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Abstract

We study smooth hyperbolic maps with ‘holes’, into which some points are
mapped, after which they disappear. These maps generalize Smale’s horseshoes.
The set of nonwandering points for such a map is a Cantor-like repeller. We con-
struct invariant and conditionally invariant measures for such repellers. Ergodic,
statistical and fractal properties of those measures are established.

1 Introduction and main results

Let T : M' — M’ be a topologically transitive Anosov diffeomorphism of class C''* on
a compact Riemannian manifold M’. Recall that a diffeomorphism 7" : M’ — M’ is said
to be Anosov if at every point € M’ there is a DT-invariant splitting

T.M' = E* & E (1.1)
such that
[|DT "v|| < CrAZ||v|| forall ve EY and n >0,
||DT™v|| < CrAp|lv|| forall ve ES and n >0, (1.2)
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for some constants Cr > 0 and Ay € (0, 1) independent of v and . The splitting (1.1) is
continuous in z. Topological transitivity of 7" means that it has a dense orbit in M.

Sinai [20] and Bowen [2] constructed Markov partitions for transitive Anosov diffeo-
morphisms!. Let R’ be a Markov partition of M’ into rectangles Ry, ..., Rp. We assume
that these rectangles are small enough, so that the symbolic dynamics can be defined
[20, 2].

Let I < I'. Put H = UL, (int R;) and M = M'\ H. Then M is a manifold with
boundary. We will study the dynamics of 7" on M, thinking of H as a ‘hole’ into which
some points of M will be mapped by T', and then they disappear (escape). Equivalently,
one can think that H ‘absorbs’ points mapped into it by 7'.

A pictorial model of this type of dynamics was proposed by Pianigiani and Yorke [19].
Imagine a Sinai billiard table (with dispersing boundary) in which the dynamics of the
ball is strongly chaotic. Let one or more holes be cut in the table, so that the ball can
fall through. One can think of those holes as ‘pockets’ at the corners of the table. Let
the initial position of the ball be chosen at random with some probability distribution.
Denote by p(t) the probability that the ball stays on the table for at least time ¢ and, if it
does, by p(t) its (normalized) distribution on the table at time ¢. Natural questions are:
at what rate does p(t) decay to zero as t — oo? what is the limit probability distribution
lim;—. p(t), and does it depend on the initial distribution p(0)? These questions still
remain open.

We assume that the symbolic dynamics generated by the partition R = { Ry, ..., R/}
of M is rich enough, i.e., it is a topologically mixing subshift of finite type. General case
is discussed in Section 8.

Notations. For any n > 0 we put
M, =Ny T'M and M_, =0",T7'M,

and also

My = Opsi My, M- =0 M_,, Q= M0 M_

All these sets are closed, T™'My ¢ My, TM_C M_ and TQ =T~ = Q.
Denote by
U =V, T"R" and S' =V TR

the partitions of M’ into unstable and stable manifolds (fibers), respectively. The restric-
tions of U’ to M, M, and M, are denoted by U, U, and U, respectively. Similarly, we
have partitions S, S_,,, S_ of the sets M, M_,,, M_ into stable fibers. Atoms U € U and
S € § are closed domains on unstable and stable fibers, respectively, whose boundary has
Riemannian volume zero. Riemannian volume on fibers is induced by the Riemannian
metric in M.

IBowen’s construction actually covers larger systems — Axiom A diffeomorphisms — which we do not
consider here.



For any « € M’ we denote by J*(z) and J*(z) the Jacobians of the map DT restricted
to E¥ and FE?, respectively. We also put

T (@) = T (@) (Ta) - S (T )

the n-step Jacobians of DT on unstable and stable fibers.
Our first result deals with measures on unstable fibers U € U,.

Definition. A family of probability measures, v, on unstable fibers U € U, is said to
be conditionally invariant under T', if
(i) on every fiber U € U the measure v is absolutely continuous with respect to the
Riemannian volume on U, and its density, pi(z), « € U, is Holder continuous (see a
convention below);
(ii) for any @ € Uy € U and Tz € U, € U we have

Pl () = v, (T7' ) - J"(x) - p, (T) (1.3)

Convention. All the densities of measures on unstable and stable fibers are assumed
to be Holder continuous with the same Holder exponent «, as the derivative of the map

T.

Theorem 1.1 There is a unique conditionally invariant family of probability measures,
vit, on fibers U € Uy. Any other family of probability measures on U € Uy with Holder
continuous densities will converge, under naturally defined action of T' (see Sect. 3), to
this unique family.

