (b,b+1,1,1), I" has a unique Weierstrass point over wj,
denoted hereafter by p,. Hence, the divisor 7'*(w4) is linearly equivalent to
(m — 1)p + py, and u(z) is associated to (g& onm';Or((g — 2)p + p’2)) An
analogous construction works in case 2p = ws or 2p = ws.

7 A plane model for R(n,u) ( u? = 2n — 3).
el

The couple of Weierstrass functions (g, p') defines the classical embedding of
the elliptic curve (X,q) = (C/A,0) into the projective plane : Vz # q, z —
(p(2) : 9'(z) : 1) € P?(C). The image of X is the closure of the smooth affine
cubic {y? = 4Hf:1(a: —e;)}, where e; = p(w;), Zle ei=0ande; #e;ifi#j.
A straightforward verification shows the following two results.
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7.2 Lemma.

The functions p and p' (associated to the lattice A) satisfy the following func-
tional equalities : for any p € X and j € {j,k,£¢} = {1, 2,3} we have
(0(p) — €5) (p(p — ws) — €j) = (ex — €;)(ec — e;)

(26) and
0'(p — w;) (p(p) — €5)° = —p'(p)(ex — ;) (e — ¢;) .

7.3 Proposition.
For any @ = (a;) € N* and p € X \ {w; ,i = 0,---,3} the “fundamental”
equation Z§:0(2ai +1)2p'(p — w;) = 0 is equivalent to

8

3
(2a0+1)? I_I(P(P)—ei)2 = Z(2aj+1)2(€k—€j)(el—€j)(P(ﬂ)_ek)g(@(l’)—ez)

= Jj=1

2
(27)

7.4 Definition.

The equation (27) above can be considered as defining a surface of degree 6 in
the projective space {(eo : e1 : €5 : e3)} = P*(C) (e0 := p(p)). The intersection
of the latter surface with the hyperplane H := {e; + es +e3 =0} C P3(C) is a
plane sextic, denoted hereafter by Cj.

7.5 Remarks.

1) We’ve associated to any couple (m;¢), such that 7 € R(n,pu, X), u® =
2n — 3 and € € {€ax,éBk, K =0,---,3}, (see §6.3) a hyper-elliptic po-
tential of the form (24), and in particular, an integer vector @ = (a;) and
a couple of points {p, —p} satisfying Z?:0(2ai +1)%0'(p —w;) = 0. In
other words, each #-characteristic, £, as above, defines an injection (§1.9)
of R(n,u,X) into Cz, where @ = A¥(u) (resp. : @ = B¥(w)), if € = €ax
(resp. : £ =&Bk)-

2) Changing the lattice A by A’ = aA (o € C*) amounts to change the local
coordinate z by az. It easily follows that the corresponding (Weierstrass)
p-function, as well as it values {e; = p(w;), ¢ = 1,2,3} (resp. : '), get
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multiplied by a? (resp. : by a®). The resulting elliptic curve, X' = C/A/,
is isomorphic to the initial one. Hence R(n, u, X') is equal to R(n, u, X)
and gets mapped to the same set of points of Cz (§1.12).

7.6 Definition.

Let us denote by P the rational projection from the point (1:0:0:0) € H ~
P?%(C) to the projective line {eo = 0} C H, and by X, the moduli space of all
elliptic curves equipped with the choice of their half-periods. For any @ € N*,
the restriction of P to Cz \ U?zlAJ— (where A; = {ex — e, = 0}), defines a finite
morphism of degree 6 onto {eo = 0} \ U?_, A;, which is isomorphic to X' (a
projective line minus three points).

Let us consider, on the other hand, the one-dimensional algebraic family
R(n,p) := UxexR(n, 1, X). We can extend the (eight) injections R(n, u, X) —
Cz \ U3_,A; defined in §7.5.1) (for n = $(u® + 3)), to injective morphisms
R(n,pu) — Cz \ U3_,4;, denoted respectively by A* and B* (k = 0.---.3).
We can also check that all Cg’s intersect the cubic US_; A; at the three points
O i=(1:-2:1:1);0::i=(1:1:-2:1)and O3 :=(1:1:1:-2), In
particular Cz \ U?zlAj =Cz \ {01,02,03}.

7.7 Proposition.

For any k= 0,---,3 and type € M let us fix n := L (u® +3) and @ := A*(p)
(resp. : @ := B¥(u)). Then the morphism A* : R(n,u) — Cz\ {01,02,03}
(resp. B* : R(n,p) = Cz \ {O1,02,03}) is proper. In particular the image of
R(n,p) is a closed subvariety of Cz \ {O1,02,03}.

Proof : Composing any one of the latter morphisms with the rational
projection P : H — {ey = 0} (§7.6), we recover the canonical quasi-finite
map R(n,u) = X. We shall deduce the properness of A* and B* (k =
0,---,3) from the properness of R(n,u) — A. Let indeed W(n,v,X) de-
note the disjoint reunion of compactified jacobians of all elements of the finite
set R(n,v,X) (¢v® < 2n + 1), and let W(n, X) denote the disjoint reunion
W(n,X) := [, <ans1 W(n,v, X). The birational injective morphism con-
structed in §1.12, and denoted by I,(X), sends W(n, X) onto KdV (n,X), the
closed subvariety of the n-th symmetric power X,, defined by the following set
of equations :

(28) > pl@i—z)=0, i=1,---,n.
=1
i

-

—
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Letting X vary over the whole X we obtain W(n,v) := UxW(n,v,X), the
algebraic family of compactified jacobians over R(n,v), as well as the disjoint
reunion W(n) = [], e <anyy W(n,v). We shall also consider the universal
elliptic curve ¥ — X, 5quipped with the corresponding relative Weierstrass
functions (also denoted by) p and ', and let (X/X), denote its n-th relative
symmetric power. Clearly, the family XdV(n) := Uy KdV,(X) is a closed sub-
variety of (X /X),,, which can be defined in terms of ' as in (28). In particular
the natural projection KXdV(n) — X is proper and KdV(n) splits as the disjoint
reunion
Kavin)y= [ Z.(W(n.v),

v(2)<2n+1

where Z, : W(n) — KdV(n) globalizes the morphism I,(X) : W(n,X) —
KdV (n,X) defined in §1.12. Choosing a type u € M such that u(?) = 2n — 3,
and a canonical §-characteristic as in §7.5, we obtain a natural section R(n, u) —
W(n, n) C W(n), which composed with Z,, gives rise to a closed (proper) in-
jection R(n,u) — KdV(n). Hence, the projection R(n,u) — KdV(n) — X is
proper.

7.8 Remarks.

1) In order to generalize the theorem §6.5 (i.e. : to find all hyper-elliptic
potentials as in (24)), we shall need to deal with the whole set of moduli
spaces {R(n,u), n = +(u® + 3)}. We shall prove indeed that for any
@ = (a;) € N*, there exists ((n, ) and) a morphism over X, R(n,u) —
Cz \ {01,02,03} (as in §7.6), defining an isomorphism between R(n, u)
and an irreducible component of Cz \ {O1,02,03}. In particular, the
degree of the natural projection R(n,u) — A will be equal to 6 if and
only if Cz is an irreducible sextic. Recall on the other hand, that the degree
of R(n,u) = X is bounded by 4, whenever #{i, u; = 0} > 1. Hence, for
any such p and @ € {A*(u), B¥(1) , k =0,---,3}, the sextic Cz must be
reducible. Finally, by realizing (the strict transform of) any Cz (@ € N*)
in a suitable pencil of elliptic curves, we’ll obtain a characterization of the
set {@ € N*, Cz is reducible} (§8.6).

The following result comes right away (§9.2) : “for any @ = (a;) € N*, such
that {2a;+1, ¢ =0,---, 3} is linearly independent over Z* = {1, -1}, and
X € X, the function u(z) = 2p(z—p)+2p(z+p)+2?zo a;i(a;+1)p(z—w;)
is one of the hyper-elliptic potentials associated to some data (7;&) as in
§6.3, if and only if p € X \ {w;} satisfies the “fundamental” equation (23)

94



: Tico(2ai + 1)%p' (0 —wi) = 0.

2) The set of integers {2a; + 1, ¢ = 0,---,3} is indeed linearly dependent
over Z* = {1,—1} if and only if Cz is reducible (§8.6). In the latter case
(at most) one of the irreducible components of Cz corresponds to (some)
R(n,u). The other components still give rise to hyper-elliptic potentials,
although related to exceptional covers (see §9.6. 4)). In other words,
we shall see that for any (a;) € N*, and for any elliptic curve (X,q),
u(z) = 2p(z — p) + 2p(z+ p) + Z?:o a;(a; + 1)p(z — w;)is a hyper-elliptic
potential if and only if 2?20(201' +1)2p'(p—w;) =0 (2p #0).

3) At last, knowing the irreducible decomposition of any C; we shall also be
able to improve the estimates §4.12, by calculating #R(n, u, X) for the
generic elliptic curve X = Xgen. The property §9.6.2) can in fact be
rephrased as saying that #R(n, u, Xgen) = 6 — 2jo, where jo denotes the
number of zero coordinates in (;) (i.e. jo = #{i,u; = 0}).

8 An elliptic surface approach for studying the
plane model Cj;.

From now on we shall identify the hyperplane H = {e; + €2 +e¢3 = 0} C P*(C)
with the projective plane PZ(C) ={(eo: €1 : €2)}, and let O}, O3 and O3 denote
(respectively) the points (1 : =2 :1),(1:1: —2) and (1 :1:1) of H (or the
points (—2,1),(1,—2) and (1,1) of the affine plane {eo # 0} C H).

8.1 Lemma.

For any @ € N* the sextic C; C H (§7.4) has a singularity of order 3 at the
points {O;,02,03}, and its strict transform by ¢ : H — H, the blow up of
{01,02,03}, is a connected divisor.

Proof: Let P(a,3,7) denote the polynomial (8—a)(y—a)(eo—B)?(eo —7)>.
Then, for any @ € N* the sextic Cz is defined by the vanishing of the following
homogeneous polynomial :

3 3

(29) Fz=(2a0+1)*]] (eo — €;)*=> _(2a; +1)*P(es, ex, ec) ({i, k, £}={1,2,3}).
g=1 =1

Replacing e1,e2 and e3 by z := &, y := £ and —(z +y) = & respectively,

we obtain a polynomial defining the affine sextic Cz N {eo # 0}. A direct
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calculation shows that Cz has singularities of order 3 at {O1,0,,03}. Moreover
the corresponding tangent cones are given by the following equations (a; :=
2a; +1, j=1,2,3):

(the tangent cone at O3 = (1,1) :
{[z — yllazz — a1y + a1 — az][aoz + a1y — a1 — az] = 0};
the tangent cone at Oy = (1,-2):

{[2z + y][(a1 — a3)z + 01,y + o1 + as][(a1 + a3z)z + o1,y + a1 — az] = 0};

the tangent cone at O; = (—2,1):

L {[z + 2y])[azz + (a2 + @3)y + a2 — as][azz + (a2 — a3)y + a2 + a3] = 0} .
(30)
Let us suppose now that C;z decomposes as Cz = C' UC", and let m/,m} and
m4 denote the order of C' at 01,0, and Oj respectively. We know that 6 =
degCz = deg(C’' + deg(C". Hence, C' and C" intersect with multiplicity 5 = 5.1,
8 = 4.2 or 9 = 3.3. On the other hand, their strict transforms by ¢ : H — H,
denoted as usual by ¢’ and C”, intersect with multiplicity :

¢'-€"=C"-C" —mi(3—m)) — mh(3 —my) — my(3 —mj),

which is easily seen to be # 0, because 0 < m; < 3 and m}(3 —m}) = 0 or

2 (i =1,2,3). Hence C'NC" # 0. ]

8.2 Lemma.

Choose any (ai,as,as3) € N* and let CA(_%,aIM,aS) and Co denote, respectively,
the strict transforms of the sextics C(_1 4, a5,a5) @0d C(o,—1 _1_1, by the blow

2 2

up ¢ : H > H of {01,02,03}. Let also E; (j = 1,2,3) denote the exceptional
curve ¢*(0;). Then é(—%,al,az,as) is disjoint from Cp and linearly equivalent to
éo+E1 + E; + Es.

Proof: It follows from the equations (30) above that the tangent cones

of C(_%,ahabas) and C(O,_%,_%_%) at 01,0, and O3 are transverse and have

order 3 and 4 respectively. Hence, their strict transforms do not intersect (since
C(—%‘alyaz,aa) Co = C(_%xalya2ya3) ’ C(O,—l ~3-4) —3(3:4) = 36 — 36 = 0) and
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CA("%»“I:“ZJ‘:&) = ¢ (C(—a 01,02303)) 3ZE <C(0 —%,—%—%)) - 32Ej
é() + Z Ej .
3=1

1l

8.3 Proposition.

For any (a;,az,as) € N* the divisors é(—-%,a;,az,aa) and Co + E?zl E; of H (see
§8.2), generate a pencil of generically smooth irreducible curves of genus 1. Fur-
thermore,by blowing up the nine (eventually infinitesimal) base points of the
latter pencil, we obtain a rational elliptic fibration (PI (—)ﬂ — P!(C), with

Euler-Poincaré characteristic X(H) = 15.

Proof: We know indeed that for any A € C and @ = (A a1,a2,a3) €
C x N3, Cz is a plane sextic of arithmetic genus 1 + % -6 (6 —3) = 10,
having singularities of order 3 at O;,0; and Oz. Hence, its strict transform

(Cz) in H has arithmetic genus = 1, and is also a connected divisor (§8.1).
On the other hand, C,_1 and Cy, _1 _1 _1, being transverse at O, 0,
( 2,01,02,03) (0,—3.,—3, 2)

and O3, we easily check that é(—%,al.az,ag) intersects Co + E, + Eo + E3, at
smooth points of the latter divisor. In particular, Bertini’s theorem asserts
that the generic element of the corresponding pencil is smooth, and connected
(see §8.1), hence also irreducible. The E — P characteristic of H is equal to

x(H) = x(P%*(C)) 43 = 6. By blowing-up the nine base points of the pencil, we
finally end up with a rational elliptic surface, H — P!(C), of E—P characteristic
X(ﬁ) = x(H) + 9 = 15. For Aexample, if the a;’s (j = 1,2,3) are all distinct
C(_%,aha%as) is transverse to Cyo + E1 + E» + E3, and it suffices to blow up the
nine points of (f(_%,ah%as) N (E; U E, U E3). |

8.4 Remark.

According to the (so-called) ” Lefschetz formula” ( [7] p.509), the E—P character-
istics of all singular fibers of any such pencil (in H), must add up to x(H) = 15.
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The knowledge of a few reduced fibers (plus easy estimates for their E — P
characteristics) will finally enable us to distinguish the smooth and irreducible
ones (§8.5 and §8.6).

8.5 Lemma.

For any @ € N* such that {2a;+1, i = 0,---,3} is linearly dependent over Z* =
{1, -1}, the sextic Cz = {Fz(eo,e1,e2) = 0} (see (29)) contains an irreducible

conic passing by O;, Oz and O3, aI}d (fa, its strict transform in fI, hasan E— P

characteristic not smaller than X((fa) > 2. More precisely, denoting 2a; + 1 by
a; (1 =0,---,3) we can easily check that :

I) if ag = a1 + as + a3, then Fz(eg,e;1,€2) is a multiple of R;++ = age? +
(a1 +ag—az)ejes+arel+(az —aj)eger + (a3 —az)eges — (a1 +as +az)ed;

I) if ap = |— a1 +az+as|, then Fz(eo, €1, €2) is a multiple of R;+7 := aze? +
(ag —Q3 —a1)€162 —a1€%+(011 +a3)61€0+(a3 —(12)6062 = ((12+(13 —al)e%;

III) if ap = |y — 2 +asl, then Fz(eo, ey, e2) is a multiple of : RT ™ := aze? +
(az+az—ar)ejea—are3+ () —az)ereg — (a2 +asz)eges + (g — s +az)ed;

IV) if ap = |a1 + a2 —as|, then Fz(eq, e1,e2) is a multiple of : RI T~ := aze? +
(a1 +as+az)eres+arel —(ar+as)ereg— (az+as)eges — (a1 + g —az)el .
Proof: Each conic {R =0} CH (R=R;" RI*~ RY~*, or R;*") is
smooth and tangent to Cz at 01,02 and Osz. In particular the sum of multi-
plicities of intersection between {R = 0} and Cz at {O;, 02,03} is not less than
12. But {R=0}-Cz = 2-6 = 12. Hence {R = 0} NCz is equal to {0, 03,03},
unless {R = 0} C Cz. On the other hand, we can easily check that in each of
the above cases (LILIII & IV) R(0,e;,eq) divides Fz(0,e;,e2). In other words,
{R=0}NCzN{eo =0} # 0. Hence Cz must contain the conic {R = 0}. Let
Cz = {R =0} U{T = 0} be the corresponding decomposition. After the first
blow-up (of 01,02 and Os), the strict transforms of {R = 0} and {T = 0} still
intersect with multiplicity 2. It follows that the E — P characteristic of Cs is
already > 2, and can only increase after the second series of blow-ups. Thus,

we’ve proved that x(Cz) > 2. |

8.6 Proposition.

For any (a1,as,a3) € N*, let ﬁ — P!(C) denote the rational elliptic fibration

constructed in §8.3 and é(—%,al,ag,a;;) denote the strict transform of C(_1 4, 4, ,03)
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in I:I Then, the above fibration has m := 2 + #{a1, a2, a3} reduced fibers, with

E— P characteristics adding up to 14, and C —1,a1,a2,05) 8 the unique irreducible
fiber with a node. All other fibers are smooth and irreducible.
Proof: We know already that the £ — P characteristics of all singular fibers

of H s P!(C) add up to X(H) = 15, and an easy calculation shows that the
sextic C see §8.2) has a node at (1 : 0 : 0) € H. In particular,

(—%,a1,a2,a3) (

its strict transform, C(_1 4, a,,a5) 18, €ither an irreducible rational curve with a

node (and x(é( )
2). Moreover, the reducible fiber corresponding to the sextic Cio _1 _1 _1) =
{H3=1(30 — eJ = 0} (Z 185 = O) is isomorphic to Co+ E; + E:z + E3 (see
§8.2), and its B — P characterlstlc is equal to 6.

On the other hand, we can check that the (m —1 =1+ #{a1,a2,a3}) reducible
fibers obtained in §8.5 have F — P characteristics adding up to (at least) 8.
There are indeed three cases to be considered.

>

—-5(110.203)_

= 1), or a reducible one (and X(C(

—%‘01,02,03))

- #{a1,a2,a3} = 3. There exist four distinct values of ag, such that the set
{2a; +1, 1 =0, 3} is linearly dependent over Z* = {1,-1}. Hence

four reducible fibers, Cz, with x(Cz) > 2 (§8.5).

- #{a1,as,a3} = 2. There exists a couple (a,b) € N? (a # b) such that,
up to the order, (ai,as2,a3) = (a,a,b), and only three values of ag such
that {2a; + 1, ¢ = 0,---,3} is linearly dependent over Z*. Namely :
2a0+1=2b+1,4a+ 3+ 2bor |[4a + 1 — 2b|. In the first case (ag = b)
the corresponding reducible sextic, Cz = {Fz = 0}, is the reunion of
three irreducible conics passing by O;, 02 and Os. It follows indeed from
§8.5.1) & II) that Fj factors as Fz = F(p 40 = Rz 7T - RI™T - R, for
some irreducible polynomial R := R, 4.5 (Which can be easily written
down). Hence Cz = {R; 1 = 0} U {R} ™" = 0} UCong, where Conz :=
{R(b,a,a5) = 0}. Moreover, the latter conics are transverse at O; and
Oz, but Cz%* := {R;*" = 0} is tangent to ;% := {R}™* = 0}
and transverse to Cong, at Oz (see (35) for a; = as # ag) Hence, the
strict transform of Cz in H is equal to é
A—++ ;+—+ e o Y A
Cz C; 0 (but C; -Cong =
x(Cz) = 4. We have, therefore, three reducible fibers (§8.5) with E — P
characteristics adding up to (at least) 4 + 2 + 2 = 8.

Ca UC{; UCona, and

- #{a1,az2,a3} = L Since a; = ay = as, the lemma §8.5 gives us only
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9.1

two values of ag such that {2a; + 1, ¢ = 0,---,3} is linearly dependent
over Z*. Namely : ap = a; and a9 = 3a;. For ag = a; = ay = as,
F; factors as the product of the three irreducible quadratic polynomials :
{RI*~,RI~*,R;*}. In other words

Flag,a0,a0,00)
(2(10 + 1)2 [6% + 3ejes + 6% — 2epe; — 2epeg — 6(2)]

[ef +ejey — €3 — 2epe2 + 63] [ef —e1e2 — €3 + 2e1e9 — eg]

Hence Cz = {RF*~ = 0} U{R;™" = 0} U{R;™* = 0}, and its strict
transform in H, made of three disjoint copies of P! (C), has £ — P char-
acteristic = 6. We have, therefore, two reducible fibers (§8.5) with E — P

characteristics adding up to (at least) 6+2=8.

Summing up all our arguments we conclude, since x(H) = 15, that the
(1 + #{a1,a2,a3}) reducible fibers obtained in §8.5, have the minimal
possible E — P characteristics (i.e. : (2,2,2,2),(4,2,2) and (6,2)), while
x(Co) = 6. Hence X<é(—%,a1,a2,a3)) =xH)-8-6=1 (ie: @(
is a rational integral curve having a node at (1:0:0)) and all other fibers

1
—3-a1,a2,a3)

must be smooth. In other words, for any A € C CA()\,alyaz,aa) is an elliptic
curve if and only if (2X + 1)% ¢ {0, (a1 + a2 + a3)?, (—a1 + as + a3)?,
(a1 — a2z + a3)?, (a1 + a2 — a3)?}.

The full characterization of a new class of even
hyper-elliptic potentials.

The proposition §8.6 and its proof, furnish a detailed study of the subset of re-
ducible sextics in {Cz, @ € N*} and provide the final step for clearing up the rela-
tionship between R(n, u) (u® = 2n—3) and Cg, for any @ € {A*(u), B*(u), k =

B, o -

,3} (89.6). We then apply it to deduce the full characterization of all even

hyper-elliptic potentials of the following type (§9.7, §9.9) :

3

u(z) = 2p(z — p) +2p(z + p) + z ai(a; + )p(z —w;) ,
=0
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where @ = (a;) € N* and 2p # 0. Recall that the subset of all possible types,
M c N*, decomposes as a disjoint reunion M = I_I?___O M™*7 | where p belongs to
M%7 if and only if x € M and #{i, u; = 0} = j. Furthermore, for any @ € N*
there exists a unique type u € M such that @ € {A*(u), B¥(u), k= 0,---,3}

([18] §4.4, §4.5, §5.3). Let n denote the positive integer n := 1(u® +3) =

2 + %2?20 a;(a; + 1), and Fz denote the homogeneous polynomial (29) such
that Cz = {Fz = 0} N H. An exhaustive investigation of all possibilities finally
leads us to studying four distinct cases.

9.2 Theorem (the case u € M*?).

The following properties are equivalent :
i) peM* (le :p; #0forali=0,---,3);

ii) the set of integers {2a; + 1, ¢ = 0,---,3} is linearly independent over
Z* = {1,—1}

iii) the injection R(n,u) = Cz \ {O1,02,03} (see §7.7) is an isomorphism ;
iv) for any elliptic curve X and p € X \ {w;}, the even function

3

u(z) = 2p(z — p) + 2p(z + ) + 3 aslas + Vplz —wi)
i=0

is one of the hyper-elliptic potentials canonically associated to some
7 € R(n, u, X) (see §6.3), if and only if Z§20(2“i +1)%p'(p —w;) =0.

Proof: The equivalence i) < ii) can be directly checked from the formulae of
A* and B* (k = 0,---,3) (e.g. : §6.3 or [18] §4.4, §5.4.3)). It follows from
§8.6 that Cz \ {O1,02,03} is always smooth, and irreducible if and only if
{2a; + 1} is linearly independent over Z*. Recall, on the other hand, that the
image of R(n, 1) by the injective morphism .A* or B¥ is a closed subvariety of
Cz \ {O1,02,03} (7.7), and that degree(R(n,p) — X) < if u ¢ M#° (§4.12).
Hence, §9.2.i)) and §9.2.ii) imply that the above proper injections R(n,u) —
Cz \ {O1,02,03} must also be surjective, and even an isomorphism because Cz
is smooth outside {O;,02,03}. Finally §9.2.iii) easily implies §9.2.iv), which in
turn means that deg(R(n, ) = X) = 6. Consequently u € M*°.
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9.3 Theorem (the case u € M*).

The following properties are equivalent:
i) peM*! (ie. : #{i,u;=0}=1);

ii) the set of integers {2a; + 1,: = 0,---,3} is linearly dependent over
Z* = {1,~1}; but & € {(c,¢,d,d;);(¢c,d;¢,d),(c,d,d,c) ;¢,d € N};

iii) the homogeneous polynomial Fz(eg,e1,€2) (see (29)) factors as Fy; = T- R,
where R € {RF*T R-*T RI~" RI*™} (see §8.5). Moreover, the plane
quartic Qz := {T = 0} is an irreducible component of Cz, and the given
injection R(n,u) — Cz \ {O1,02,03}, defines an isomorphism between
’R,(TL,/J,) and Q(,‘ \ {01,02, 03} 3

iv) Fj factors as in §9.3.iii), and for any elliptic curve X and any
peX (2p#0),

3

u(z) = 2p(z — p) + 2p(z + p) + Zai(ai + Dp(z — wi) ,
=0

is one of the hyper-elliptic potentials canonically associated to some
7 € R(n,pu, X) (see §6.3) if and only if T (p(p), e1,e2) = 0.

Proof: The equivalence of the properties i) and ii) follows directly from the
corresponding formulae (§6.3), and implies that F; factors as in §9.3.iii) (see
§8.5). For example, if 2ap + 1 = Zg=1(2a.j + 1) then RI™" divides Fj,
F; = RI*TT, and the quartic Q; = {T = 0} is irreducible because @ ¢
{(c,¢c,d,d),(c,d,d,c),(c,d,c,d);c,d € N} (see §8.6). In particular, the proper
morphism (§7.7) R(n,u) = Cz\ {01, 02,03} must cover, either the affine conic
{R =0} \ {O1,0,,03}, or the affine quartic Qz \ {O1,02,03}. We also learn
from §4.12 that for any X € X, #R(n, u, X) > 2. Hence deg(R(n,pu) = X) > 2,
with equality if and only if the projection R(n,u) — X is non-ramified. On the
other hand, it can be easily verified (by means of the Hurwitz formula, coupled
with a local development of R(eg, e1,ez) around {O1,02,03}) that the projec-
tion {R =0} \ {O1,02,03} = X, is in fact ramified. Therefore deg(R(n, ) —
X) > 2 and R(n, ) must cover the affine quartic Qz \ {O1,02,03}. Finally,
since Qg is smooth outside {O;, 02,03}, the above injection defines an iso-
morphism between R(n, 1) and Qg \ {O1,02,03}. The property §9.3.iii) easily
implies §9.3.iv), which in turn implies that Fj factors and deg(R(n,u) = X)
= 4. Hence #{i,u; =0} =1 (i.e. : p € M#*1). |
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9.4 Theorem (the case p € M#?).

The following properties are equivalent :
i) peM*;

ii) there exist ¢,d € N, ¢ # d, such that d is equal, either to (c,¢,d,d), to
(c,d,c,d) or to (c,d,d,c) ;

iii) Cz\ {01,032, 03} splits as a reunion of three irreducible affine conics, and
R(n, 1) gets mapped isomorphically onto one of them (denoted in §8.6 by
Congz). Moreover, let @ be as in §9.4.ii). Then, for any elliptic curve X
and p € X, u(z) = 2p(z — p) + 2p(z + p) + Z?:o ai(a; + Dp(z — w;)
is one of the even hyper-elliptic potentials canonically associated to some
7 € R(n,u,X) (see §6.3), if and only if 2p is equal to w; (when @ =
(c,e,d,d)), to wy (when @ = (¢,d, c,d)), or to wz (when @ = (¢,d,d,c)). In
particular u(z) is non-primitive.

Proof: The properties §9.4.1) & §9.4.ii) are easily seen to be equivalent, and
imply that R(n,u,X) # 0, for any X' € X, as shown below. They also im-
ply that deg(R(n,u) — X) < 2 (84.12), and that Cz splits as a reunion of
three smooth conics (§8.6). Hence, the injection R(n,u) — Cz \ {O1,02,03}
defines an isomorphism of R(n,u) with one of the irreducible components of
Cz \ {O1,0,,03}. Conversely, the splitting of Cz as a reunion of conics, and
R(n, p) being # 0, imply that p € M#*?UM?*® but u ¢ M#®. Hence pu € M*?.
Let us finally prove that R(n,u, X) is # 0 for any X € X, if up € M#? (ie. : if
1 is equal, either to (2£+1,2k,0,0), to (2(+1,0,2k,0) or to (2¢+1,0,0, 2k), for
some k,¢ € N |k # 0). Let us suppose, for example, that u = (2¢ + 1,2k, 0,0),
hence n = 2(£2+£+k?+1), and consider the projectionr : X = Y := X/, 01y
Choose p € X such that 2p = w;. We can easily check that vy := r(wp) = r(w1),
v = r(we) = r(ws), v2 := r(p) and v3 = r(p + w2) = vy + v are the
half-periods of Y. Furthermore, the dual morphism 7 : ¥ — X has kernel
ker 7 = (vp,v1). Consider the exceptional covers 7/ : IV — Y and " : T = Y,
of type ' = L+ 1,4,k —1,k+1) and " = (£ + 1,8,k + 1,k — 1), respec-
tively, if £ = k — 1(mod.2) ; otherwise we choose p' = (4,4 + 1,k — 1,k + 1)
and p"" = (¢{,£+ 1,k + 1,k — 1). They have same degree, > + { + k> + 1 = 2,
and same arithmetic genus 3(u'(") — 1) = £+ k = 1(p"®) — 1). Composing 7'
and 7" with 7 : Y — X we get two hyperelliptic tangential covers of degree n
over X, type p = (2¢+ 1,2k,0,0), and arithmetic genus £+ k = 1(p) - 1).
Consequently R(n,u,X) contains {7 o 7’ ,7 o 7''}. Moreover, composing the
projection r : X — Y with the canonical hyper-elliptic potentials associated to
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7' and 7", we get those associated to 7 o 7’ and 7 o 7", respectively. We can
check in particular (exercice !) that the pair of functions :

{ u(z) = 2f(z — 1) + clc+ 1) f(z) + d(d + 1) f(z — wy)
(where 27 = w; and f(z) = p(z) + p(z —w1)) ,

are thus obtained.

At last, although not quoted in §9.4, we should pointout that, for any X € X,
R(n, u, X) not only contains but is equal to {7 o7’ ,7 o 7”}. This is due to the
fact that #R(n,u, X) < 2 (§4.12.2)), and that 7 o 7’ is not isomorphic to # o 7"
(see §4.12). |

9.5 Theorem (the case p € M*?),
The following properties are equivalent :
i) pe M* = {(2k+1,0,0,0) ,k € N} ;
i) @€ {(b,0,b,b) ,b€ N} ;
iii) Cz splits as the reunion of three conics and R(n, ) = 0.

In the latter case the equation Z?=0(2ai + 1)%2p'(p — w;) = 0 is equivalent to
saying that 4p = 0 but 2p # 0. For any such solution p, the even function
u(z) = 2p(z—p)+2p(z+p)+b(b+1) Z;LO p(z —w;) is a non-primitive hyper-
elliptic potential associated to an exceptional cover of degree n := 2(b% +b+ 1)
and type equal, either to (2k+1,2,0,0,0), to (2k+1,0,2,0) or to (2k+1,0,0,2).

Proof: The equivalence follows (again) from §4.12 and §8.6, while the last
statement has been proved in §6.6. |

We finally achieve our main purposes by means of the next three corol-
laries. The first one summarizes the global properties of the moduli spaces
{R(n,p) ,u € M ,u® = 2n — 3} (compare, for example, with §9.2, [14] §6.7
and [15] §2.1.) and their plane models {Cz ,@ € N*}. The two final ones give
the announced full characterization (compare with [18] §3.2.). They all follow,
more or less immediately, from §9.2., §9.3., §9.4. and §9.5.

9.6 Corollary.

Let @ € N* and u € M be such that @ € {A*(u) ,B*(u) ,k = 0,---,3}, and
denote by n (resp : by jo) the integer n:=2+ 1 Z?:o ai(a; +1) = 3(u® +3)
(resp : jo := #{¢, s = 0}). Then :
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1) R(n,p) is smooth and irreducible (but void if jo = 3, i.e. : if p € M#3) ;

2) the natural projection R(n, u) — & has degree 6—2jo, and factors through
an embedding of R(n, ) into Cz \ {01,02,03} ;

3) the projection Cz — {eo = 0} ~ P!(C) (see the proof of §7.7) provides a
natural compactification of R(n,u) = X ;

4) the complement of the image of R(n,u) in Cz \ {O1,02,03} also pa-
rameterizes even hyper-elliptic potentials, although associated to “non-
canonical” f-characteristics over exceptional covers.

Proof: Clearly, it is enough to give an outline of the proof of §9.6.4). For
peM*orpe M?#2 there’s nothing to prove (see §9.2 & §9.5). Consider now
any p € M#! for which we know that (generically over X), #R(n,u, X) = 4.
Take for example p = (0, p11, p2, #3) (hence pp = 0and n = 15(3—!-2?:1 p?)), and
let 7 : (f,ﬁ) — (X, q) denote the exceptional cover of type i := (2, u1, p2, p3).
arithmetic genus § := (2" — 1) = 1 (™" — 1) + 1 and degree 1 (a® — 1) =
L(u® + 3) = n. The intersection in S+ between rg and the embedding of

[ in St (§2.2), has degree equal to fip = 2. Hence, 3 “intersects” I' at two

Weierstrass points, denoted hereafter by p; and p». Moreover, a straightforward
application of the FF — S & W formula, as developed in §5.3 and §6.3, shows
that the hyper-elliptic potentials associated to Ox((§ — 2)p + p¢), as well as
Or((n+§—2)p+pe—7*(g)) (£ =1,2), and their translates by {w;,i = 0,--,3},
also have the above type (§9.1.). In this way we get the two missing hyper-elliptic
potentials. An analogous construction works for any u € M*? (see §9.9 and its
proof).

9.7 Corollary.

For any @ € N*, any elliptic curve X € X and any p € X \ {w;, i =0, -- -, 3},
the even function

3
(31) u(z) = 2p(z — p) + 2p(z + p) + >_ ai(a; + Dp(z — wi) ,

=0

is a hyper-elliptic potential if and only if Zf=0(2ai +1)%2p'(p — w;i) = 0.
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9.8 Remark.

To get the full picture we should complete §9.7 by “calculating” the spectral
data attached to each one of the above (31) hyper-elliptic potentials (or at least
the genus of their spectral curves).

Recall at this point that for any @ € N* there exists a unique type pu = u(a@) € M,
such that @ € {A*(u), B¥(p) ,k = 0,---,3} (e.g. : formulae [18] §4.4, §4.5 &
§5.3). We’ve also learnt (e.g. : §7.7, §9.2.iii), §9.3.iii), §9.4.iii)) that, by choosing
the right canonical §-characteristic (for ex : €40 if @ = A°(u)) for any element
in the moduli space R(n,p) (n = (u® +3) = 2+ 130 [ ai(a; + 1)), we
give rise to a proper embedding R(n,u) < Cz \ {O1,02,03}. It then follows
from §9.2, §9.3, §9.4 & §9.5, that the above mentioned “calculation” amounts to
characterizing the natural image of R(n, u) in Cz. The latter is an irreducible
component equal, either to the whole sextic (if u € M*°), a quartic Qg ( if
p € M#1) | a conic Cong (if u € M#?) or void (if p € M#®). The corresponding
homogeneous polynomials (in case u € M*! UM#?) have indeed been found,
thanks to the MAPLE-user Fatma Jeeawock. However, we think it’s worth
presenting a simpler characterization, which by-passes the calculation of u(@),
as well as the polynomials defining Qz or Cong.

9.9 Corollary.
For any d € N47 let us denote by Ilz(eo, e1,e2) the product

(32) Mz =R . RV Y. R+ (see §8.5) ,

by (&) € M the unique type such that @ € {4* (u(a)), B* (u(@)) ,k =0, -, 3},
and by n the integer n:= 2+ 1 5°°_ a;(a; +1) = 1 (u(@)® +3). Then, for any
elliptic curve X € X, the solutlons of ¥ i0(2a; +1)%p'(p — w;) = 0 give rise to
two different kinds of hyper-elliptic potentials (§9.7) :

1) If Y2 (20 +1)%p' (p—w;) = 0 but Iz (p(p), e1, €2) # O, the hyper-elliptic
potential u(z) (31) is associated to (I',p, Ax, €), where m € R(n, u(a), X),
and £ is one of the canonical §-characteristics (§ = €40 if @ = A° (,u(d’)),
etc.). In particular the arithmetic genus of the spectral curve I', is equal
to:

(W(@® ~1) = 2 max{2M,14 5~ (1+ (-1)%)(m + 3)} ,

MI»—A

where M = max{a;}, & = Z?:o a; and m = min{a;}.
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) If 2?20(204' + 1)%p'(p — wi) = 0 and Iz (p(p),e1,e2) = 0, there exists
k € {0,---,3}, an exceptional cover 7 : (T, p) = (X,q) of degree n and
type i (where f; = p(@); + 20, ¢ = 0,---,3), and a Weierstrass point
p' € T over wg, such that the hyper-elliptic potential u(z) (31) is associated
to (I, p, As, ), where £® Or(p—1p') is one of the canonical f-characteristics
(for ex. : & = €40 ® Ox(p' — p) if @ = A°(p(a@))). In particular, the
arithmetic genus of the spectral curve T, is equal to :

1
§:= (ﬂ(l)—l):g+1=1+§max{2M,1+Z—(1+(—1)E)(m+%)}.

B —

Proof: All we still need to prove is that the vanishing of II; distinguishes
the image of R(n,u(d@)) from its complement, in Cz \ {O1,02,03}. We know
already that the intersection (Cz \ {O1,02,03}) N {Ilz = 0} contains the above
complement (see §9.3.iii), §9.4.iii) & §9.5.iii)). On the other hand, we can eas-
ily verify that for any R € {RZ ™+, R;™", RZ™%, RIT™}, the conic {R = 0}
intersects the sextic Cz at O; (j = 1,2,3) with multiplicity 4. Hence, {R = 0}
doesn’t intersect any irreducible component of Cz (different from {R = 0}) out-
side {Oy,02,03}. We have thus shown that ({R = 0}, hence) {IIz = 0} is
disjoint from the image of R (n, u(d@)) as required.

At last we shall make a few comments about the type 4 and explain the choice
of the “non-canonical” f-characteristics, for the case §9.9.I1). Recall that the
complement of the image of R(n, u(@)) is non-void if and only if u(a@) belongs
to US_; M*/. The cases (@) € M*' and p(@) € M*® have already been stud-

ied to full extent (see §9.6.4) and §6.6.). Suppose, finally, that u(@) € M#*2. To
simplify the discussion, we shall assume that u(a@) := (2¢+ 1,2k,0,0) (k # 0),
and A°(u(@)) = a. Let 7 : (I',p) = (X, q) denote the exceptional cover of type
o= (20+1,2k,2,0) (resp : fi:= (20+ 1,2k,0,2)), degree n := $(a® +1) =
1 (u(@)® +3) and arithmetic genus § := 3(u(@) ™ +1), and let p denote any one
of the two Weierstrass points of I over wy (resp : over wz). A straightforward
application of the lower bounds of (§5.4), as in the proof of §6.3, yields that the
hyper-elliptic potential associated to £4,0 ® Op(p' — ) = O ((§ — 2)p + ') is
equal to u(z) (31), for some p € X (2p # 0) satisfying §9.9.1I). Hence, each one
of the above choices, i = (2¢+ 1,2k,2,0) and g = (2¢ + 1,2k,0,2), gives rise
to a pair of hyper-elliptic potentials corresponding to the fiber over X € X of

each conic contained in Cz \ A° (R(n, u(c'i))), the complement of the image of
R (n, u(@)). ' |
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Sobre diagramas de Enriques y constelaciones téricas

Gerardo Gonzélez-Sprinberg
Angel Pereyra

Abstract

The so called Enriques diagram is the graph naturally associated to
a constellation of infinitely near points to an algebraic regular variety,
graph also provided with the binary relation associated to proximity on
blown-up points of the constellation.

In the present work we characterize combinatorically the Enriques di-
agrams which are toric (i.e. associated to equivariant constellations with
respect to an algebraic torus action) and we get the minimum dimension
of a toric constellation which induces a given toric Enriques diagram.

Secondly we characterize combinatorically the linear proximity rela-
tion in the toric case and by this method we prove that the characteristic
cone of a toric constellation is regular (if) and only if it is inducible
by a two dimensional constellation; this gives an inverse statement to a
classical result of Zariski.

Resumen

Se llama diagrama de Enriques al grafo asociado naturalmente a una
constelacién de puntos infinitamente cercanos a una variedad algebraica
regular, grafo ademés provisto de la relacién binaria correspondiente a la
proximidad de los puntos estallados de la constelacién. En este trabajo
se caracterizan combinatoriamente los diagramas de Enriques que son
téricos (i.e. asociados a una constelacién equivariante bajo la accién de
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un toro algebraico) y se determina la dimensién minima de la constelacién
torica que induce un tal diagrama de Enriques.

En segundo lugar se caracteriza combinatoriamente la relacién de
proximidad lineal en el caso térico y se prueba usando este método que
el cono caracteristico de una constelacién térica es regular (si) y sélo si
es inducible por una constelacién de dimensién dos, lo que constituye un

reciproco de un resultado clasico de Zariski.

1. Introduccidon

1.1 Sea X una variedad algebraica regular de dimensién d > 2, definida sobre
un cuerpo algebraicamente cerrado K, y sea O un punto cerrado de X. Una
constelacion de puntos infinitamente cercanos a O € X, es un conjunto finito
C ={Qo = 0,Q1,...,Qn} definido recurrentemente: Xy := X y para i =
1,...,m @; es un punto de X; que se proyecta sobre )y donde o; : X;11 = X;
es el estallido de X; de centro @);. La variedad que resulta de estallar X,, en Q,
se denota X (C) := X,4+1. Se llama dimensién de C a la dimensién de X. La
dimensién impuesta a la variedad X es al menos 2, pues los puntos estallados
han de tener codimensién al menos 2, para que los objetos definidos tengan
sentido y no sean triviales.

Si P y Q son puntos de la constelacidon C se dice que P es infinitamente
cercano a @ (notacién: P > @), si P = @Q o si @ es la imagen de P por la
composicion de los estallidos. La relacién > es una relacién de orden parcial.

Si los puntos de la constelacién estan totalmente ordenados por la relacién
>, se tiene @0, > ... > Qo y en ese caso se dice que la constelacién C es una
constelacion en cadena.

Asociada a la constelacién C, se define un grafo (orientado) I'c con raiz
cuyos vértices estdn en biyeccion con los puntos de C, la raiz corresponde al

punto O, y las aristas corresponden a los pares (Q;, Q;) tales que Q; > Q;,

114



Q; # Qi y no existe Qy intermedio Q; > Qk > Q;, Q; # Qk # Qi. SiC es una

constelacién en cadena, el grafo I'c es una cadena. El grafo I'c es en general
un arbol; todos los arboles considerados en lo que sigue son drboles finitos y
con raiz.

Dada la constelacién C y @ € C el conjunto C? := {P | Q > P} es una
constelacién en cadena; se llama nivel de Q al ntimero [(Q) := #C? — 1, es
decir I(Q) es el ntimero de aristas en la cadena que corresponde a C? en el
grafo I'c.

Para cada punto Q; de la constelacién C = (Qo, ..., @n) se denota por By,
(o B;) el divisor excepcional del estallido 0;41 : X341 — X; de centro Q;, y Eqg,
(o E;) su transformada estricta en cualquiera de los X;, coni+1 < j <n+1.

Se denota E} a la transformada total, en cualquiera de las variedades

Xit1, .., Xn+1, del divisor excepcional B; del estallido de X; de centro Q;.

Definicién 1.2 Si P,Q son puntos de la constelacién C se dice que P es
prézimo a @ (notacién: P — Q) si P € Eg.

Se observa que : P — @Q implica P > Q.

La relacién de proximidad se caracteriza a continuacién ([C.G.L.1)):

Teorema 1.3 Sea I' un drbol provisto de una relacion binaria (~) en el con-
junto de sus vértices. EntoncesT es el grafo asociado a una constelacion C y~
estd inducida por la relacion de proxzimidad en C si y sdlo si para cualesquiera
vértices p,q,r de ' se verifican las siguientes condiciones :

(i)g~p=>q>2pg#p

(t)g=zp y g =llp)+1=q~p

(i) r>q>p, qg#p y r~p=>qg~p.

Definicién 1.4 Un diagrama de Enriques es un par (I',~), donde I' es un

arbol y ~» es una relacién binaria en el conjunto de los vértices de I', que
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verifica las propiedades (i),(ii) y (iii) del teorema anterior. Si los vértices de
I estdn totalmente ordenados se dice que (I',~+) es un diagrama de Enriques

en cadena.

2. Diagramas de Enriques realizables toricamente

Para comenzar la seccién se recuerdan algunas definiciones y notaciones, por
mas detalle ver [O].

2.1 Sea N = Z% un reticulo de dimensién d > 2. Sea ¥ un abanico en
N@ := N ®% @, K un cuerpo; se denota por Xy la variedad térica sobre K
asociada a ¥ provista con la accién de un toro algebraico T' = (K*)¢.

Dada una base cualquiera B de N, sea A = (B) el cono (regular) d-
dimensional en N@ generado por B. Sea Xj := X5, (= K%) la variedad térica
afin asociada al abanico ¥y formado por todas las caras de A. Sea Qg la T-
orbita 0-dimensional en Xy. Una constelacion torica d-dimensional de puntos
infinitamente cercanos con origen (g es una constelacién C := {Qy, ..., @, } tal
que cada Q; es una T-6rbita 0-dimensional en la variedad térica X; obtenida
estallando X;_; en el punto Q;_; para 1 < j < n. Se notard Xo(C) = X5,(C)
al estallido de X,, en @,. Una constelacion tdrica en cadena es una con-
stelacidn térica totalmente ordenada por la relaciéon >.

De acuerdo a la notacién introducida X; es el estallido de Xy con centro
en o, es decir la variedad térica X; es la asociada al abanico X; , este es la
subdivisién elemental minimal de ¥y que contiene como cara al rayo definido
por el vector u = 2;-1:11)1-. Ahora supéngase que B = {v;,v9,...,u4} €s una
base ordenada del reticulo V. Para cada entero ¢,1 < ¢ < d, sea B; la base
ordenada de N obtenida reemplazando v; por u en la base B y sea A; := (B;) el
cono regular generado por B;. Es decir A, Ag, ..., A, son los conos maximales

de ¥;. El divisor excepcional By es la clausura en X; de la érbita asociada
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al rayo definido por u. Cada T-6rbita O-dimensional en X; corresponde a
un cono A;,1 < 1 < d. La eleccién del punto @Q; > Qg es equivalente a la
eleccion de un entero a;,1 < a; < d, para determinar un cono A,, del abanico
¥;. La subdivisiéon ¥y de ¥; correspondiente al estallido de (J; es obtenida
reemplazando A,, (y sus caras) en ¥; por los conos Ag,; 1= (Bgi) (v sus
caras), 1 <1 < d, donde B,,; es la base ordenada de N obtenida de B,, por
la sustitucién de su i-ésimo vector por 3 e, .

La eleccién de Q2 > @1 es equivalente a la eleccién de un entero as,1 <
a, < d, el cual determina un cono (regular) Ag,,,. En general por re-
currencia : By, . .g;0,,; S€¢ Obtiene a partir de By,..o; = {wy,...,wy} reem-
plazando su a;41-ésimo vector w,, , por Z?:Hﬂi y andlogamente el cono
Aq, .. .ai0i1 = (Ba,...aiai4,) corresponde al punto Q;11. Las observaciones prece-
dentes permiten codificar las cadenas téricas y por ende las constelaciones
téricas, pues para cada Q € C, la constelacién C? es una constelacién en
cadena. Se codifican asi las constelaciones téricas por medio de drboles con

aristas ponderadas, lo cual se establece en la proposicién 2.3.

Definicién 2.2 Sea I' un arbol, A(T") el conjunto de sus aristas. Sea d un
entero, d > 2; se llamard d-ponderacién de I' a una aplicacién « : A(T') —
{1,2,...,d} tal que dos aristas con origen comun no tienen el mismo peso. El
par (I, @) se llamara drbol d-ponderado. Todo arbol d-ponderado es necesaria-

mente d-nario (i.e. tiene a lo sumo d aristas con la misma raiz).

Proposicién 2.3 ([C.G.L.2]) Sea B una base ordenada del reticulo N = Z°
y n un entero positivo.

(a) La correspondencia, que asocia a cada sucesion (ai,...,an) de enteros
con1<a; <d, 1 <i<n, laconstelacion térica en cadena (Qq, Q1,...,Qn)
donde Qq es la T-drbita correspondiente al cono A = (B) y donde Q;, 1 <

i < n, es la T-orbita en X; correspondiente al cono A, . 4, del abanico X;,
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es una biyeccion entre las referidas sucesiones (ay,...,a,) y el conjunto de las
cadenas toricas d-dimensionales con n + 1 puntos.

(b) La correspondencia de (a) induce una biyeccion natural entre el con-
junto de las constelaciones toricas de dimension d de origen Qo € Xy, y el de
los drboles d-ponderados.

Definicién 2.4 Sean (I', @) un 4rbol d-ponderado y (I, &') un drbol d’-ponde-
rado, se dice que son isomorfos si existe una biyeccidon ¢ entre los vértices de

ambos tal que :
1. ¢ preserva las raices y las aristas;

2. ¢ es compatible con las ponderaciones: V t;,to € A(T") tales que a(t,) =
a(ts) se verifica o (¢(t1)) = o/ (p(t2)).

Notacién Si I' es un arbol d-ponderado y q y p son vértices de I" con p <
q, ¢ = p(ay,...,a;) significa que, las aristas de menor a mayor nivel de la
cadena de longitud 7 (p,...,q), estdn ponderadas por los enteros as,...,a; en
ese orden.También se escribe p(a, b[i]) := p(a,b,...,b) donde b aparece t veces;
sit=0, p(a,bl?) := p(a).

Ejemplo Sean I' = {q0,41,92,93,94} y ' = {po,p1,p2,p3,pa}, dos arboles
3-ponderados de acuerdo a la siguiente definicién:

a1 =qo(1), g2 =0(2), g3 =qo(1,1), g4 = qo(1,3)

p1 =po(1), p2 =p0(2), p3 = po(1,2), ps = po(1,3)

Entonces, I' y I son drboles isomorfos -hay una biyeccién entre los vértices
de ambos que preserva las raices y las aristas-, pero no son isomorfos como
arboles 3-ponderados. Los abanicos asociados a estos dos arboles 3-ponderados
no son isomorfos en el sentido de [O], de acuerdo a la proposicién 2.8.

Definicién 2.5 Si © y ¥’ son dos abanicos en N@, un mapa de abanicos
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f:(N,Z') = (N,X) es un homomorfismo Z-lineal cuya extensién escalar
f+ Ng — Ng verifica : ¥ o' € T/ existe 0 € T tal que f(¢') C 0.

Definicién 2.6 Dos constelaciones téricas C y C’' d-dimensionales, definidas
respectivamente a partir de los abanicos g y Ij de N, son isomorfas si Xz, (C)

y Xgi (C') son equivariantemente isomorfas.

Proposicién 2.7 Sea C una constelacion torica de origen Qo € Xsg,. En-
tonces las constelaciones tdricas C' de origen Qo € Xy, isomorfas a C estdn
biunivocamente determinadas por los automorfismos de N asociados a las per-

mutaciones de la base B.

Demostracion

(=) Cada isomorfismo equivariante ¢ : X(C') — X(C) determina un tnico
mapa de abanicos invertible f que satisface f(A) = A. Luego f transforma
la base B = {v1,...,vq4} en {wi,...,wq} otra base del reticulo N; donde w; =
>_; @ijvj con a;j € Zxo y det(a;;) = £1. Se concluye por lo tanto que la
matriz (a;j) es una una matriz de permutacion.

(<) Sea h el automorfismo de N que lleva B en si misma. Se va a probar que
existen una constelacién térica C' y un abanico ¥’ subdivisién de £y tales que
: X5 = Xg,(C") y h: (N,Z) = (N,Y') es un mapa de abanicos que induce
un isomorfismo equivariante ¢ : Xy, (C) = X5, (C).

Sea h la permutacién del conjunto {1,2,...,d} que verifica h(v;) = Vh(j)s
donde B = {v1,...,vg4}. Los puntos de C’ se definen como los correspondientes
a los conos Ap(qa,)...h(a;) St Aa;...a; €8 un cono que corresponde a un punto de
C. Los conos d-dimensionales de &' son Ap(q)). h(a;) Cada vez que Ay, 4, €s
un cono d-dimensional de 3, asi se tiene Xy» = Xyx,(C’). Finalmente para
probar que h es un isomorfismo entre los abanicos ¥ y ¥’ basta con verificar
que h(Aqg, . 4;) = Ap(ay)...h(a;)> 10 cual se demuestra por induccién sobre 1.

Para i = 1 se verifica h(A,,) = Aptarys
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La hipétesis de induccién es que si B; = {wy,...,wq} es el conjunto de los
extremales de A, . q; con el orden inducido por el de la base B de acuerdo a lo
establecido en el pardgrafo 2.1, entonces B'; = {z1,...,2a} con z(;) := h(w;)
es el conjunto de los extremales de Ap(4,).. 4(q;) con el orden inducido por B.
En particular se tiene que h(Agy, . 4,) = B Yo Biae)*

Se va a probar el enunciado correspondiente a Ag) . giq;,,- Sea Biy =
{001 5 ceng 20 Wiy ey wq} la base obtenida de B; sustituyendo w,,,, por 2 Wy, €s
decir el conjunto de los extremales de Ay, .. 4;4,,, con el orden inducido por B.

Ahora Ah(al)...h(ai)h(ai.,_l) = (zl, ceny Zj Zjy ey Zd> = <f_7,(w1), ceey Zj ]_l(’wj), s
h(wgq)) = h(Aq,..aiai41)s DUESto que 2_j %; en el segundo miembro de la igual-
dad sustituye a zj(q,,,) = B(waiﬂ) es decir en el tercer miembro }; B(wj)

sustituye al elemento f_z(waiJrl), lo que justifica la ultima igualdad. O

La correspondencia de la proposicién 2.3 es independiente de la eleccién

de la base en el reticulo IV, en el sentido preciso siguiente:

Proposicion 2.8
Existe una biyeccion entre las clases de isomorfismos de constelaciones toricas

de dimension d y las clases de isomorfismos de drboles d-ponderados.

Demostracion
(=) Sean C y C’ dos constelaciones téricas isomorfas definidas respectivamente
a partir de los abanicos ¥y y Ij de N, que provienen respectivamente de las
bases B y B'. Primeramente se observa que es suficiente probar que si B = B’
con un orden cualquiera B = {vy,...,v4}, los drboles d-ponderados asociados
a C y C' respecto de B son isomorfos.

Sea h la permutacién del conjunto {1,2,...,d} que corresponde al iso-
morfismo ¢ : X(C) — Xo(C') en el sentido considerado en la prueba de la
proposicién 2.7. En dicha prueba se observé que el mapa de abanicos h veri-

fica h(Aq,..q;) = Ap(ay)...h(a;) cada vez que A, o, corresponde a un punto
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de C. Esta correspondencia determina un isomorfismo entre los arboles d-
ponderados asociados a C y C'.
(<) Sean C y C' las constelaciones d-dimensionales asociadas, en las bases
ordenadas B y B’ respectivamente, a los drboles d-ponderados (T, «) y (T, &)
isomorfos. Es suficiente probar que C y C’son isomorfas en el caso en que B y
B’ son la misma base ordenada.

Sea h la permutacién del conjunto {1,2,...,d} tal que h(a(t)) = o' (¢(t)),
donde ¢ es la aplicacién de la definicién 2.4.

Si ¥ y ¥’ son respectivamente los abanicos correspondientes a Xy(C) y
Xo(C"), sea h el automorfismo de N tal que h(v;) = Vh(j)-

Si (ay,...,a;) es la sucesién que pondera una cadena de I" con origen en la
raiz qo € T, el punto de C que corresponde al vértice ¢ = go(ay,...,a;) es el
determinado por el cono Ay, 4. Si¢ = ¢(q) = ¢5(h(ar), ..., h(a;)), el punto
de C’' correspondiente a ¢’ es el determinado por el cono Bptay)..hla) Hdemas
se tiene E(Aal_“ai) = Ap(a1)...h(a;)s 10 cual es suficiente para concluir que h es

un isomorfismo entre los abanicos ¥ y ¥'. O

2.9 Dado un arbol I', una d-ponderacién de I' induce una particién del con-
junto de las aristas A(T'), en la que las clases estdn formadas por las aristas
con igual ponderacién.

En consecuencia, a cada clase de isomorfismo de constelaciones téricas de
dimensién d le corresponde una unica clase de isomorfismo de arboles provista
de una particién del conjunto de las aristas, particién de cardinal menor o
igual a d.

Reciprocamente, a una clase de isomorfismo de arboles, provista de una
particién del conjunto de las aristas tal que dos aristas con origen comin no
son equivalentes y dado un entero d mayor o igual al cardinal de la particién,
le corresponde una unica clase de isomorfismo de constelaciones téricas de

dimensién d.
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La dimensién minima d, de una constelacién que corresponde a un arbol
do-ponderado isomorfo a un arbol d-ponderado (I', &) dado, es el cardinal d,
de la particién de A(T") inducida por a. En efecto (T, ) es isomorfo a un rbol

de-ponderado y d, es el menor entero con esta propiedad.

En lo sucesivo se utilizard la siguiente caracterizacién de la relacién de

proximidad en una constelacién térica.

Proposicién 2.10 ([C.G.L.2]) Sea C := (Qo, ..., Qn) la cadena térica corres-
pondiente a la sucesion de enteros (ay,...,an). Sean j y k dos indices tales que
0<j<k<n. Entonces Q — Q; st y sélo si aj41 ¢ {a; | j+2 <1< k}.

Demostracién

Si k = j + 1, puesto que C es una cadena resulta que Q;11 — Q;, es
decir la condiciéon del enunciado se cumple trivialmente. En general el divisor
excepcional Bj en X, corresponde al rayo [; definido por el a;1-ésimo vector
de la base ordenada Bal...aj+1- El punto Q es préximo a @Q; si y sélo si l; es
una cara de Ay, . q,, lo cual significa que el a;41-ésimo vector de la base By, .. 4,
no fue sustituido para ningin s tal que j +1 <1 < k, i.e. aj;1 # a;, para ¢

tal que j+2 <1 < k. O

Notacién Sea una constelacion térica C de origen Qg, si Q es un punto de C
de niveln > 1y (ay, ...., an) es la sucesién de enteros que codifica la cadena ce,
se escribird Q = Qo(ay,...,an). Si Q = Qo(ay,....,an) y P = Qo(ay,...,an—1) se
denotard Q = P(ap).

Definicién 2.11 Si p es un vértice en un diagrama de Enriques (I',~) se
llama indice de prozimidad de p al nimero ind(p) := #{q | p ~ q}. El
conjunto de los vértices de I' consecutivos a p es denotado pt := {q | ¢ >

p, l(g) =l(p) +1}.

122



Un diagrama de Enriques (I',~) se dice realizable téricamente si es iso-
morfo al diagrama de Enriques asociado a alguna constelacién térica C. En
ese caso se dice que C es una realizacion tdrica de (I',~).

Proposicién 2.12 Un diagrama de Enriques en cadena (I',~) es realizable
téricamente si y solo si el indice de proximidad es una funcion no decreciente,
i.e. ind(p) > ind(q) Vp>gq.

La dimension minima dp que permite realizar toricamente una cadena es

dp = maz{2,ind(q)} donde q es el vértice mazimal.

Demostracién
(=) Sea C = (Qq,...,Qrn) una constelacién térica en cadena codificada por
Q; = Qo(a1,...,aj), = 1,...,n y tal que su diagrama de Enriques es (I',~).
Se denota g; al vértice de I' correspondiente al punto @); de C.

Basta mostrar que ind(qx+1) > ind(qx), para cada indice k, 0 < k < n-—1.

Si ag4+1 # aj41 para todo j tal que Qr — @, entonces Qx4 — Q; y por
lo tanto ind(gx+1) = ind(gx) + 1, pues Qr+1 — Q.

Si existe jo tal que Qx — Qj, con Qr11 # Qj,, entonces ax41 = ajo4+1. Si
j#Joy Qk — Qj, en tonces Qx41 = Q; :

(a) sik>j > jo, Qk = Qjo © ajo+1 & {a; |jo +2 <1 <k}, en particular
(k41 =)ajo+1 # aj+1, por lo tanto Q1 — Qj;

(b) sik > jo >34, Qr = Q5 © aj+1 & {ar |7 +2 <! <k}, en particular
(@k+1 =)ajo+1 # aj+1, por lo tanto Qxy1 — Q.

Dicho de otra manera, a lo sumo para un valor de j puede ocurrir Q; — Q;
y Qk+1 7 Qj, pero como por otra parte se agrega la proximidad Qx4; — Q,
entonces se tiene ind(gx+1) > ind(gx).
(<) Si (I',~) es un diagrama de Enriques en cadena (satisface el enunciado
del teorema 1.3), tal que su indice de proximidad es no decreciente, para
mostrar que es realizable téricamente se definird una dp-ponderacién « en T’
tal que las constelaciones asociadas a (I, &) sean realizaciones de (T',~»).
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La prueba se hace por recurrencia sobre el nimero de vértices de I'. Sea
I' = (qo,..-1qn), para 0 < k < n, se probard que si (I" = (qo,...,qk),~*) es
realizable téricamente en dimensién d' = maz{2,ind(gx)}, entonces (I =
(90 -y 9k Gk+1),~) es realizable en dimensién d” = maz{2,ind(qx+1)}-

Sea o’ la d’-ponderacién en IV que corresponde a la realizacién térica de
(I'",~), para j = 1,...,k sea a; el peso de la aristalg;_1,g;]. Para extender
o a una d"-ponderacién o’ de I, basta con definir ax,1 el peso de la arista
(g, gk+1], lo cual se hace asi :

(a) Si ind(gr+1) = ind(qgx), se toma axy1 = ajo41, donde gry1 % gjp ¥
gk ~ gj,; €l indice jo que verifica lo anterior es inico pues si hubiera al menos
dos tales indices entonces se tendria ind(gx+1) < ind(qx).

(b) Si ind(gk+1) > ind(gk), se elige ak+1 & {a1 [1 U<k} y 1< apyr <
d". Es inmediato que las constelaciones téricas d”-dimensionales definidas por
(I, o) tienen diagrama de Enriques (I, ~).

Se observa finalmente que la dimensién minima de las constelaciones téricas
en cadena con diagrama de Enriques dado, es dp.

Es suficiente probar que si C = (Qo,...,@n) es una constelacién térica
en cadena de dimensién d cuyo diagrama de Enriques es (I',~), entonces
d > ind(gn). Supongamos C codificada por Q; = Qo(a,...,a;), sea s =
ind(gn) y sean Qj,, para [ = 1,...,s los puntos de C aproximados por Qp.
Necesariamente los enteros aj, +1,...,a5,41 son todos diferentes, por lo tanto
d > #{a1,...,an} > s = ind(qgn). O

Ejemplo Sea I' = (go, 41,92, 93) una cadena con las proximidades g3 ~ g ~
q1~ qoy g2 ~ qo. Se trata de un diagrama de Enriques, de acuerdo al teorema
1.3. Este diagrama de Enriques en cadena no es realizable téricamente puesto
que el indice de proximidad no es creciente: ind(qz) = 2 > ind(g3) = 1. Es la
cadena mas corta que no es realizable téricamente.
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La caracterizacién general de los diagramas de Enriques realizables térica-
mente es la siguiente:

Teorema 2.13 Un diagrama de Enriques (I',~) es realizable téricamente si
y sélo si se verifica:

(i) la funcion indice de prozimidad es no decreciente: ind(q) > ind(p)
Vgpel,p2g

(ii) si r es prozimo a g, existe a lo sumo un vértice s consecutivo a T,
que no es préTimo a g, i.e. si T ~> q entonces #{s € r* | sb q} < 1. Si
(1) y (i) se verifican, la dimension minima de una constelacién térica cuyo
diagrama de Enriques es (I',~) es dp = maz{2, mazser{ind(q) + s(q)}},
donde s(q) = #{r € ¢ | ind(r) > ind(q)}.

Demostracién

(=) Sea I' un diagrama de Enriques realizable téricamente, toda cadena ' =
{p : ¢ > p} es realizable téricamente, luego la proposicién anterior nos asegura
que la condicién (i) se satisface.

Para verificar la condicién (ii) : sea I el grafo de Enriques de la constelacién
C, sea (a1, ...,a;) la codificacién de la cadena C @ que corresponde a la codifi-
cacién de C. Si Q = Qo(a1,...,a;) = P = Qo(a1,...,a;) con j > i, entonces (si
existe) el unico R € QT que verifica R 4 P es R = Qq(a1, ..., aj,ai+1).

(«=) La suficiencia se prueba por induccién en el nimero de vértices del grafo
.

Sea z un vértice de I' de nivel maximo (> 0) y ¢ tal que z € ¢g*. Se
denotan por 71 := z, T9,...,7; a los vértices del conjunto ¢, estos vértices son
maximales en I'. Se define el subgrafo pleno de I', IV := T" \ {r1,...,,m:} con
la restriccién de la relacién ~». Por hipétesis de induccién (IV,~») es realiza-
ble téricamente en dimensién d' = maz{2, mazqer {ind(q) + s'(¢)}}, donde
s'(p) = #{r e I'Np™ | ind(r) > ind(p)}. Sea o’ la d’-ponderacién en I corres-
pondiente a una de las realizaciones téricas de (I',~»). Es suficiente probar
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que o' se extiende a una dp-ponderacién a en I', tal que (T, a) determina una
realizacién térica de (I',~).

Sea {r1,...,7s} C {r1,...,Ts,..., ¢} €l conjunto de los vértices para los que
existe (un unico) p; tal que ¢ — p; y 7; /4 p; para j = 1,...,s < ¢, i.e. para
cada 7j, 1 < j < s se tiene ind(r;) = ind(q).

Para cada p € T tal que ¢ — p se denota 1 < a, < d’ el peso de la arista
de origen p en la cadena {"9. Para cada ry,...,rs se define el peso de la arista
[g,7i] como ap,; asi en virtud de la condicién (ii) de la hipétesis se tiene la
extensién de ¢ a una d’-ponderacién sobre el subgrafo I'" U {ry,...,rs} de I.

Para ponderar las aristas [g,r;] con s < i < t, se necesitan t — s enteros
diferentes y no pertenecientes a {1 < a, < d' | ¢ = p}, lo cual muestra que es
posible definir la dp-ponderacién buscada a.

Por la construcciéon precedente se obtiene una constelaciéon de dimensién
dp.

Finalmente se prueba que dp es la dimensién minima posible.

Sea C una constelacién térica cualquiera de dimensién d cuyo diagrama
de Enriques es (I',~), para mostrar que d > dp es suficiente probar que
d > ind(q) + s(q), Vg € T.

Si ¢ es un vértice maximal de T, entonces s(q) = 0, luego d > ind(q) de
acuerdo a la proposicién 2.12.

Si ¢ no es un vértice maximal de T, sea ¢* = {q1,...,q:}, se considera la
codificacién de C, Q; = Q(bj), j = s+ 1,...,t, son los puntos de Q7 tales
que ind(g;) > ind(q) (Q es el punto de C correspondiente al vértice g de I').
Entonces los b; son diferentes dos a dos y b; € A := {a |Q > P(a) y Q — P}.
Ahora #A = ind(q) y por lo tanto d > ind(q) + s(q). a
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3. Proximidad lineal y conos caracteristicos.

Se comienza recordando la nocién general de constelacién ponderada idealis-
tica. Luego se hacen algunas consideraciones sobre el caso tdrico.

Definicién 3.1 Una constelacion ponderada (cluster) es un par A = (C,m)
donde C = (Qo, ..., @») es una constelacién y m = (my,...m,) es una sucesién
de enteros no negativos que pondera los puntos de C.

A una constelaciéon ponderada A = (C,m) se le asocia un divisor con

soporte excepcional D(A) := Y m;E} en X(C)(= Xn+1)-

Definicién 3.2 La constelacién ponderada A = (C,m) con origen O es idea-
listica si existe un ideal I C Ox o completo (i.e. integralmente cerrado) y de
soporte finito contenido en C tal que IOx/(c) es el haz de ideales asociado a
—D(A) ie. IOxc) = Ox(c)(—=D(A))

Fijada la constelacién C, la galazia de C es el conjunto G¢ := {(C,m) | (C,m)
es idealistica }

Observacién Con la operacién natural de suma de ponderaciones Ge es un

semigrupo, por mas detalles ver ([C.G.L. 2]).

Las desigualdades de proximidad ([E. C.]) describen la galaxia de una

constelacién C cualquiera en dimensién dos:

mqg > Z mp YQ€EC
P—=Q

Las condiciones numéricas que caracterizan la galaxia de una constelacién

torica dada de dimensién cualquiera se refieren a continuacién.

Definicién 3.3 Sean P y @ puntos de una constelacion toérica C. Se dice

que P estd linealmente pro:czmo a @ (notacién: P N Q) si P pertenece a
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la transformada estricta de la adherencia de alguna T-érbita 1-dimensional [
contenida en el divisor excepcional Bq. Se denota Cg(l) := {P € C |P 45 Q}.

La galaxia de una constelacién térica C estd dada por las desigualdades :

mg> Y, mp,
PeCo(l)

donde Q € C y [ recorre las 1-6rbitas contenidas en By ver [C.G.L.2].
Si la dimensién de la constelacién térica es dos, las desigualdades anteriores
coinciden con las desigualdades de proximidad.

La siguiente proposicién permite describir en términos de la codificacién

de una constelacién térica la relaciéon de proximidad lineal.

Proposicién 3.4 Sea ¥’ una subdivision del abanico ¥ y sea o un cono de L.
Entonces la transformada estricta por el morfismo candnico f : Xy — X5z de
la clausura de la drbita correspondiente a o (denotada O,) es la union de las

orbitas O, donde 7 € &' es tal que o es cara de T (0 < 7).

Demostracién
Los abanicos ¥ y ¥’ definen las variedades téricas Xy y Xy/. Es sabido
que la fibra excepcional E del morfismo candnico f es la unién de las 6rbitas
Oy tales que o/ € £'\ . Por lo tanto la transformada estricta de O, es
{z € Xz \ E |f(z) € O, }. Se sabe que en Xy se tiene que O, = U, , Or
Siz € Xy \ E, entonces z € O, con 7 € ¥ y por lo tanto f(z) = z. Es
decir {z € X5 \ E |f(2) € Og} = Uryorex Or-
Luego en Xy : m = Ur>a,fezo_r = Urso,res(Urisrmes Orp) =
UT'>—0,7"€E’ Or. O

Notacién Sea una constelacién térica C codificada respecto de una base or-
denada, si Q € C se denotara Q(a, b)) := Q(a, b, ...b), donde b aparece t veces;
si t = 0 se define Q(a, b%)) = Q(a).
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Proposicién 3.5 Sea C una constelacion torica de dimension d y sea Q € C
y | una T-orbita 1-dimensional. Dada una codificacion de C se tiene que :
Co(l) ={P | P =Q(a, blth) o P = Q(b,alt)), t > 0}, para a y b fijos y distintos
conl<a<d, 1<b<d.

Demostracion

Sea Qg el origen de la constelacién C, sea Q@ = Qo(a1, ...,a;). Bg -el divisor
excepcional del estallido de centro en Q- corresponde al rayo r; definido por
el aj41-ésimo vector de la base Bal_“aj+1 ver el apartado 2.1.

La T-érbita | contenida en Bg corresponde a una cara o d—1-dimensional
(del abanico que define a X;1) que contiene al a;j;1-ésimo vector de la base
Ba,..a;4,- La cara o es la intersecciéon de dos de los conos maximales -de
¥, 41- introducidos por el estallido de @, es decir o queda determinada por
dos puntos T-estables Q(a) y Q(b) con a # b.

Ahora P € Cg(l) si y sélo si P pertenece a la transformada estricta de
1 = O, en alguna de las variedades X}, con 5 +1 < h < n + 1, esto ocurre
si y sélo si el cono que corresponde al punto P tiene a ¢ como cara, segun lo
observado en la proposicién 3.4.

Sea P = Q(aj41,---,ak). Sik =37+ 1esclaro que aj41 =a o0 ajq; = b.
Ahora si k > j + 1 es claro también que aj4; = a 0 a;41 = b, supongamos
que a;j4+1 = a. El punto P corresponde al cono Aal...ajaaj+2...ak del abanico X,
P € Cg(l) siy sblo si este cono tiene a o como cara, esto equivale a que para

obtener Aal_‘_aj .a; @ partir de A, ..aja 1O SE€ ha sustituido ninguno de los

aa;42-
vectores que definen a o, es decir siempre se reemplazé el b-ésimo vector de

las sucesivas bases a partir de la base By, . q;q4; €sto termina la prueba. O

3.6 Son necesarias algunas consideraciones para establecer la nocién de cono
caracteristico de una constelacion térica.

Sea 0 : X(C) := Xpy1 — Xo := X la composicién de los estallidos de
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centro en los puntos de C.
Z1(X(C)|X) es el grupo de los 1-ciclos en X (C) cuyos soportes son excep-
cionales respecto del morfismo o.
El producto de interseccién (D,C) +— D - C define una aplicacién :
Pic(X(C)) x Z1(X(O)|X) — Z.
Sea
Pic(X(C))

NY(X(C)IX) :=

donde = denota la equivalencia numérica :
D=0siysélosiD-C=0 VCe Z;(X(C)|X).

El grupo N'(X(C)|X) se identifica naturalmente con el grupo de los divi-
sores excepcionales £ = ®ZE; = @ZE? médulo equivalencia numérica. En
el caso térico el cono generado por la galaxia Gec en N'(X(C)|X) ® z @ coin-
cide con el cono caracteristico del morfismo o. (i.e. los divisores D tales que
Ox(c)(—=D) es generado por sus secciones globales en un entorno del divisor
excepcional de o).

El teorema de Zariski sobre la factorizacién de ideales de polinomios defini-
dos por puntos base infinitamente cercanos [Z] puede ser formulado en un
contexto mas general: para toda constelacién C de dimensién dos, el cono
caracteristico del morfismo o es regular.

En [C.G.L.2] se demuestra que el cono caracteristico de una constelacién
térica en cadena en dimensién cualquiera es regular, las siguientes proposi-

ciones permiten otra demostracién de ese resultado.

Proposicién 3.7 Las realizaciones toricas en dimension minima d de un dia-

grama de Enriques en cadena (I',~), son constelaciones isomorfas.

Demostraciéon
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Todas las d-ponderaciones en I" que preservan ~», definen arboles d-ponde-
rados isomorfos. Luego las constelaciones téricas que realizan la cadena (T, ~)

en dimensién minima d son isomorfas. 0

Proposicion 3.8 En una constelacion torica en cadena la relacion de prozi-

midad determina la relacion de prorimidad lineal.

Demostracion

Sea C = (Qo, Q1,-.-,@n) la cadena, sean Q; < Qi41 < ... <Qjcon0<i <
Jj<n

Para j =i+ 1 se tiene Q;—»Q;.

Para j > i+ 1 se tiene Q;—(); sii las unicas relaciones de proximidad
en la cadena (Qj,...,Q;) son las minimas inducidas por Q; — Q; es decir
son unicamente Q;_, — Q;, para s = 0,1,....,5 —1 — 1y Qs41 — Qs, para
8= By weny = L O

Corolario 3.9 Las realizaciones toricas en dimension minima de un dia-

grama de Enriques en cadena dado, poseen galazias isomorfas.

Demostracién

La galaxia de una constelacién térica estd definida por las desigualdades
de proximidad lineal, de acuerdo a las dos proposiciones anteriores las rela-
ciones de proximidad lineal no se alteran en las diferentes realizaciones y el

isomorfismo es inmediato. O

Corolario 3.10 Sea C una constelacion térica en cadena. Entonces ezxiste C’
una constelacion torica en cadena de dimension dos y una biyeccion entre los

de puntos de C y los de C' que preserva las relaciones de prozimidad lineal.

Demostracién
Si T" es el grafo de C es posible definir sobre las aristas de I" una 2-

ponderacién «a tal que la constelacién térica C' que corresponde a (T, a) y
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C tienen las mismas relaciones de proximidad lineal via la identificacién de sus
grafos. m|

Corolario 3.11 El cono caracteristico de una constelacion térica en cadena

es reqular.

Demostraciéon

Sea C una constelacién térica en cadena. Sea C’ como en el corolario 3.10.
Luego los conos caracteristicos de C y C' son isomorfos. La prueba se reduce
al resultado conocido -que se deduce de [Z]- de que el cono caracteristico de

una constelacion cualquiera en dimensién dos es regular. O

Se caracteriza a continuacién la proximidad lineal en una constelacién

torica C en términos de familias de subarboles de su grafo asociado T'¢.

3.12 Si I es un arbol, se llama bi-cadena de I' a todo subarbol de I" formado
por dos cadenas de I' que tienen la misma raiz y ninguna arista en comun.

Si T es el arbol asociado a la constelacion tdérica C, g el vértice correspon-
diente al punto Q € C y [ una 1-érbita contenida en Bg, se denota I'y(l) al
subgrafo pleno de I' de raiz g, cuyos otros vértices corresponden a los puntos
R € C tales que R N Q. Cada subgrafo I es una cadena o una bi-cadena
de I'. Se denota I'(g) a la familia de los subgrafos I';(I) maximales, donde !
recorre las 1-6rbitas de Bg. Un vértice ¢ € I' es simple (resp. ramificado) si
#qt =1 (resp. #¢* > 1).

Recurriendo a la caracterizacién de la relacién de proximidad lineal se

demuestra la siguiente:

Proposicién 3.13 Sea C una constelacion torica y I' su drbol asociado.

1. (a) Para cada q € T, la familia T'(q) es no vacia y sus elementos son

cadenas o bi-cadenas de raiz q.
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(b) Sivy, v €T(q) y v C', entonces y =+

2. (a) Dos elementos distintos de UpI'(p) tienen a lo sumo una arista

comun.

(b) Dos aristas que tienen raiz en un vértice q de ramificacion (resp. la
arista de raiz en un vértice simple q) pertenecen (resp. pertenece)

a un (y sdlo un) elemento de I'(q).

3. (a) Para cada q €T yr € ¢ existe a lo sumo un vértice s € r+ tal que

la cadena (g,7,s) no estd contenida en ningin elemento de I'(q).

(b) Si(p,...,q,7) es una cadena contenida en algin v € I'(p) y s €™

verifica 3.(a), entonces la cadena (p,...,q,7,8) estd contenida en -y.

Definicién 3.14 Se llama PL-diagrama de Enriques de una constelacién té-
rica C a su grafo asociado I' provisto de la estructura de proximidad lineal

formada por la familia de subgrafos plenos {I'(p) | p € T'}.

Teorema 3.15 La pareja (I';, {T'(p) | p € T}) formada por un drbol T y
una familia de subgrafos plenos T'(q); es el PL-diagrama de Enriques de una
constelacion torica C st y solo si se verifican las propiedades 1,2 y 3 de la
proposicion anterior.

La dimension minima de las constelaciones cuyo PL-diagrama de En-
riques es el dado es dpp = maz{2, maz{#p* + n, | p € T'}} donde n, =
maz e+ #{y € T(p)| v es una cadena de mds de dos vértices y q es vértice de

v}

Demostracién

Se definird una dpy-ponderacién « en I', tal que la constelacién térica C
asociada a (I', @) satisfaga el teorema.

La demostracion-sera realizada en dos etapas :
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1. Se exhibe la recurrencia que permite ponderar las aristas de I" respetando
los siguientes criterios:

(a) Si v = (po,p1,--»Pn) € I'(po), la ponderacién en v serd p; =
po(a, bll) para i =0,...,n — 1 con a # b.

(b) Si~y € I'(pg) es la bi-cadena reunién de las cadenas (pg,p1, ..., Pn)
y (po,q1,--,q9m) la ponderacién en cada una de ellas serd p; =
po(a, by, i = 0,....,n — 1; g = po(b,ald), 5 =0,..,m —1 con
a # b.

2. Luego se demuestra que la constelacién C ademads satisface que: cada
conjunto maximal Cp(l) -mediante la correspondencia entre puntos de C
y vértices de I'- estd en biyeccién con un elemento de I'(p); para P fijo

la familia {Cp(l)};c B, estd en biyeccién con la familia I'(p).

Parte 1. Se hace por recurrencia sobre los conjuntos de vértices de C; =
Uipy<i T'(P), ©=0,1,2,...

Para i = 0. Van a ser ponderadas las aristas de Cy = I'(0) donde o es la
raiz de I'.

Primero se ponderan arbitrariamente las aristas de raiz o con los enteros
1,2,...,#0". Ahora por la condicién 2.(b) cada par de aristas de raiz o identi-
fica exactamente una bi-cadena de I'(0) cuyas aristas se ponderan de acuerdo
a los criterios (a) y (b).

Sera de utilidad a lo largo de la demostracién la siguiente notacién, sip € I’
yq€e€pt, T(p,q) :={y €'(p)ly es una cadena de més de dos vértices y q es
vértice de v}.El nivel de una arista es el nivel de su vértice de origen mas uno.

Llamemos 01, 09, ..., 0 a los vértices de o™ tales que I'(0, 0;) # (), para ellos
se denota I'(0,0;) = {711[3 = L, vy S}

Con i fijo para ponderar 73, ...,7;, se necesitan forzosamente s; naturales

diferentes de los usados para ponderar las aristas de origen o, asi se pon-
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deran estas cadenas respetando los criterios (a) y (b). Si han sido ponderadas
Vs ¥ VR ¥y s ¥E, oy YE Para ponderar 'yf*'l,...,'yfj:l es suficiente
disponer de skx41 naturales diferentes de los usados para ponderar las aristas
de origen o; es decir las ponderaciones de I'(o, 0;) y I'(0, 0;) son independientes
sit#j.

De manera que han sido ponderadas las aristas de I'(0) usando #o™ + ng
nimeros naturales, donde ng = maz s; = maz,,co+#I'(0,0;).

Conviene observar que las aristas de nivel 2 estdn todas codificadas, salvo
a lo sumo -condicién 3.(a)- para cada i una arista de origen o; € o™, a la que
se la pondera con el mismo entero que a la arista [o, 0;].

Paso inductivo. Suponiendo que han sido ponderadas las aristas de C_; =
Uip)<n—1T'(p) con h > 1 hay que demostrar que es posible ponderar las de
Ch = Ui(p)<n I'(p) respetando los criterios (a) y (b).

- Al estar ponderadas las aristas de Cj_1, de hecho estdn ponderadas todas
las aristas de nivel (h+1), salvo eventualmente, sip € T" es tal que I(p) = h—1
y {p1,..,pt} = pT, a lo sumo una arista de origen p; que se pondera con el
mismo entero que pondera la arista [p, p;].

- Para determinar la ponderacién de las aristas de Cj, = U;(;)<, I'(p) basta
con tener ponderadas las aristas de nivel h + 2.

Se observara como ponderar I'(p;). Ya tienen ponderacién las aristas de
origen p; y se sabe que esto induce la ponderacién de las bi-cadenas de I'(p;).

Si pf = {q1,...,¢s} faltan ponderar las cadenas I'(p1,¢;) para i = 1,..,s.

Para ponderar cada cadena de I'(p;,q1) es necesario un entero positivo
diferente de los que ponderan las aristas [p1, 41}, ..., [p1,¢s]. Para las otras ca-
denas de I'(p1,¢;) se hace lo mismo observando que, si han sido ponderadas
T'(p1,q1), .., T'(p1,4¢;) la ponderacién de las cadenas de I'(p1, gj+1) es indepen-
diente de las anteriores. '

Para ponderar cada I'(p;) se procede igual que con I'(p;): ignorando las
familias I'(p;) ponderadas anteriormente.
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La consistencia de esta ponderacién estd asegurada por la condicién 2.(a),
vale decir, cada nuevo peso introducido mediante la recurrencia es compatible
con los anteriores.

Parte 2. Primeramente se observa que Cp(l) maximal significa #Cp(l) > 2
salvo que #p* = 1 con p* = q y ¢ maximal en I". En esta situacién se tiene
I'(p) = {(p,q)} y la parte 2. de la demostracién es inmediata.

Se llamaréd I'p{a,b} a la cadena o bi-cadena maximal en I" entre las que
tienen origen p y cuyos otros vértices son de la forma p(a,bl”) o p(b,all), en
la ponderacién « definida.

Sea v € I'(p) una bi-cadena -la prueba es andloga si 7 es una cadena-;
sean a y b los pesos de las aristas de origen p que pertenecen a -y, entonces
¥ C Tp{e,b}.

Sea g = p(a, b, ...,b) vértice de I'y{a, b}, entonces p(a,b) es vértice de v y
por 3.(b) resulta que ¢ también es vértice de v con lo que I'y{a,b} C v, es
decir v = I'p{a, b}.

Sea I'p{a, b} maximal no trivial, es decir I',{a, b} es una cadena de longitud
mayor que 1 o una bi-cadena. Supéngase que I'y{a, b} es una cadena de vértice
maximal ¢ = p(a,b!). La cadena (p,p(a),p(a,b)) ests contenida en algiin
elemento de I'(p) por 3.(a) y por la manera en que se ha ponderado, luego por
3.(b) resulta que (p,...,q) C 7 € I'(p), resta probar que (p, ...,q) = 7. Es claro
que vy es cadena sino I';{a, b} no seria cadena. Finalmente por los criterios de
ponderacién si (p, ...,q,7) C 7y resulta r = g(b) es decir r es vértice de I'p{a, b}.

Finalmente se probara la minimalidad de dpy. Basta demostrar, que si C
es una constelacién térica de dimensién d, cuyo PL-diagrama de Enriques es
el dado, entonces d > #p* +n, Vp e T.

SiI'(p,q) =0 Vq € p* se tiene n, = 0 y entonces es cierto que d > #p*.

Si I'(p, q) # 0 para algin q € p™, sea ny = #I'(p, @) = Mmaz e+ #I(p, q).
C define una d-ponderacién en I', los pesos de las aristas de I'(p, go) con origen
en go son diferentes a los de las aristas de origen p, luego d > #p* +n,. O
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Corolario 3.16 Si una constelacidn tdrica tiene cono caracteristico reqular
entonces su PL-diagrama de Enrigues es el de una constelacion de dimension

dos.

Demostracion

Sea C la constelacién cuyo arbol asociado es I'.

El cono caracteristico de C es regular si y sélo si Vp € I, #I'(p) = 1 -ver
[C.G.L.2]-. Esto implica que el grafo es binario.

Seapel:

- si #p* = 2, entonces n, = 0;

- si #pT =1, se tiene que n, = 0,1, porque #I'(p) = 1.

Entonces de acuerdo al teorema 3.15 la dimensién minimal dp; es dos. O

Ejemplo Se definen dos constelaciones téricas C y C' de puntos infinitamente
cercanos a O € X = K3, que no son isomorfas y sin embargo tienen diagramas
de Enriques y PL-diagramas de Enriques isomorfos.

C y C' son bi-cadenas de nueve puntos.

Las sucesiones que codifican C son: (1,1,2,3) y (2,2,1,3).

Las sucesiones que codifican C’ son: (1,1,2,3) y (2,2,3,1).

El siguiente enunciado da una condicién suficiente para que la constelacién
C del teorema 3.15 quede univocamente determinada a menos de isomorfismos;
en particular en esas condiciones el PL-diagrama de Enriques determina la

relacién de proximidad entre los puntos de C.

Corolario 3.17 Sea (I',{T'(p) | p € T}) un PL-diagrama de Enriques tal
que para todo p € ' se verifica que I'(p) estd formado unicamente por bi-
cadenas o I'(p) = {p}, entonces eziste una unica constelacion C -a menos de

isomorfismos- de dimensién dpr, cuyo PL-diagrama de Enriques es el dado.
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Demostracién

La prueba surge analizando la recurrencia usada para ponderar las aristas
de I en la demostracién del teorema 3.15. Sea o la raiz de I" que corresponde al
punto O origen de C. Se ponderan arbitrariamente con los enteros {1,2,...,t :=
#o™} las aristas de origen o, si las hay. Dado que I'(0) sélo contiene bi-cadenas
-a menos que I' tenga un sélo vértice-, queda determinada la ponderacién de
todas las aristas de nivel 2. La hipdtesis asegura que resulta determinada la
ponderacién de I'. Obsérvese que I'(p) = {p} significa que p es maximal en T.

Finalmente se observa que en estas condiciones dpj, = #o™. O
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A x? goodness of fit test based on Transformed
Empirical Processes

Jorge Graneri *

to Prof. Gonzalo Pérez Iribarren, in memoriam

Abstract

A goodness of fit x? test is presented. In this test, the classical em-
pirical process is replaced by a transformed empirical process. The test
is implemented in two particular cases and its efficacy is compared with
that of the classical x? test, obtaining an improvement in both cases.

Keywords and phrases: Goodness of fit, Transformed Empirical Processes

1 Introduction

The aim of the present paper is to construct a consistent goodness of fit test
designed to detect a particular sequence of alternatives. This is, a test that
has all the fairly good consistency properties of the Pearson’s x? test, plus
an improved performance in power in the case of a determined sequence of
alternatives, contiguous to the null hypothesis. The reasons to use this type of
test (x? based on Transformed Empirical Processes) instead of others, are the
same reasons that one has to prefer the Pearson’s x? among the other tests
based on the classical empirical process (consistency in the case of simpler
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tests, simplicity in the case of other tests like Kolmogorov-Smirnov, Cramer-
Von Mises, etc.). Without a substantial increase in the amount of calculation
required, one obtains an improvement in the performance of the test mentioned
above.

2 Transformed Empirical Processes

A.Cabana and E.M.Cabaiia propose in [Cabaiia & Cabafia, 1997], a method
for transforming the empirical process of a sample of i.i.d. random variables,
into a process that converges in law to a V-Wiener process, being V' a conve-
niently chosen measure. Besides the interest that this has in itself, it presents
an important advantage to statistics, because it deals with objets that converge
in law to processes with independent increments. Just as classical statistics is
based on the classical empirical process, we could consider basing ourselves on
the Transformed Empirical Process. Apart from this, the transformation pro-
posed in [Cabafa & Cabana, 1997] is not unique, and this allows us to choose
the most convenient one, according to the problem stated. The Transformed
Empirical Process (in short: TEP) of a sample X, Xa, ..., X, of i.i.d. ran-
dom variables (with distribution function F'), associated to the distribution
function Fp, the score function a (with ||a||> = [a?(z)dFy(z) = 1) and the
isometry 7 in Lo(IR,dFy), with range orthogonal to the constant function 1,
was introduced in [Cabafia & Cabaifia, 1997], and is defined as:

wsT(A) = / T (al g)dby = \—};;T(am (X)) (1)

where 14 is the indicator function of A, b,(z) = Vn(Fy(z) — Fo(z)) is the
empirical process and F;, is the empirical distribution function of the sample
X1 Xgy 500 5 Kpps

If F = Fy, when n tends to infinity, the empirical process b, converges in law to
a Fy-brownian bridge, while the Transformed Empirical Process converges, un-
der certain hypothesis, to a V-Wiener Process (see Cabana & Cabaiia, 1997).
This is a Gaussian process w" such that:
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EwY(4) =0, VA€ B (2)
and
E(w"(A)w"(B) =V(ANB) , VA,B€B (3)
where B is the Borel o—algebra of IR and V is a measure with.density a? with
respect to Fp, that is A : V(A) = / a?(z)dFy(z).
A
Let us suppose that we want to test the null hypothesis Hg : ' = Fp, against
the sequence of alternatives H, : F = F(/¥™) contiguous to o, (see Le Cam

& Yang, 1990), with density f(¢/ V) with respect to Fy . Let us suppose that
there exists a function k£ € L?(IR, dF,) such that:

im [ (/56 Bl
| E ()Y e o
This equation implies:

[ k@)aFo(z) = 0 (5)

and k is the limit in L' (IR, dFp) of —‘g—ﬁ(f(‘s/‘/ﬁ) —1), when n — oo.

Under H, , bn(A) converges in law to a Fy-brownian bridge b plus the de-

terministic bias 6/ k(z)dFy(z) (see Oosterhoff & Van Zwet, 1979). On the
A

other hand wr({l’T) converges, under H, when the conditions stated above hold,

to a V-Wiener w" plus the deterministic bias 6 / k(z)T (al4)(z)dFo(z).

The present paper proposes to consider a x? goodness of fit test, in which the
classical empirical process is replaced by a Transformed Empirical Process,
chosen to maximize the power, for a given sequence of contiguous alterna-
tives. Let us consider a partition of the space (in our case IR) in adjacent
intervals A;, As,...,An. Following the usual recommendations of practical
statisticians, we will consider intervals with the same probability V, that is

V(A) =V(42) =--- =V (4,),

141



where the measure V' will be conveniently chosen, according to the hypothesis
of the test.
Under Hy, the random vector

(wn” (40), w87 (42), ., wi T (Am))

converges in law to a multivariate normal with mean (0, ...,0) and covariance
matrix .

m 0 0

0 0

2 1 :

0 0 —

= a,T 2 . .. . . . 2 .
Hence m Z (wn’ (Ai)) has, in the limit, distribution x* with m degrees of
i=1

freedom, while under the contiguous sequence of alternatives H, : F = F(6/v7n)
the asymptotic distribution is a noncentred x? with m degrees of freedom, and
bias given by :

m

m 2 2
mé?y ( / KT (al A,.)dpo) = meY ( / aT_ldeo)
=1 i=1 A;

m52z(/Ai T:kdv)2 - m62i</Aihdv>2 (6)

=1 =1

where h = I;i This suggests a test, based on the properties of the Trans-
formed Empirical Process, with maximum bias, in order to improve the power.
By virtue of the Cauchy-Schwarz’s inequality :

i(/ th)2<i h2dVv = Z/ h2dV = ”k”2
Ay =t

d=1

(7)

because [h2dV = [(T'k)2dF; = ||k||>. On the other hand, if we take

@ = T_; k) we have h = ||k|| and then

142



5[ ) = e = 8 ®

=1 i

=1
The conclusion is that the function a = IW(]Q is optimum, in the sense that
it maximizes the asymptotic bias.
In the following section we will perform the proposed x? test, in two particular

cases for the normal distribution : shifts in the mean and changes in dispersion.

3 Implementation of the test

In the two following examples, we will use the isometry 77, defined in L?(IR, ®)
by :

where @ is the standard normal distribution function and ¢ its density.
The inverse of 7y, is

(771h) (@) = hia) + =55 [ htdolt) e (10)

dt , Vg € L*(IR, ®) (9)

To see that 77, is an isometry on L?(IR, ®), the reader should be refered to
[Cabana & Cabana, 1997].

Let us present the two examples

3.1 Case 1. Shifts in the mean

Let us suppose that Fy(z) = ®(z) and F,(z) = ® (z — 6/+/n), where ® is the
standard normal distribution function The function & is :

Kz) = lim Y2 (f0VD(z)—1) = lim [_<W‘—W_1>=

n—>+00 no+oo § p(z)
It is possible to show that k(z) = z satisfies (4). We choose the score function
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a(z) =7i_1x=x+1_;q)(x)/_;t90(t) dt =z 1_(;z ) (11)

and Aj, Ay, ..., Ay, with the same probability V, that is: V(4;) =--- = V(4n),
where

V(o) = [ a@e@ds = [ (s- %ﬁm—))zwm i =

—o0 —00

v 4 /y 2:1:(,0 z) / 903 (z)
dr — d =
wa”@)x i O] A—Bap ™

¢*(y)
®(y) yww+1_¢w) (12)
Let us take m = 10 and define the intervals A; = (t;_1,t;], forj =1,...,10
with the conventions tg = —oo and t19 = +o00, so that V(A4;) = L ,forj =
1,...,10. Let us evaluate the Transformed Empirical Process on a generic

interval

Vnw®T (4;) = \/E/T(all,qj)dbn =3 T(ala,)(X;) =
=1

- Xi a(x)l(y,  40(x)o(z
> (a(Xz-)ﬂaj-l,tj](Xi) e )dx>

i=1

n XiAt;
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= _p(t) p(tj-1)
Z (X ]I(t_7 1,t] X ) + q)(tj) {X,‘>tj} . #(tj—l)‘ﬂ{x‘i>tj_l} ¢ (13)

i=1

The critical region for our test, at level « is:

10 ° 1
> (waT(45))" > 15 xo(@) (14)

J=1

where x?,(a) is the 1 — a percentile for the x? distribution with 10 degrees of
freedom.

The following powers were obtained after simulations of both tests : the
classical x? and the modified 2, were performed to 5000 samples of size 100
(both at level a = 0.05), for different values of the initial displacement 0.

ré ” classical x? 1 x* with TEPs |

0 0,0466 0,0514
0,5 0,0560 0,0684
1,0 0,0812 0,1210
1,5 0,1222 0,1984
2.0 0,2236 0,3148
2.5 0,3568 0,4574
3,0 0,4942 0,6028
3,5 0,6418 0,7468
4.0 0,8040 0,8642
4,5 0,8976 0,9336
5,0 0,9528 0,9746
table 1
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Table 1 shows the comparison between the rate of rejections of the two tests,
with different values of the initial displacement, in case 1.

0 05 1 15 2 25 3 35 4 45 5

figure 1
Case 1. Variation in the power of the two tests with respect to the initial

displacement d, the dashed line corresponding to the classical x? test, and
the other to the x? test based on the Transformed Empirical Process

3.2 Case 2. Changes in Dispersion

Let us suppose that Fy(z) = ®(z) and Fp(z) = @ ((1 - %) ), where @ is
the standard normal distribution function. The function k is :

k(z) = lim —‘5@ (FCY™(z) - 1) =

n—-+o0o
_ oy ym [P ((1 B \/Lﬁ)x) _il =2
i ngr-{loo ) ( o(z) e i (15)
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It is possible to show that k(t) = 22 — 1 satisfies (4).
Let us choose the score function

ofe) = T M) = o (= 14 s [ (2= oty dt) =

T V2 1-®(z) J-oe
_ 1 (2 1 zp(z)
— 5 (2 -1- 222 (16)
and compute the measure V of a generic interval
v 1 2
V(mooul) = [ ele@de =3 [ (s -1- 220 plo)s =
%3 3,2 2
I
_ _ B e
= 2%(y) —yely) — v ely) + 1= () (17)
With m = 10 and A4; = (tj-1,¢], j = 1,...,10 with t; = —oco and

t1p = +o0, so that V(4;) = 11—0 ,7=1,...,10. We evaluate the Transformed
Empirical Process on a generic interval

i (45) = [ Tl )i = 2= 3Tl (X0) =

1 & X a(m)H(t _l,z-](x)w(w) >
— a XZ % ts i) — el J T =
2 ( el ) /_oo I-o@ ¢

- Xirt a(z)o(z
—n Z (a(X‘i)H(tj_l,tj](Xi) _/ ]_(_)—gér;dm> a

;\’i/\tj—l
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The following results were obtained after a simulation in which both tests,
the classical x? and the modified x?, were performed to 5000 samples of size
100 (both at the level @ = 0.05), for different values of 4.

| ) “ classical x° | x* with TEP ][ ) ” classical x? \ x? with TEP ]

0 0.0466 0.0454 1.6 0.2368 0.5768
0.2 0.0530 0.0610 1.8 0.3276 0.6742
0.4 0.0536 0.0946 2.0 0.4018 0.7716
0.6 0.0724 0.1400 2.2 0.5032 0.8482
0.8 0.0850 0.1970 2.4 0.5916 0.9092
1.0 0.1112 0.2698 2.6 0.6864 0.9508
1.2 0.1416 0.3588 2.8 0.7664 0.9748
14 0.1864 0.4680 3.0 0.8434 0.9910

table 2

Comparison between the rate rejections of the two tests, with different values
‘ 0, in case 2
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figure 2
Case 2. Variation in the power of the two tests with respect to §. The
dashed line corresponding to the classical x? test, and the other one to the
x? test based on the Transformed Empirical Process .

3.3 Conclusions
3.3.1 Comparison for simulated samples:

An improvement with respect to the classical x? test, has been obtained in
both cases. In the case of changes in dispersion, the difference between the two
tests is wider than in the other case. This is to a certain extent reasonable,
because the efficacy of the classical x? is, in the first case, very good while in
the second case, it is not so good. The reason to include the preceding com-
parisons is that, in general, asymptotic results don’t represent the behaviour
of the test with small samples.
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3.3.2 Asymptotic comparison:

Let T,(,l) be the statistic of the modified x? test and T,(l2) the statistic of the clas-
sical x? test. The limiting distributions of these statistics under the sequence
of alternatives H, are x? with m and m — 1 degrees of freedom respectively,

s 2
and biases n? = §2||k||* and 7% = méQZ </R de()) respectively. Where
j=1 j

Rj, j =1,...,m are the regions of the classical x? test. It is not difficult to
show that both tests, the classical x? and the modified x2, with asymptotic
level o, satisfy the conditions A, B and C stated in theorem 3 of [Rothe, 1981].
According to an asymptotic (with respect to the the level) version of this the-
orem, the ARPE (Asymptotic Relative Pitman Efficiency) of the modified x?

test with respect to the classical x2, at the level « is :

Hy o (B)
enz(a, B) = = (19)
Hi,(B)
where
Hi,a(t) =1- sz(di,tci)(F)El(di,o)(l - a)), 1=1,2.
- 2
with ¢ = ||k]|?> , & = mz (/ de()) ,dy=mand dp, =m— 1.
. -1 _ ni(aaﬁ) ) . ¢ ;
In words : H;,(B) = — where 7;(c, B) is the (uniquely determined)

1
noncentrality parameter so that the 3 percentile of a noncentred x? distribu-

tion with d; degrees of freedom and the 1—a percentile of a centred x? distribu-
tion with d; degrees of freedom, coincide (i.e. Fx_21( di,"li)('B) = FX_Z,l( di,o)(l —a)).
Then, for an asymptotic comparison, it suffices to compare the distributions
x*(m,m) and x*(m — 1,72).

Finally we compare the asymptotic distribution of the test statistics 1(11) and
T,(lz), under the sequence of alternatives H,, for the two preceding examples.
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figure 3
Case 1: Shifts in the mean. Variation in the asymptotic power of the
two tests with respect to &, the dashed line corresponding to the classical x?
test, and the other to the x? test based on the Transformed Empirical
Process .

figure 4
Case 2: Changes in dispersion. Variation in the asymptotic power of
the two tests with respect to §, the dashed line corresponding to the classical
x? test, and the other to the x? test based on the Transformed Empirical
Process .
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Optimal Stopping and Maximal Inequalities
for Poisson Processes
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Abstract

Closed form solutions for some optimal stopping problems for sto-
chastic processes driven by a Poisson processes N = (IV;);>o are given.
First, cost functions and optimal stopping rules are described for the
problems
s(z) = sup E(max([z, sup (N — at)] — c7),
@ 0<t<r

v(z) = sup E(max[z, sup (bt — N;)] — c7),
T 0<t<r

with a, b, ¢ positive constants and 7 a stopping time.

Based on the obtained results, maximal inequalities in the spirit of
[1] are obtained.

To complete the picture, solutions to the problems

c(z) = sup E(z + N, — a7)™, p(z) =sup E(z + br — N,)*
T T

are given.

*Steklov Mathematical Institute, Moscow, Russia
tUniversidad de la Republica, Montevideo, Uruguay
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1 Introduction and main results

1.1. Let be given a Poisson process N = (INV;);>0 with intensity A > 0 defined
on a filtered probability space (2, F, (F;)t>0, P). Denote by M the class of all
stopping times (that can take the value +00), by M the class of finite valued
stopping times, and by My the class of stopping times with finite expectation.
All stopping times are considered with respect to the filtration (F;):>o.

In this paper we face the problem of giving the cost functions and optimal
stopping times in the following optimal stopping problems:

s(z) = sup E(max([z, sup (N; — at)] — c7), (1)
T 0<t<t

v(z) = sup E(max[z, sup (bt — N¢)] —c7), (2)
T 0<t<r

where a, b and ¢ are positive constants, (¢ is the “price” of one unity of
observation), and z € R.

Problems (1) and (2) are related to the pricing of “Russian Options” intro-
duced by L. Shepp and A.N. Shiryaev in [2]. In our case, the price process for
the risky asset is driven by a Poisson process instead of a geometric Brownian
motion.

The solutions to these problems are then used to obtain maximal inequal-
ities of the form

sup E[ sup (N — at))] < ¢(ET) (3)
TEMp  0<iLT

sup E[ sup (bt — N,))] < 9(E7) (4)
TEMo  0LZi<7

where ¢ = ¢(z), ¥ = ¥(z), z > 0 are the minimal possible functions, that

satisfy (3) and (4).

In relation with this, we refer to the paper of L. Dubbins, L.A. Shepp and
A.N. Shiryaev [1] devoted to the study of optimal stopping rules and maximal
inequalities for Bessel Processes, the work of L. Dubbins and G. Schwartz [2],
and to some recent results for linear diffusions of S.E. Graversen and G. Peskir

[4].
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Finally, to complete the picture, we give the cost function and optimal
stopping time in the following problems

c(z) = sup E(z + N, —a7)* (5)
TEM

p(z) = sup E(z +br — N;)* (6)
TEM

where z € R, z* denotes max(z,0).
1.2. In order to formulate our results, let us introduce the function u =
u(z) = u(z;d),z > 0 with d a positive constant, defined by

+o00

ulz; d) = Z[e

k=0

z—k

d Pk(x—

R R (7)

where P, = Px(z) is a polynomial of order k:

k
Pi(z) = di—i T (8)

=0

and the coefficients di, k > 0 are defined by the following recurrence relation:

(=1)*

=1+ e'/2 Py (1/d). (9)

k
do=1, dry1=1+ el/dzdk—z
1=0

Some properties of the function u = u(z) are revisted in section 2.

Denote now by 7; the optimal stopping time in the problem (1), that is,
the stopping time for which the supremum is realized. The price function
s = s(z) and the optimal stopping time 7; are given in the following

Theorem 1
(i) If a+c < A, then s(z) = +o0, for all z > 0.
(ii) Ifa > X and ¢ =0, then

P a—2A
o) = B o ) =X A
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(iii) If a > 0 and c > A, then s(z) =z and 77 = 0.
(iv) Ifc< A< a+c, then

5($)={ z, o 7If$2x* (11)

vi+ S22 u(z,§) —u(zs ), F0<z <o

and
7y =inf{t > 0: X; > &5}, (12)

where X = (Xt)¢>0 is a stochastic process defined by

X: = max[z, sup (N, —ar)] — (N; — at), (13)
0<r<t

and the positive constant x is the solution of the equation

a+c—X , a
—u'(z;

A A
We also have, when ¢ < x}
N 1 ¢ a
E(Ts) N X[u(‘rsax) _u(x’X)] (15)

Denote now by 7, the optimal stopping time for the problem (2).The price
function v = v(z) and the optimal stopping time are given in the following

Theorem 2
(i) If c+ A < b, then v(z) = +o0, for all z > 0.
(i1) If A > b and ¢ = 0, then

1 .
v(z) = E(max[z, sup (bt—Ny)])=z+ —e @7, (16)
0<t<+o0 &

where the constant o* is the unique positive Toot of the equation

b =

—a+e *—=1=0. (17)
A

(iii) If ¢ > b, then v(z) =z and 7, = 0.
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(iv) Ifc< b < c+ A, then

o T, if1:2i$;a
v(x) N { IL‘+§’U,(IL‘;_1',%), if05$<$;’ (18>

and
7, =inf{t > 0:Y; > 23},

where Y = (Y})t>0 is a stochastic process defined by

Y; = max[z, sup (br — N;)] — (bt — Ny), (19)
0<r<t

and the positive constant z; is the solution of the equation

We also have, when 0 < z < z,

1 é b

m[% —— gy ~ 2 7] (21)

Blr) = A A

v

1.3. Let My = {7 € My: E(1) < T} denote the set of all the stopping
times 7 with expected value less or equal than 7" > 0. Functions ¢ and % in
(3) and (4) can be defined in the following way

¢(T) = sup E( sup (Ny — at)), (22)
TEMp  0<t<rT

¢(T) = sup E( sup (bt — NVy)). (23)
TEMp  0<t<T

In what follows, the stopping times such that the supremum in (22) and
(23) is realized will be called Mr-optimal.

Theorem 3 Let 0 < T < +o0.
(i) Denote by z%(T') the root of the equation

u(z; —) = AT. (24)



Then
¢(T) =z5(T) + (A —a)T (25)

and the stopping time

7X(T) = inf{t > 0: X; > z3(T)},

S

is Mr-optimal for the problem (22), where in the process X = (X;);>o defined
in (18) we take z = 0.
Furthermore, when A = a we have

VAT +1 -1
T <1 < VT (26)
and in consequence
. 9(T) _
A =1 )
(ii) Denote by x3(T) the positive root of the equation
oo by . b
zu'(z; ,\)b u(z; ?;) = XT. (28)
T+ (- Dwlm d)
Then
Y(T) = z3(T) + (b— NT, (29)

and the stopping time
7.(T) = inf{t > 0:Y; > z,(T)},

v

is Mr-optimal for the problem (23), where in the process Y = (Y})i>0 defined
in (19) we take x = 0.

Furthermore, when A = b we have

. Pp((T) _
R a0

1.4. Denote by 77 the optimal stopping time in the problem (5). The
price function and the optimal stopping time for this problem are given in the
following
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Theorem 4
(i) If a < A, then ¢(z) = +oo for all z € R.
(ii) If A < a, then

[= o2
c(z) = { {2 = Thulal —=%,5), Te<a) (31)

’\_/\ . The optimal stopping time is

with =, = e

7; = inf{t 2 0:2 + Ny —at 2> z; }. (32)

Denote finally by 7, the optimal stopping time in the problem (6). The
cost function and the optimal stopping time for this problem are given in the
following

Theorem 5

(i) If b > A, then p(z) = +oo for all z € R.

(ii) Assume b < X. Denote by o* the positive root of the equation (17).
Then, the cost function is

pz) = { z;e“'(l_l‘;), if 2 <y, (33)

. * __ 1 . . . .
with T, = =, and the optimal stopping time 1is

7, = inf{t > 0:z + bt — Ny > z,}. (34)

2 Some auxiliar results

2.1. In this section we formulate some technical results concerning the func-
tion u = u(z),z > 0 defined in (7). Let us introduce the operator K = K(d)
defined on the set of continuously differentable functions by the following re-
lation

Kw(z) = dw'(z) + w(z —z A 1) — w(z), @ 0. (35)

As will be shown in section 3, the operator AK is the infinitesimal operator
associated to the process X = (X;)¢>o defined in (13) with d = $.
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Lemma 1 The function u = u(z) defined in (7) is continously differentable,
and satisfies the following relation

Ku(z) = du'(z) —u(z) +u(z —z A1) =1, x >0 (36)

Proof. ;From the definition of the function u = u(z) (see (7), (8) and (9)) fol-
lows, that this function is smooth on the intervals (k, k+1) for any nonnegative
integer k.

If z € [0,1), we have u(z) = e*/¢ — 1, giving that u(0) = 0 and
Ku(z) = du'(z) — u(z) = 1.
If k>1and z € (k,k + 1), equation (36) is
du'(z) —u(z) =1 —u(z —1).
In view of (7) for z € (k,k + 1)

2= —k
u(z) =e dkPk(x

and from (8) follows that P, (z) = —P,_1(z). Then

z—k ,a;—k

@ Py ( 7

du'(z) —u(z) =e )+ k+1

z—k m—k

=]1=ea Pg_j P

In this way (36) is proved for z € (k,k+1). It is clear from (35), that in order
to verify (36) when z = 1,2, ... it is enough to see that the functions u = u(z)
and v’ = u/(z) are continuous in these points.

Let us examine the continity of u. In view of (7)

J+k=1—u(z—1) (37)

u(k) = P(0) —(k+1) =dr — (k+1)
and by (9)

liﬁlu(z) =eip,_1(1/d) —k =di — (k+ 1),
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and the continuity of u follows. For the function «’ in view of (37)
1

lxlﬁlu’(m) = 23;1[1 +u(z — 1) — u(z)]

1
= 3[1 +u(k — 1) — u(k)],

and I
lzlgclu'(z) = lzlgcl[l +u(z —z A1) —u(z)]
= é[l +u(k — 1) — u(k)],
concluding the proof. 0O

2.2. In the following Lemma we study the behaviour of u = u(z) and its
derivative.

Lemma 2 The functions u = u(z) and v’ = v'(z) satisfy
a) u(0) =0, v'(0) = 1.
b) u and u' are strictly increasing.
2, d>1

d) If d =1, for all z > 0 we have
z? < u(z) < 2% + z.

e) If d =1, then
lim Y (z) — u(z)

; =1
T—+00 T

Proof. a) As u(z) = /¢ — 1 when z € [0,1) we obtain
u(0) =0 and /'(0) = -.

b) In order to prove that u and v’ are strictly increasing, as they are both
absolutely continuous, we will see that

u"(z) is positive and continuous for all z # 1, z >0, (38)
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As u(z) = /¢ — 1 if z € (0,1), by differentiation u”(z) = Fe?/d is
continuous and positive if z € [0,1). Take now z > 1. From (36), for z > 1
we obtain -

du' (z) =/ 1u"(y)dy. (39)
i

As u” is bounded on compact intervals, the continuity if z # 1 follows. In
view of (39) follows that

u"(z) > 0, x> L

In fact, let zop = inf{z > 0:u”(z) = 0}. We have u”(z¢) = 0 and u"(z) > 0
when z < z( contradicting (39)

So u = u(z) and v’ = u/(z) are both strictly increasing functions.

c) Let us now compute the limits at infinite. If z > 1, then from (36)
follows that

du'(z) =u(z) —u(z—1)+1=1+ / '(y)dy.

(From this, taking into account the monotonicity of the function v’ = v/(z)
we obtain
1+d'(z—1) <du'(z) <1+ (z)

and taking limits we obtain the second limit in ¢). Finally, this ensures the
convergence of u(z) — +o0o when z — +o00, proving c).
d) Let d = 1. Denote A(z) = u(z) — z?. We want to establish

A(z) >0 forall z>0. (40)

For this function
KA(z) = Ku — K(z?) = 0.

This means

Al(z) = Alz) — Als —1) = /; A'(8)dt

If z € (0,1), we know A(z) = e — 1 — 22, and in consequence A’(z) > 0 on
this interval. So, with the same argument as in the proof of (38) we obtain
that A’'(z) > 0 for all z > 0. As A(0) =0, (40) is proved.
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Denote now
§(z) = z° + = — u(z).

In a similar way, as was done for A, we obtain that
d(z)=2r+1—-€e*>0 for 0<z<I,

and for z > 1

§'(z) = / : 5 (t)dt.

concluding that §(z) > 0 for all £ > 0 and the proof of d).
e) From d) we obtain
lim LH;)
o400 T

= 1 (41)
Now, denoting w(z) = zu'(z) — u(z), we have

w'(z) = zu’ ().
So, by L’Hopital rule

win o "
G, 290 gy PR, B
z—+oo 12 z9+o00 21 z—+00

But, in view of (41), and L’Hépital rule again

" /
gy EE g B, WO
z—+o0 2 z—+o0 2 o400 g2

proving d). |
3. We will also need the following
Lemma 3 Let d > 1. Then the function w = w(z) defined by

w(z) =z — (d — 1)u(z), g>0

is strictly increasing and

. 1
LA = 5Ty
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Proof. By part c¢) of Lemma 2
w(z)=1—(d-1u'(z) >0 forall z>0

so the funtion w is stricltly incresing. In consequence the limit in (42) exists.
Now, by (36)

Kw(z) = dw'(z) —w(z) =1 -z, =1,

and
Kw(z) = dw'(z) — w(z) + w(z — 1) = 0, z >l (43)

Integrating (43) over [1, z], follows

du(e) ~w(V)] = [ [wly) - wly - Dldy

= w(y)dy + 1w(y)dy
| ws e |

Taking into account (36)

du@) = [ wlyydy+ 3.

Now, the monotonicity of w(z) gives

b

N =

w(z —1) + % < dw(z) < w(z) +

and taking limits as £ — +o0o we conclude the proof. O

3 Proofs of the Theorems

3.1. The process X = (X;);>0, defined in (13), is an homogeneous Markov
process with stochastic differential

dX, = adt — (X;— A 1)dN,.
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If w = w(z), = > 0, is a continously differentiable function, then, 1t6’s formula

for pure jump processes gives (see [6] ch. 3 §6)

t
B} = () A/ Kw(X,_)dr + M;, t>0,

0
with K = K(%) in (35) and the process M = (M;);>o given by

M, = / ‘(X = Xos A1) — w(X,)d(N — 3r)
0

(44)

is a local martingale. From (44) and Lemma 1 follows, that the process
(u(Xt) — At)i>0 is a local martingale, with the function u = u(z; §) defined in

(7) and d = .
Proof of Theorem 1.

(i) Assume a + ¢ < A. As E(N; — (a+¢)t) = (A —a — ¢)t > 0 and the
process {N; — (a + ¢)t} has stationary independent increments, it follows that
P(sup,(Ny — (a+c)t) = +00) =1 (see [7]). This means, that for the stopping

time
T = inf{t > 0: N; — (a +¢)t > H}.

we have P(7y < 4+00) = 1. Then

s(z) > s(0) > E( sup (N, —ar)—crg)
0<r<ty

> E(N;y; —(a+c)tw) 2 H.

As H is arbitrary, the proof of (i) is concluded.
(ii) Let ¢ =0 and @ > X. For ¢t > 0 denote

st(z) = E(max[z, oiugt(NT —ar)]).

By monotnonous convergence
si(z) T s(z), t = +o0.
Taking into account, that E(N;) = At, t > 0, we obtain that

si(z) = E(X; — (a—M\t), Xo=r=,
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o defined in (13).
z). By Lemma 3, we have

li ( )—L
g-tea VT Brg — XY

Furthermore, as X; > at — Ny, and a > A, then, X; — 400 with probability

one as t — +o0o. As the process {“;’\u(Xt) — (@ — M)t} is a martingale, we

obtain

(@) ~ 2> () = Jim_B(si(a)) - BT 2u(X) - (@ - X))
- Jip, P0G STR0) = i P00 = gty

by bounded convergence, concluding the proof of (ii).

(iii) First we observe, that when ¢ > 0 and a + ¢ > A the supremum in (1)
can be taken over M. To see this, take an arbitrary stopping time 7 € M
with E(7) = +00. Consider § such that A\ —a < § < c.

E(max[z, sup (N;—at)] —cr) <z + E[ sup (N;—at)— c7]
0<t<r 0<t<+T1

<z+ E[0<stu<117(Nt —(a+9)t) — (c—0)1] = -0

because, in accordance with (10)

A
E( s Ni—(a+0)t) = ——— < +o0.
(0929@( t=(a+0)t) = ———

Now, if ¢ > A, a > 0 and E(7) < 400, then E(N,;) = AE(7) and

E(max[z, sup (N; —at)] —c7)) <z + E( sup (N; — at) — c7)
0<t<T 0<t<r

‘ <z+E(N;—cr)<z—(c—ANE(T) Lz
On the other hand, taking 7 =0

E(max[z, sup (N:—at)] —c7}) =z,
0<tlry
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and follows that 77 = 0 is the optimal stopping time, and s(z) =z, = > 0.
(iv) Let ¢ < A < a+ c¢. In view of Lemma 2 (14) has an unique solution
zy such that 0 < z§ < +o0.
Let us first prove, that for 7} defined by (12), identity (15) holds.
As u(z) < u(z}) if z < z%, then

S
=t < u(Xrzar) — A(15 At) < u(z)

and, as a consequence, the local martingale {u(X,xa¢) — A(75 At)}1>0 is in fact
a martingale. Therefore

AE(7¢ A t) = E(u(X7;ad)) — ul(z) (45)

(From this, we deduce that E(7]) < 400, so P(7; < +00) = 1, concluding
that
'U,(X-r;/\t) =¥ u(m’;) as t — +oo.

Now, taking limits in (45) as t = +oc we obtain (15).
We know by (iii) that we can take the supremum over My. If 7 € My,
E(1) < 400, then E(N;) = AE(7). In consequence
E(max[z, sup (N; —at)] —c7) = BE(X; — (a +¢c— A\)7).

0<t<lr

Denote by § = 3(z) by

s(z) = T, itw > a*
N x;+%[u(a¢,§)—u($§,§)], fo<z<z*

We want to prove § = s with s in (1). The following relation takes place
(A)s(z) = max(z,z3) — (@ +c— A)E(7]) = E(X7: — (a+c— N)717),
that is direct if z > 2 and follows from (15) when z < z}. In consequence,

in order to complete the proof of the Theorem, it remains to see that for any

stopping time 7 € My
(B)3(z) > E(X; — (a+c—N)7).
In view of Lemma 2 the function u = u(z) is convex, so s(z) > z. To prove

(B) it is enough to see that the process Z = (Z;);>0 defined by

Zy=5(Xrnt) — (@+c— N (T AL)
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is a supermartingale. jFrom (44) follows that the process Z is a local super-
martingale, if
AC3(z) — (a+c— ) <0, z 2> 0, (46)

with K = K(%) defined in (35).
For z < z} (46) takes places in view of Lemma 1 (in fact we have an
identity). If z > z7%, then §(z) = z and

MC5(z) —(a+c—AN)=a+As(z—zAl)— Az — (a+c—))

<a+As(z; —z3 A1) — Az — (a+c—A) = AK3(z;) — (a+c—)N) =0,

where we used the convexity of the function 3. In this way the process Z =
(Zt)t>0 is a local supermartingale, and as

Z,>—(a+c—Nt,  t>0,

and E(7) < 400, we deduce that Z is a supermartingale and the proof is
concluded. O

3.2. The process Y = (Y});>0 defined in (19) is an homogeneous Markov
process with stochastic differential

dyrt = dNt - I{yt_>0}bdt. (47)

If w =w(z), z > 0, is a continously differentiable function, It6’s formula gives
(see [6])

w(Y;) = w(z) + )\/Ot Lw(Y,_)dr + M, (48)
where b
Lw(z) = —XI{DO}w'(x) +w(z + 1) — w(z), (49)

and the process M = (M;)¢>0, given by
t
M, = /0 WY, +1) — w(¥,_)d(N, — Ar)
is a local martingale.
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Proof of Theorem 2.
(i) Let A + ¢ < b. Take H > 0 and define

Ty = inf{t > 0: (b—c)t — Ny > H}.

As on the proof of (i) in Theorem 1 we conclude that P(ty < +o00) = 1. We
have

v(z) > E(max[z, sup (bt — Ny)] —c7p)
OStSTH

> E((b—c)ry — Ny,,) > H.

As H is arbitrary, the proof of (i) is concluded.
(ii) Let ¢ =0 and b < A. For t > 0 denote

vt(y) = E(max[z, sup (br — N;)]).
0<r<t

By monotonous convergence
ve(y) To(y) as t— +oo.

Taking into account the definition of ¥ in (19) and the fact that E(N;) = ¢,
we obtain that
ve(z) = E[Y; — (A = b)t], Yo =&

Consider the function o = 9(z) defined by

1 %
Gz} =z 4+ —e* 7,
a

with a* the positive root of the equation (17) that, as b < A has an unique
positive solution. A direct computation shows that the function o = o(z)
satisfies the equation

ALo(z) — (A =b)t =0.

In view of (46) the process K = (K;);>0 defined by
Ky =9(Yy) — (A - b)t

is a local martingale.
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;From the definition of ¥ = 9(z) follows that

1
z<iile] Sx+—, & 24,
o
and

zl}r-kr-loo |o(z) — z| = 0.

Notice now, that
max(0, N; —bt) <Y, <z + Ny

(50)

(51)

so the local martingale K = (K});>0 is uniformly integrable and in consequence

a martingale. Finally, from (51) and A > b follows that
Y; > +00, t— 400 P-as.
JFrom this fact, and (50), we obtain

lim _[5(Y;) - ¥;| =0.
+o00

t—

So, we have
v(z) = lim vw(z) = lim E(Y;— (b— A)t)

t—+oo t—+o00

= lim E(G(Y;) - (b— \t) = 3(x),

t——+o00

and the proof of (ii) is concluded.
(iii) Let ¢ > b. Then, for any 7 € M

E(max[z, sup (bt — Ny)] —c7) <y+(b—c)E(7) <y,
0<t<r

and, if we take 77 =0

E(max[z, sup (bt — Ny) —c71})] ==z,
0<t<r>

proving (iii).

170

(52)



(iv) Assume ¢ < b < c+ A. Let us see, that in (2) it is enough to take the
supremum over M. Take J positive, such that b — A < § < ¢. Consider an
arbitrary stopping time 7 with E(7) = 4+00. As by (16)

E( sup ((b—196)t— Ny) < oo,
0<t<+o0

we obtain

E(max[z, sup (bt — Ny)] —c7)) < z+
0<t<lr

+E(0<§1<1§w((b —0)t — Ny) — (¢ — 8)E(1) = —o0,

See now, that in view of Lemma 2 equation (20) has a unique positive
solution z;. Define now the function o = o(z) by

> g*
’D(.’E):{x’ b T Z Ty

&+ suley—25) 0=&<e

In order to prove (iv) we verify o = v, with v in (2). For this, it is enough to
verify the following two assertions:

(A) If 7} = inf{t > 0:Y; >z}, then

o(y) = E(max(y, sup (bt — Ny)) — c7y).
<ty

(B) For all T € My

o(z) > E(max[z,0s<1t1£) (bt — Ny)] — c1),

We begin by (B). If 7 € My then E(N;) = AE(7) and in consequence

E(max[:c,os;tng(bt —N)]—cr)=E({Y;: —(c+A=0b)7)

S E@(Yr) - (c+A-b)7),

because ¥(z) > z, as the function u is convex (Lemma 2).
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Then, in order to conclude the proof of (B) it is enough to see that the
process V = (V;)¢>0 given by

Vi = 8(Yinr) = e+ A= b)(tAT)
is a supermartingale. As V; > —(c+ X — b)t, by (46) it is enuogh to verify
ALO(z) —(c+A—=b) <0 for z>0. (53)

with £ defined in (48). Extend the definition of the function u in a continuous
way, as u(z) = 0 if < 0. Now, using Lemma 1 we obtain, for 0 < z < z},

ALD(z) = —bliysoy(l — Eu'(x; —z)]+ A+ clu(z] —z — 1) — u(z) — z)]
= —b+ A+ cKu(y)ly=z;—z =c+ A —-b<0.
When z > z, then 0(z) = z and
ALD(z) — (c+ A —b) = —c <0,

and in this way the inequality (51) holds and (B) is proved.
Let us see (A). Define V* = (V{*);>0 by

V' = 6(Yinrs) — (c+ A= b)(EATD).

In view of (46) and (52) V* is a local martingale. Furthermore, this process
is bounded on each interval of the form [0,T], T' < +o0, and in consequence
is a martingale. So

o(z) = E(V;") = E(0(Yiar;)) — (c+ A= D) E(t A Ty). (54)
As 0 < 9(Yiar;) < max(z,x;), we can take limits as t — +o0 in (54) obtaining
3(z) = E(0(Yrs — (c+ A= b)7)) = B(Yrs — (c+ A= b)7y)
= E(max[z, sup (bt — Ny) — c7y)).

0<try
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concluding (A). From (54), we also deduce (21)

1 1 c
By = ———(9(z*) — v = (¥ —p — = x N
(T‘U) c+ )\ e b(U(mv) Iu(z)) C+ A e b(zu Au(m‘l) ‘T)/
concluding the proof of Theorem 2. ]

3.3. Proof of Theorem 3.
(i) For T > 0 equation (24) has an unique positive root z}{7") by Lemma
2. The constant ¢(7") defined by

a+c— A y a
@) =1,

satisfies
A—a<c(T) <A
So, by (iv) in Theorem 1 the stopping time

7 (T) = inf{t > 0: X, > 53(T)},

S

with X = (X{)¢>o0 defined by (11) is optimal for the problem (1). By the
election of ¢ = ¢(T'), and (15)

Also, in view of (1), (11) and (24)

E( sup (Ny—at)) =35(0)+c(T)T =25(T) — (A —a)T,
0<t<7s(T)

and for any 7 € Mr

E( sup (N; —at)) <s(0) +c(T)E(1) < z3(T) — (A — a)T.
0<t<r
proving (25). Finally, (26) and (27) are direct consequences of ¢) in Lemma
2, concluding (i).
(ii) For a positive T, define z}(T) as the root of the equation

zu'(z) — u(x)
T14(1 = %)u’(a:)

= )T, (55)
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where v = u(z) = u(z;%). In order to see that the equation (55) has an
unique root, we note, that for b > X the function

is increasing (because is the quotient of an increasing function over a decreasing
one), f(0) =0 and f(z) = +oo if u'(z) = (¢ — 1)~

If b < A, L’Hopital rule gives lim;_, 1 f(z) = +0o0, and, as f(0) = 0, we
confirm the existence of only one root, because

@l +u@0 -3

o =i e =

Let us see that the constant ¢(T") defined by the relation

b

e(T) ,
Y

——u (zy(T);

3 * =1 (56)

)

satisfies b — A < ¢(T') < b. As, by Lemma 2 vu'(z}(T)) > «/(0) = %

A
C—m<b.

On the other side, if b < A the second inequality is inmediate. If A < b, then
by b) in Lemma 2,

1yo* . ! s

and the second inequality follows.
Then, we are in case (iv) of Theorem 2. The stopping time

75(T) = inf{t > 0:Y; > z3(T)}

v
is optimal for the problem (2) with ¢ = ¢(T"), z = 0. Then,

1 .

E(r;(T)) = m—_——b(xv(T) — Zu(zX)) =T.
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Furthermore, (2), (18) and (56) gives

E(_sup (bt~ Ny) = v(0) +e(T)B(r3 (7)) = Xlu(ay(T)) + e(T)T
0<t<7y(T)
_ulg J(T)+ AT _ e

concluding the proof of (31).
To see (30), take b = ), and denote w(z) = zu/(z) — u(z). We have
zH(T) = w™H(T) = %(T). We know,

v

w(z)

lim > =1,

z—=+00 I

this means '
P S
fri (@) "

and taking square roots, we obtain (30) concluding the proof of Theorem 3.
O

3.4. Proof of Theorem 4.
(i) Assume A > a. For H > 0, denote

H={t>0:2+ N;—at> H}.
As in the proof of (i) in Theorem 1, we obtain P(7g < +0o0 = 1). Then

c(z) =supE(z + N, —ar)t > E(z + N, —arg)™ > H.
720 .

As H is arbitrary, the proof of (i) is concluded.
(ii) Take @ > A. Denote U; = = + Ny — at. The process U = (U;);>0 has
an infinitesimal operator of the form

Uf(z) = Af(z +1) - f(z)) —af'(z).

It6’s formula in this case reads, with ¢ in (31)

c(Uy) = c(z) + /Ot Uc(Ur_)dr + M, t>0, (57)
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with the process M = (M});>o given by
t
B = / [e(Ur— + 1) — c(Up_))]d(Ny — A7)
0

a local martingale. Let us now verify that for the function ¢ = ¢(z) defined in
(31)
Uelz) =0 f w<al. (58)

Uel) <0 i x=>a]. (59)
In fact, (59) is inmediate. In order to see (58), taking into account (36)
Ue(z) = Mc(z + 1) — e(z)) — ad(z)
=X—a+(a— N - 1) —u(z® - 7) + 2 (2} — z)) =0.

A

Now, from (57) we obtain that the stopped local martingale M* = { Mia-» }+>0
with 7} in (32) is uniformly bounded:

—c(z) < Myarr < c(z7) + 1,

so, taking expected values and limits, we obtain E(M;:) = 0 that means, by -
(31). As on the set {7y = 400} we have

c(z + Ny» — a7}) = (2 + Ny2 —a7})t =0.
we deduce
(A) c(z) = E(c(z + Ny» — at})) = E(z 4 Ny —ar))™ .
To complete the proof, we will see
(B) For any 7 € M
c(z) > E(x + Ny —ar)t.
For the process M defined by (57), as —Uc(z) > 0 we have

M,; > —c(z).
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This fact, and Fatou’s Lemma gives, that the process M is a supermartingale.
Now, using this fact, and c¢(z) > z+ we obtain

c(z) > E(c(z + N; —ar)) > E(x + Ny —ar)™t,

concluding the proof of Theorem 4. O

3.5. Proof of Theorem 5.

(i) Is analogous to the proof of (i) in Theorem 4.

(i1) Take b < A. Denote D; = z + bt — N;. The process D = (D;)s>0 has in
infinitesimal operator of the form -

Df(z) =bf'(z) — AM(f(z — 1) — f(=)).

It is direct to see that

Dp(z) = 0, if =<z, (60)
Dp(z)=b—A, if z>z.

1t6’s formula in this case is
t
p(D) = pla) + [ D(D,-)dr + My, 20, (61)
0

with the process M = (M;);>0 given by

M= [ p(D,~ = 1) = p(D, )Id(N, ~ )
0

a local martingale. Now, from (60) we obtain that the stopped local martingale
M* = {Mt/\-r; }¢>0 with 7 defined in (34) is uniformly bounded:

—p(z) < Mings < pla}) = 3,

so, taking expected values and limits, we obtain E(MT;;) = 0. As on the set
{7y = +oo} we have = p(D;:) = (Dr;)* =0, (61) gives

(A) p(z) = E(p(z + br) — NT,;) =E(z + b = NT;)+.

To complete the proof, we will see
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(B) For any 7 € M
p(z) > E(z +br — N;)™.
For the process M defined by (61), as —Dp(z) > 0 we have
M; > —p(z).

This fact, and Fatou’s Lemma gives, that the process M is a supermartingale.
Now, using this fact, and p(z) > =% we obtain

p(z) > E(p(z + br — N;)) > E(z + br — N,)™,

concluding the proof of the Theorem ]
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Procesos Empiricos Transformados y Pruebas de
Kolmogorov-Smirnov con un parametro estimado.

Marco Scavino *

Resumen

En este trabajo se define una nueva clase de procesos empiricos trans-
formados, que modifica la que ha sido introducida en literatura por Ale-
jandra y Enrique M. Cabana (1997, ver [3]), con el propésito de desa-
rrollar pruebas de bondad de ajuste del tipo Kolmogorov-Smirnov (K-S)
con un parametro estimado.

Las pruebas construidas, entre ellas una prueba de exponencialidad,
son particularmente potentes frente a seleccionadas sucesiones de alter-
nativas contiguas.

En cada uno de los problemas estudiados se presenta un andlisis
numeérico para la comparacion entre la prueba de K-S cldsica y la modi-
ficada.

1 Introduccién

Se estudia el problema estadistico siguiente: poner a prueba la hipétesis de

que las observaciones X1,..., X, independientes provienen de una cierta dis-
tribucién univariada continua - también en 6 - F(z,6) donde 6 = (Qél) es un

vector de p pardmetros, con p — 1 pardmetros conocidos (§; = 6; o) y uno
desconocido &, cuyo estimador se indica con &,.
Indiquemos con 6 el verdadero valor desconocido del pardametro £ y con

6, = (le %) un estimador adecuado de 6.

*Centro de Matemdtica, Facultad de Ciencias, Universidad de la Repiblica, Montevideo,
Uruguay. - Dipartimento di Scienze Statistiche, Universita degli Studi di Padova, Italia.
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Después de hacer la transformacién béasica

u=F(z,0,) (1)

toda la informacién muestral es proporcionada por la medida aleatoria
b1 ([0,u)) = Vi [Ga(u) —u], 0<u<1 (2)

conocida como proceso empirico uniforme estimado (o pardmetrico), donde
Gn(u) = % Yo H{F(X,-;Qn)gu} es la proporcién de valores Xq,..., X, tales
que F(X;50,) <u, 0<u<l

A Gp(u) se la suele denominar funcidn de distribucién empirica uniforme
estimada asociada a las variables aleatorias X,..., X, que tienen ley F en
presencia de pardametros desconocidos.

Es bien conocido que muchos de los estadisticos de pruebas no pardmetricos
que se utilizan para contrastar la hipdtesis nula compuesta (pardmetrica)

Hy:F e Fy={F(z;9), 8 € O} (3)

con Hy : F & Fy se pueden definir como funcionales de i)g . Por ejemplo, el
estadistico (clasico) de Kolmogorov-Smirnov estd dado por

sup | BY(w) | (4)
0<u<l

En este articulo se construirdn pruebas asintéticas de K-S modificadas en
el sentido que se empleard en (4) una clase de procesos estocasticos apro-
piadamente elegidos (definida en la seccién siguiente) en lugar del proceso
empirico uniforme estimado usual.

A continuacién se mencionan algunos resultados importantes sobre el com-
portamiento asintético de la sucesién de elementos aleatorios {b¥(u)} que,
junto a otros importantes resultados de estadistica asintética que se intro-
ducirdn en la préxima seccién, permitirdn conocer el comportamiento asintético
de nuestra clase de procesos.

En 1955 Darling ([5]) demostré que bajo Hy la ley conjunta del vector
(BY (uy), . .., bY (ux)) converge a la de un vector Gaussiano (8Y (uy), .. . ,bY (ux))
para cada conjunto finito (u, ug, ..., uk).
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En el caso de un estimador én de ¢ que satisface las bien conocidas condi-
ciones de Cramér ([4], pag.477-489) Darling obtuvo que el proceso Gaussiano
centrado limite de la sucesién {b¥ (u)} admite la representacién siguiente:

B () = b(u) + pla) [ 9"(5) bls) ds %)
donde b es un puente browniano tipico, ¥(u) = cg(u), ¢ una cierta constante
de normalizacién y

otw) = 27 2:0)

,0<u<1.
z=F~1(u,0)

En general, g(u) depende-de 6.-
Durbin ([7], 1973) ha estudiado la convergencia débil
de la sucesién {b¥ (u)} bajo la sucesién de
alternativas-siguiente:

0

donde 6 es un valor fijo y verdadero de £ y ¢ un valor asignado que sirve
para distinguir entre-las sucesiones de alternativas.

Las condiciones introducidas-por Durbin (para los detalles consultar [7],
pag.280-281) que aseguran la convergencia débil de la sucesién B,[{ bajo la
sucesién de altermativas (6) son de dos tipos: sobre la sucesién &, de. esti-
madores de £ y sobre la ley F. )

En particular se supone que:

Hy4(6) : 8= <01 o ‘/—> (6)

Vilén—0) = fzzxz,owAamn (7)

donde [ es una funcién medible, A una matriz dada de orden (p — 1) x 1, y
€1.n —p 0.
Sea L = E{I(X ,6) (X ,8;) | 8 =8y}. Vale el teorema siguiente:

Teorema 1.1 (Durbin, Convergencia débil de {U})
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Bajo la sucesidn de alternativas (6), bU converge débilmente en el espacio
D[0,1] al proceso Gaussiano bY = {bY(u), 0 < u < 1} con esperanza

EbY (u) = 6(g1(u) — A'ga(u)) (8)
y funcion de covariancia

Cov{bY (u),bY (v)} = (uAv) —uv—h(u) g2 (v) — h(v) g2 (u) +g2(u) L g2 (v) (9)
donde

(gﬂ) = o0) = gl com gw8) = LB | o)
: ~1(u,8)
h(w) = h(u,80), con h(w,0) = [ Uz, 0)dF(z,0). (1)

Se omite la demostracién del teorema - basada sobre las técnicas de conver-
gencia débil excelentemente expuestas en el libro de Billingsley ([1]) - que estd
muy detallada en ([7]).

Se observa que el teorema de Durbin muestra claramente cémo hallar las
funciones h,g1,g92, una vez que se haya elegido el estimador del pardmetro
incégnito € que aparece en la ley ' y consecuentemente se haya encontrado la
funcioén [.

El proceso asintético bV no es de distribucién libre; sin embargo, cuando
F pertenece a una familia de posicién y/o escala oY no depende del pardmetro
incognito &.

Es importante destacar que para cada problema de bondad de ajuste en
presencia de un solo parametro estimado la funcién de covariancia del proceso
bV tiene la forma

Cov{bV (u),bY (v)} = (uAv) —uv — B(u) B(v). (12)

Como consecuencia se obtiene que el proceso Gaussiano bV con funcién de
covariancia (12) admite bajo Hj la representacién siguiente en términos de un
movimiento browniano tipico w:

oY (u) = w(u) —uw(l) — /B )dw(s), 0<u<1. (13)
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Entonces, una vez halladas las funciones h, g1, g2, es inmediato conseguir una
representacién cémoda de bY en términos de w del tipo (13).
Se observa que cuando fol B'(s)ds = 0 se obtiene, integrando por partes,

Jo B'(s)dw(s) = [y B'(s)db(s) = — [y B"(s)b(s)ds

y, por lo tanto, (13) coincide con la representacién (5) de Darling.

2 Una nueva clase de procesos empiricos transfor-
mados

Se introduce una clase de procesos empiricos transformados que permite cons-
truir estadisticos de prueba del tipo Kolmogorov-Smirnov consistentes contra
cualquier alternativa y especialmente potentes frente a las sucesiones de alter-
nativas contiguas del tipo (6) que el experimentador considera de interés para
la investigacidn.

De esta manera se adapta al caso de hipdtesis compuestas en presencia
de un pardmetro estimado la teoria desarrollada por Alejandra y Enrique M.
Cabana para hipétesis simples ([2],[3]).

Definicién 2.1 (Proceso Empirico Transformado estimado)

Sea T una isometria de L?([0,1],dt) con recorrido ortogonal a la funcidn
1 y a € L?([0,1],dt) una funcién que llamaremos funcién de graduacion. Se
considera:

BT ([0,4]) = BT (u /7w10u<>%ﬂa05u51 (14)

donde bY es el proceso empirico uniforme estimado definido en (2) .
La medida aleatoria (14) estd expresada como integral estocéstica respecto
de la medida inducida por las trayectorias del proceso bY. Claramente:

D7 ([0, u)) = §:§Qmw=%zﬂwwwmnmy
(15)
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Respecto de los procesos empiricos usuales aparecen dos nuevos parime-
tros: una funcién e y una isometria 7.

Una aplicacién del Teorema (1.1) permite concluir que la distribucién
asintética de (14) es la de

i A
5@ (y) = /0 T(aLijoup)(s)db¥(s), 0<u<1. (16)

Dada la ley limite de (14) bajo Hy, una aplicacién del teorema de Oosterhoff y
van Zwet (ver [9], [2] pag.23-30) que caracteriza las condiciones bajo las cuales
hay contigiiidad entre las hipdtesis nula y alternativa y luego el Tercer Lema
de Le Cam ([8], [2] pag.14-15) permiten establecer la ley limite de (14) bajo
Hpms

La funcién a contiene toda la informacién asintética que proviene de la
contigiiidad existente entre las hipdtesis nula y alternativa y serd determinada,
de manera tal que la distancia asintética entre el proceso limite bajo Hy y
bajo Hj, sea la mas grande posible.

Para la determinacién de a se utilizard un criterio heuristico que, en gen-
eral, depende del tipo de estadistico de prueba elegido.

La isometria 7 serd elegida de manera conveniente desde el punto de vista
analitico.

En las préximas tres secciones se presentardn tres pruebas de ajuste dis-
tintas, de tipo K-S, y para cada una de ellas se obtendran las funcidnes de
graduacién éptimas y las representaciones explicitas del proceso empirico (14)
y del limite débil (16) de la sucesién (14) correspondientes a la isometria de
Laguerre para una ley uniforme en [0, 1] (ver seccién 3, (33)). Un analisis
ndmerico para la comparacién de las potencias de nuestros estadisticos K-S
modificados y de los estadisticos K-S cldsicos concluird cada aplicacién.

3 Caso de observaciones que provienen de una po-
blaciéon normal con media desconocida y variancia
conocida

En esta seccién se muestra cémo construir una prueba K-S modificada para
la hipétesis compuesta (caso 1):
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m:resn={o(( %)) wer]

particularmente potente cuando se considera la siguiente sucesién de alterna-
tivas contiguas (un cambio de variancia):

Hy,(0): FEF, = {@ (m;( 1£0ﬁ )) , Mo ER} . (17)
Vvn

Un primer paso hacia la construccién de nuestro proceso empirico trans-
formado es aplicar el corolario del teorema de Oosterhoff y Van Zwet (para su
enunciado y demostracién en el caso de hipétesis simples ver [2], pag.28-30).

Dado que aparece el pardmetro incégnito pg se deben cumplir para cada
valor de ug las condiciones siguientes:

- ®(z; (o, 1))y @ (z; (o, 1+ —6\/—%)’) tienen, respectivamente, densida-
des fo(z) y fn(z) respecto de la medida de Lebesgue en IR;

- las funciones k,(z) = 2:5/5 ( ]}AD(% - 1) son uniformemente acotadas

por una funcién K tal que [ K2d® (z; (o, 1)') < o0;

- existe una funcién k que cumple [k?d® (z; (uo, 1)) = 1 y tal que
limp, 00 [(Kn — k)2 d® (z; (po, 1)) =0

Cuando estas hipétesis son satisfechas hay contigiiidad entre las sucesiones
de medidas correspondientes a las hipdtesis nulas y alternativas para cada valor
del pardmetro incégnito pg.

Se sobrentiendera este tipo de observacion en las secciones siguientes.

Después de verificar las hipétesis del corolario se necesita identificar el
limite de la sucesién k, de funciones de L? [IR, d® (z; (10, 1)")]-

Claramente
1
fa(z) 1 1
13 = (moamm) ' e {0 - manmm) @ -}

y se obtiene
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limy o0 kn (2) = § [(z — po)” — 1] = K(z, o) .

Se evalua la constante de normalizacién ¢ de manera tal que
2 -
“ k(.’L‘, ”0) “LZ[R,d(P(:c; (uo, 1)/)]_ 1. (18)

Se obtiene ¢ = /2 y por lo tanto la funcién k que satisface el requerimiento
(18) es
Ez,m0) = —= [(z = wo)* 1] . (19)
’ V2
Para que k no dependa de pg se aplica la transformacion

u=<1><:c;<”1° )) = ®(z — po)
z=®1(u)+pp=9"! <u;<ulo )) X

B8 i) = B ] o i) = o [(@‘l(u))2— 1] — k(w),0<u<1 (20)
V2

y la funcién « es la que resume toda la informacién proveniente de la conti-

guidad.

Ahora se desea aplicar el teorema de Durbin enunciado en la seccién an-
terior. De esta forma se obtendrda una representaciéon cémoda del proceso
asintético uniforme estimado bV en términos del movimiento Browniano tipico
w.

Se utiliza g, = % » 1 X; como estimador del pardmetro incégnito uy,
entonces /7 (fin — o) = ﬁ Yo (X — po), o sea I(X;, no) = X; — po y resulta
ademas L=1, A=0, €, =0.

Se concluye que bajo Hi, la sucesién de elementos aleatorios

A 1 <&
{br(f(“) =vn l; > L((s; (am, 1)<} ’“] M5 S 1} (21)
=1

y esta claro que

Finalmente

converge débilmente en D[0, 1] al elemento aleatorio bV, donde
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b = {bY(u), 0 < u < 1}

es un proceso Gaussiano para el que se saben hallar la esperanza y la funcién
de covariancia que dependen de las funciones g1, g2, h.

Se observa que las variables aleatorias {d) <X¢; ( /11" )) dEie n} -
no independientes - estdn idénticamente distribuidas (no uniformemente en
[0,1]) segin una ley que no depende del pardmetro desconocido pg cuando se
utiliza un estimador que cumple las condiciones usuales para un estimador de
posicién (ver [6], donde se determina la distribucién exacta de estas variables).

Como consecuencia la distribucién de b7 es independiente de .

Calculo de g;: g1(u) = [%{ [@ (z; (1o, 02)')]a2=1]

=%~ 1(u)+po

= 5 [Z o d(w — po) [(w — po)* — 1] dw = —5 (7 (u) @7 (u).
z=%=1(u)+uo

Por lo tanto el valor esperado del proceso b bajo Hi, estd dado por:

. )
EY (u) = —70 (@ 1(w)d 1 (u),0<u<1. (22)
Para hallar la covariancia del proceso bV se calculan:

- h(u) = [Zo(w — po) d(w — po) dw

z=&"1(u)+po

= %)@ wg(w) dw = —p(@(u));

- 02(u) = [55%® (; (o, 1)")]

=0~ (u)+po
= [Zoo(w — po) p(w — po) dw ‘ = —(® ' (u).
=@~ (u)+ro
Resumiendo, en el caso 1:
h(u) = —¢(27 (u)), (23)



oyl = —% $(®(u)) 8 L(u) | (24)

92(u) = (27 (u)) - (25)

La funcién de covariancia del proceso bV bajo Hy, (igual a la covariancia
bajo Hy por el Tercer Lema de Le Cam) es:

Cov{b” (u),0" (v)} = (u A v) —uv — (37 (u)$(@7" (v)) . (26)

Entonces la representacion de By bajo H;, en términos de w cuando 0 <
u<1es:

B () =) () + (@7 () [ 97 (6) du(s) -5 6@ () 27 (w).

(27)

Escribimos ahora el proceso asintético transformado estimado bajo Hi,

que en la seccién anterior fué definido como la integral estocdstica respecto
del proceso asintético uniforme estimado (27):

07w = [ T(@l o)) b (6)
1 u
2/0 (T(a]l([o,u]))(s) + &~ (s)/0 a(r)T_1(~<I>_1(r))dr> dw(s)
s
—— | T(al s)[1 = (@ 1(s))?] .ds 28
7 ) Telea)@ - (@7 @) (28)
Para hallar la funcién de graduacién a éptima para este problema se uti-
lizard un criterio heuristico cuya aplicacién requiere el calculo previo del valor

esperado del proceso w(*7) en (28) bajo Hy, y de su variancia bajo Hy. Bajo
Hi, se obtiene:

Ed @ (u) = 6 (T(aL(oup) #)r2o11ds) =0 (alqouy, T '), (29)
con  definida en (20), y bajo Hp:

Vard® D (u) =|| a Lo I —(aLgow, 7277, (30)
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Se propone emplear el criterio heuristico siguiente:

(alpuy, T 'x)?
T alou) 12 —(alou), 7T-101)2

(31)

donde el méximo se considera cuando a € L?([0,1],dt) y u € [0,1].

Se observa que en el denominador de (31) aparece la funcién ®~! - ortog-
onal a la funcién k -, que se puede ver como el primer polinomio de Hermite
Hi(z) = z en la variable ®~!. Unas consideraciones geométricas permiten
establecer que la funcién de graduaciéon éptima é que resuelve el problema
(31) es

a=a1 T 'k+a T 1071, (32)

Se elige de manera conveniente la solucién particular @ = 7'k que coin-
cide con la solucién hallada en ([2],[3]) en un marco de pruebas de hipétesis
simples. De esta forma queda determinado el pardmetro funcional del proceso

n (28).

Ahora se elige una isometria apropiada en L?([0, 1],ds). Una conveniencia
analitica sugiere emplear (al igual que en [2], [3]) la isometria de Laguerre
correspondiente a la distribucién de una ley uniforme en [0, 1]:

(TL,Uni[O,l] g) (u) = g(u) — /Ou lg—(_t)—tdt, (33)
cuya inversa es
(Tobmiony ®) (W) = h(w) + liu /0 " h(t)dt. (34)

Por lo tanto

a(u) = (71 DW= = (2 —l(u))2_1]
+ u% [( 1(s - l] ds
= [( W) - )1(’5_(3_1(”))] (35)
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Para escribir el proceso asintético transformado bajo Hy asociado a la &
recién evaluada y a la isometria 77, se debe calcular:

Tu(@ Lpo,up)(s) = (@ Lgo,up)(s) — /Os te B gou)(v) dv

1—v
B rshu & v
= a(s) n{sSu} B /o 1 (—)v

“lsAu “lsAu
=&(3)n{s§u}+\%¢> ( A1>_¢8(4A>u( Au))

“y “(u
= % |:(<I)_1(S)>2 — l] Discuy + %(b ( )ld)—((i ( ))ﬂ{s>u}. (36)

Finalmente, reemplazando la férmula (36) en (28) se obtiene:

W@ (u) = [ TL( L (j0,41))(s) (dw(s) - ( 0 271(r) dw(r)) &7 (s) ds)

= /01 ! [(@—1(3))2 — 1] 1 {5<u) dw(s)
1

1 e W@ iw),
V2 1—u {

— (/01 o 1(r) dw(r)) /01 % [(@‘1(8))2 - 1] ﬂ{sgu}q’_l(s)ds

1 1 ~1(y ~1(y
——( 0 Q_l(r)dw(r)) : %@ ( )14)_((2 ( ))Il{s>u}¢_1(s)ds.(37)

Esta férmula es muy céomoda para la obtencién de las trayectorias de
@(@7TL) con un método de Monte-Carlo porque en definitiva se trata de en-
gendrar las trayectorias de w. De esta manera se pueden generar realizaciones
de la variable aleatoria

dv

s>u} dw(s)

sup | ([0, u)) | (38)
0<u<l1
de la cual parece muy dificil hallar la distribucién de probabilidad exacta.
Dado un nivel de significacién asintético a se puede determinar la regién
critica asintética aproximada de la prueba de K-S modificada, o sea el valor
c(a) tal que
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P{supoc,<; | #7L) |> c(a)} = a.

La comparacién de las dos pruebas puede plantearse sobre sus potencias
aproximadas para distintos valores de J y para un tamano muestral n dado.

El proceso empirico transformado estimado asociado a las variables aleato-
rias X1,...,Xn, a la funcién de graduacién éptima a en (35) y a la isometria
7L puede escribirse como:

L) A( TL)
a L ([0, u]) ;(XL i) ([0, u))

~ % S T T go,) (B(Xi — fin)
=1

= (en virtud de la ecuacién (36))
1 n 1 _ " 2
NG 3 {% [(c} Nex; - un))) - 1] L{e(x;—iin)<u}

=1

1 @ Hu)p(@ 1 (u))
+_2 ]_— u n{é(}"i—/ln)>u}}
1 = 1 "
== W= Xi - Hn —1|1 ro_ i
n;{ﬂ [( fin) } {8(Xi—fn)<u)
1 o (u ¢(<I>‘1 U
V2 : )1_ u ( ))n{‘P(Xi—ﬂn»u}}, 0<u<l. (39)

Por supuesto es necesario generar realizaciones de las variables aleatorias X;
bajo Hi, con distintos valores del parametro ¢ para disponer de las trayecto-
rias del proceso empirico transformado estimado bajo distintas sucesiones de
alternativas contiguas.

La regién critica asintdtica de la prueba de K-S modificada ha sido deter-
minada con 300.000 trayectorias del proceso w(®7L). El valor ¢(a) asi obtenido
después ha sido utilizado cuando se han efectuado 5.000 simulaciones del pro-
ceso empirico transformado con n = 100 y diferentes valores de § de 0 a 5 con
paso 0.25.

Este mismo procedimiento ha sido realizado con el proceso asintético uni-
forme estimado bajo Hy (ver férmula (27) con § = 0) y con el proceso empirico
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uniforme estimado cuya expresion es la siguiente:

= T w2
bY (u) = v/n - D Lo(Ximjim)<u} —u| ,0<u<1. (40)

i=1

Se detallan a continuacién los resultados numeéricos obtenidos: en la prueba
de K-S clasica ¢(0.05) = 0.9437, mientras que en la prueba de K-S modificada
¢(0.05) = 2.1851.

El estudio de la potencia de las dos pruebas mencionadas (con n = 100)
ha sido comparado con la prueba unilateral 6ptima (que no es consistente
frente a cualquier alternativa) del cociente de verosimilitudes. Se observa el
buen comportamiento de la prueba modificada (bilateral) en comparacién a
las otras dos pruebas.
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Figura 1
Curvas de potencia aproximada para la prueba K-S clésica (- .), la prueba
K-S modificada (-) y la prueba del cociente de verosimilitudes para distintos
valores de ¢.
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4 Caso de observaciones que provienen de una po-
blacién normal con media conocida y variancia
desconocida

Se construye un estadistico de prueba del tipo Kolmogorov-Smirnov para la
hipétesis compuesta (caso 2):

HQIFEFOZ{(I)(m;(O(_)Q >>,0’0€R+}
0

que pueda detectar de manera especialmente eficiente un apartamiento de la
hipdtesis nula en la direcciéon de un cambio de posicién:

de
Hln(é):FEfn={<I> <:v,< \/5200 >>,OOEIR+} ) (41)
90

El caso 2 no contiene particulares novedades respecto del caso 1; sin em-
bargo se destaca que la sucesién de alternativas se debe construir de modo
de respetar la propiedad de invariancia frente a cambios de posicién y/o dis-
persioén.

Por ejemplo, en este caso no es correcto expresar la sucesién de alternativas
contiguas como:

dc
Hi.(6): FEF ={<I><a:;< w8 >>,UOGJR+},
g0

pues entonces, si también se llega a la misma funcién k(z, op) que depende
de las alternativas (41), ocurre que la constante de normalizacién ¢ depende
del pardmetro incégnito, un hecho no deseado.

Como en el caso 1, hay contigtiidad entre las medidas de probabilidades
que definen las hipotesis Hy y Hi, aplicando el resultado de Oosterhoff y van
Zwet. En este caso
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nli)rgo k) = nan;o 23/5 < ‘]f:;((g - 1) = aio z = k(z,00) - (42)
De la condicién
“ k(.’E, 00) ”iQ[B’ d@(z;(O, 0(2))/)]2 1l (43)

se desprende que ¢ = 1 y la funcién k& es k(z,0¢) = %

Aplicando la transformacién “candnica” para este problema
0 z
u=9o |z =®(— |, 44
(%)) -2 () ”

k(z,00) = k(oo @ (u),00) = @ Yu) =k(u) 0<u<l. (45)

se obtiene

Como estimador de o3 se utiliza 62 = 1 "% | X2?. Entonces y/n(62 —03) =

_ﬁ E?:l(XzQ - Ug) y l(Xi’UO) = X22 - G(QJ’ L= 208 yA=0,6,=0.
El teorema de Durbin asegura que la sucesién de elementos aleatorios

. I 2
CIORNCI S TR T EPES S
=1

converge débilmente en D[0,1] al proceso Gaussiano bV = {bY (u), 0 < u < 1}
con esperanza

Eb(u) = 0 g1(u)
y funcién de covariancia
Cov{b" (), Y (v)} = (u Av) — wv — h(u)gz(v) — h(v)g2(u) + g2(u) 20§ g2(v) -
Es necesario hallar las funciones h, g1, g2 y se encuentra que en el caso 2:

h(u) = =@ (u) $(27" (u)) 05 , (47)

g1(u) = —¢(27 (u)), (48)
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go(u) = —2178 & (u)p(d (). (49)

Bajo Hin: )
EbY(u) = -6 (27 (u)), (50)

Cov (" (u), BV ()} = (uAv) ~uo ~ 28~ ()2~ (1)@ (W) $( ™ (v). (51)

El procedimiento descrito en la seccién 1, con B(u) = % H(D7 1 (uw) @ (u)
y Bl(u) = \Lﬁ [1 - (@‘1(5))2] permite hallar la representacién de bU :

bY (u) = w(u) — uw(1) + 3¢(27 () @7 (u) fol [(@‘1(5))2 - 1} ds

—6p(® N(u),0<u<. (52)

Es fécil verificar que (52) tiene covariancia (51).
El proceso transformado asintético bajo Hi,, es la integral estocéstica res-
pecto del proceso bY en (52):

1
M) = [ Tl () = [ (T@gou)e

‘% {(q’_l(s)) . 1] X/O T(aLo,)(r) ((<I>‘1(r))2 - 1) dr) duw(s)
1

Bajo Hyp:
Eb T (u) = 6 (T (aLou))s &)r2(01)as) =S (@ Loy, T k),  (54)

con « definido en (45), y bajo Hy

1
Vard®7)(u) =|l a Tou) I* —=5{alqouy, TH(@)? ~ 1% (55)
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Se consigue determinar la funcién de graduacién éptima con el mismo
criterio heuristico del caso 1; maximizar cuando a € L2([0,1],dt) y u € [0, 1]
el cociente:

X (al(oup, T 'x)?
laou I —(algou, T (@712~ 1))

(56)

A diferencia del caso 1, ahora aparece en el denominador el segundo polinomio
de Hermite normalizado en la variable ®1: % [(®~1)%2 — 1]. Consideraciones
geométricas idénticas a las del caso 1 permiten concluir que la funcién de
graduacién 6ptima para el problema de hip6tesis (41) es

b= T e+ T o~ 1) -1]). (57)

(L
V2
y es cémodo para los célculos sucesivos elegir la solucién @ = 7 ~!x. Utilizando

la isometria de Laguerre se obtiene:

u _1
)= (T W) =07 )+ [“ 07 (s) ds=a ) -HT—  (sg)
y que
s(allioun) (v
TL(a Lgo,u)))(8) = (@ Ljo,up)(s) —/0 (—iﬂj%)i—)dv
=1
= 07 () gy + 2Dy (59)

Sustituyendo (59) en (53) con § = 0 se halla la expresién del proceso
asintotico transformado estimado bajo Hy asociado a la funcién de graduacién
(58) y a la isometria 7

wa TL)(u)

= fo TL(aL (o,))) (s)d(w(s) +5(®~ 8) [y [(@1(r))? = 1]dw(r))

= f()1 [(I) ( )Il{s<u} + JA—lln{s>u}] ( (s)+
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+o(@7 ) 87(s) (7 [(@71() - 1] du(r)) ) =

il u
= [ ©71(5) L {5y dw(s) + M Jo Ligsuydw(s)+

+(fo [@71()* = 1] dw(r)) fy @7H&)AL = (72(s))" = UL scuyds+
4+ (/01 [(cb—l(r))2 - 1] dw(r)> WT%S‘)) 01 %[1 - (@‘1(5))2 — L5y ds
(60)

La ecuacién (60) permite individualizar la regién critica asintética de la prueba
de K-S modificada por un nivel de significacién asintético a.

Presentamos los resultados numéricos correspondientes a la simulacién de
50.000 trayectorias tanto del proceso w(®7L) como del proceso b bajo Hg:
para la prueba clasica de K-S ¢(0.05) = 1.3042 mientras que para la prueba
K-S modificada ¢(0.05) = 2.1312.

Dados los dos valores que individualizan las regiones criticas asintdticas
de las dos pruebas se pueden hallar las correspondientes curvas de potencia
aproximada por un tamano muestral dado. Se precisa en este caso simular las
trayectorias de:

- el proceso empirico transformado estimado (asociado a la funcién de
graduacién 6ptima a en (58) y a la isometria 71) para distintos valores
del pardmetro § (y por lo tanto se necesitan generar realizaciones de las
variables aleatorias X; bajo H; ) y con u € [0, 1]:

(a,77) 1 & @) _

, P27 (uw)) ,
Z))n{q’(?—i)Su}"L 1—u ﬂ{@(?—,f»u}

1 &KX P(® ! (u)) )

1)<u} 1—u
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- el proceso empirico uniforme estimado:
U 1 e
i=1 ol

La figura siguiente presenta los resultados obtenidos con n = 100 y
2.500 replicaciones de los procesos empiricos indicados arriba; se observa
un crecimiento de la potencia al pasar de la prueba K-S clésica a la
modificada.
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Figura 2

Curvas de potencia aproximada para la prueba K-S clasica (- -) y la prueba
K-S modificada (-) para distintos valores de ..

5 TUna prueba de exponencialidad

Se contrasta la hipétesis de que las observaciones provienen de una distribucién
exponencial con media incégnita:
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Hy: Fefo—{l—exp( ) eoem+}

contra cualquier alternativa y se construye un estadistico de prueba particu-
larmente sensible frente alternativas contiguas del tipo Weibull:

Hinl(6) : F € F, ={1—exp [— (%)H_%], OOEB+} : (63)
En este caso
fn(z) = B2 (£)* exp [~(£)1] , fole) = & exp(— ),

con1+)\=1+%.

Entonces
Yodn )= (141lg 2 1 = k(z,00). 4
nhm (fo ) =@ og B 60 og — 90 (z,6p) (64)

Se obtiene que la constante de normalizacién c tal que

]C Z, 9 2 z = 1.
e 00 I eyt
esc= —1—2—, donde 7 es la constante de Euler.
(=45

Utilizando la transformacién canénica u = 1 — exp(—g-) resulta

k(u) = S — {1+ log(—log(1 — u)) [1 +log(1 — u)]}. (65)

1=+ %]

Ahora necesitamos determinar las funciones que intervienen en el Teorema
(1.1) para individualizar la estructura del proceso Gaussiano estimado bY,
limite débil de la sucesién de procesos empiricos uniformes paramétricos:

n

5 1
{bf{(u) =+vn [E > n{l_exp(_%.L)Su} - u] ,0<u< 1} : (66)

=1
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Tenemos que

h(u) = (1 — u) 6o log(l — u), (67)
g91(u) = (u —1) log(1 — u) log(—log(1 —u)), (68)
g2(u) = " log(1 ~ u).. (69)
0
Entonces bajo Hj,:
—6(1 —u)

EbY (u) =bcgi(u) = log(1 — u) log(—log(1 —u)), (70)

[ —oP 4]
Cov{bY (u),bY (v)} = (uAv) —uv—(1—u) log(l —u) (1 —v) log(1—2v), (71)

y la representacién del proceso asintético bV en términos de w es:
. 1
bY (u) = w(u) —uw(l) +(1 — u)log(l — u)/ (1 + log(1 — 8)) dw(s)
0

4 —9(1—-4) log(1 — u) log(—log(1 — u)). (72)

(=72 + %]

El proceso transformado asintdtico bajo H;, estd dado por:

1
@7 () =/0 T (a1 jo,)))(s) d{w(s) — sw(1)

1
+(1 —s) log(1 — s) /0 (1 +log(1—r))dw(r)
—6(1—y9)
[(1—7)?+ %]

log(1 — s) log(—log(1 — s))}. (73)

Ew(a,T) (u) = 5 ( T(a ]l([O,‘u])) , K )Lz([O,I],ds) . (74)
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Mientras que bajo Hp:

Vard(®7)(u) =]l a Lo I =( T (@ Lgou) s 7)F2(0,17,08): (75)

con n(s) =1+ log(1l — s).
Para hallar la funcién de graduacién éptima a hay que resolver el problema
(maximizando cuando a € L?([0,1],dt) y u € [0,1]):

(T(aloup), &)
I alou) I —(T(alou)), n)?

cuya solucién es @ = a;7 'k + a7 ~!n y se elige la solucién particular a =
7~ 'k. Empleando la isometria de Laguerre se concluye que:

() = (57 W)W = sw) + 1= [ (s)ds

- = 1)2+,,2] {%gl(u)-{- liugl(u)} , (77)
- 6

(76)

con g;(u) definida en (68), y que:

s (al
i@ Lgo.)(s) = (@1 ou)() = | (ail_o_D)Q i

1 d 1
= {Egl(s) + ngl(s)} Dis<u)

[(1- 7)2 + 2] 1
W / 5 mowe T 9] d
= K’(S)Il{s<u} s (’U,) I]-{s>u} . (78)

[(1—7)2 ]1—“

El proceso asintético transformado bajo Hy (en términos de w) asociado
a la funcién de graduacién 6ptima a y a la isometria de Laguerre T, es:

@) = [ Ti(a T gou)(s) dfuls) - sw(1)
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Lt — o ol — s (/01(1 +log(1 — r))dw(r))

—/ l: S)n{s<u} [(1 = - ugl(u) n{s>u}] d{w(s)

2+t

+(1 — s) log(1 —s) </01(1 + log(1 ——r))dw(r)) }

1 1 1 1
=/0 K(8) L {s<u) dw(s) — T 1_u91(u)/0 L{s>u) dw(s)

. (/1(1 + Jogll =7} dw(r)) /1 K(8) 1 sy (1 + log(1 — s)) ds
i ; fs<u)

1 1
+ (1 +log(l —7))dw(r)
</° ) [0~ 45
1 1
x /0 —— 01(4) Ly (1 + log(1 = ) ds (79)

La férmula (79) permite engendrar bajo Hj realizaciones de la variable
aleatoria supp<,<1 | @) (u) | .

La férmula (78) evaluada en 1 — exp(— —OL) permite escribir el proceso
empirico transformado estimado (asociado a a en (77) y a T, ):

,\(&,T) 1 n A(&)TL) _
W ([0, u]) = Va Lei=l wl—exp(—%‘:)([o’u]) =

= = imy TL(a Do) (1 - exp(—7+))

On

= & 5 {x(1 - exp(- ) 1

Bon {1—exp(— —‘-)<u}

1
) mgl(“) ]l{l—exp(—a%ﬁ)>u} }
=( en virtud de (65) )
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- 1 X;
— { - {1+log(—10g(1—1—exp(—ﬁ—)))
= WA =72+ & fon
s [l 4 Jog(1 — 1 —expl Xi))]}n
— 1 —exXpl—=— X
& P {1—exp(~ 7 )<u)
1 1

. AL
R Lt

1 X

= {1+log(:Xi )1
=1 w1 =] 45
1 1

- O LT
gy e ooy

for) 1 el e

X
N g
60 n )_U}

(80)

Dado un nivel de significacién asintético @ = 0.05, se han simulado bajo
Hy 10.000 trayectorias para los procesos cldsico (72) y transformado (79)
obteniéndose ¢(0.05) = 1.0720 para la prueba K-S cldsica y ¢(0.05) = 2.0540

para la prueba K-S modificada.

Dado un tamano muestral n = 100 han sido realizadas - bajo H;, y para
distintos valores de § de 0 a 5 con paso 0.25 - 2500 simulaciones tanto del pro-
ceso empirico uniforme estimado (66) como del proceso empirico transformado

(80).

La comparacién entre las potencias aproximadas de las dos pruebas puede

apreciarse en la figura siguiente:
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Figura 3
Curvas de potencia aproximada para la prueba K-S clésica (- -) y la prueba
K-S modificada (-) para distintos valores de 4.

6 Conclusiones

Se dispone de una técnica muy clara para hallar el estadistico de K-S modifi-
cado apropiado para cualquier prueba de hipétesis en presencia de un parametro
estimado y con alternativas contiguas.

En cada una de las aplicaciones desarrolladas la implementacién de la
prueba de K-S modificada ha permitido comprobar que la potencia de la
prueba modificada es siempre mayor que la de la prueba K-S clésica.

Se observa que es posible construir estadisticos de K-S modificados para
pruebas con mas de un parametro estimado. Por ejemplo una prueba de
normalidad, donde la familia de alternativas, al igual que en la prueba de
exponencialidad, serd especificada con una familia de distribuciones de proba-
bilidad distinta de la que aparece en la hipétesis nula.
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