Remark. The family v, U € Uy, is a part of a ‘bigger’ conditionally invariant
family of probability measures v, U € U, ‘inherited’ from the Anosov diffeomorphism
T : M — M’ with the Markov partition R’. The densities p¥(z) of the measures v{,
U € U’ satisfy the equation [20]

(@) _ o Ja(T7"y)

) " () .

for all z,y € U € U’. Note that this equation defines the densities pf; and measures v
completely, because of normalization.

Remark. If the Anosov diffeomorphism 7' : M’ — M’ is of class C?, then the densities
pt; are at least Lipschitz continuous on every unstable fiber U.

Remark. The invariance condition (1.3) implies the following. Let n > 1, U € U and
T (UnNM_,)=U, U---UUg for some fibers Uy, ..., Uy, € U. Then

V(T (AN M) NU) = zLj V(T3 - v (ANT) (1.5)
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for any Borel set A C M. This is the analog of the Chapman-Kolmogorov equation in
the theory of Markov processes, see [20].

The next three theorems are related to the evolution of measures on M under the
action of T'. Denote by M the class of all Borel measures on M. For any p € M we put
||| = p(M). We denote by T, : M — M the adjoint operator defined by

(Tep)(A) = p(T7HAN My))

for any Borel set A C M. We denote by Ty the (nonlinear) transformation of M defined
by the normalization of the measure T, p:

Tep Teop
Typ = = 1.6
T (M) (16)

We denote by M, n > 1, the class of Borel measures supported on M,. Obviously,

I'M = M,. We denote by M4 C M the class of measures supported on M, whose

conditional measures on fibers U € Uy coincide with the above conditionally invariant

2
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measures vf;. Any measure p € MY is then completely defined by its factor measure
ft, on the set U (this set can be naturally equipped with a metric, see Sect. 2).

Definition. A measure p € MY is said to be conditionally invariant under T' if
Tip = p, i.e. thereis a A > 0 such that p(T7*AN My) = Au(A N M) for any Borel set
ACM.

Theorem 1.2 The map T has a unique conditionally invariant probability measure py €
M. For any other n € MY the sequence T weakly converges, as n — oo, to piy.

We also call this unique measure py the eigenmeasure of the map 7', and the corre-
sponding factor A = X € (0,1) the eigenvalue of T.

Theorem 1.3 For any smooth measure y on M (see a convention below) the sequence
T} weakly converges, as n — oo, to the eigenmeasure piy.. Furthermore, the sequence
A" 17 weakly converges, asn — oo, to the measure c[p]- puy, where c[p] > 0 is a linear
functional on smooth measures on M.

Convention. We call a measure on M smooth if it is absolutely continuous with
respect to the Riemannian volume on M, and its conditional measures on unstable fibers
have Holder continuous densities (cf. also the previous convention!).

This theorem shows that the eigenmeasure py can be naturally obtained by iterating
smooth measures under 7" on M.

One can think of an experiment in which we place N = N(0) points (particles) in
M at random according to a smooth probability distribution g. Then those points are

2For any measure pu € M its factor measure i on U is defined by (W) = u(UyewU) for any Borel
subset W C U.



mapped by successive iterations of 7'. The number of points that stay in M (do not
escape) after n iterations, N(n), is approximately

N(n) ~ N(0) - c[p] - eI (1.7)

We call 74 = In ;! the escape rate, cf. [9, 11, 10].

Next, we show that the eigenmeasure py can be also obtained by iterating singular
measures supported on individual unstable fibers.

For any unstable fiber U € U let uj, € M be a (canonical) singular probability
measure supported on U, which coincides on U with the measure v}, described in the
remark after Theorem 1.1.

Theorem 1.4 For any U € U and any singular measure puyy € M supported on U with
a Holder continuous density with respect to the Riemannian volume on U, the sequence
T} pr weakly converges, as n — oo, to py. Furthermore, the sequence of measures
A" T gy weakly converges, asn — oo, to a measure supported on M, and proportional

to tiy.
Proposition 1.5 The function e(U) on the set of unstable fibers U € U defined by

lim A" - Tl = e(U) - py (1.8)

n—oo

is bounded away from 0 and oo and its restriction on the set of fibers U € Uy satisfies
the equation

[, c@ydin () =1 (1.9)

where [ty is the factor measure of the eigenmeasure .

Next, since the set M, is invariant under 7!, it makes sense to define the inverse
images of uy under T, i.e. T "uy for n > 1, by

(T 4)(4) = e (T[AN M) (1.10)

for any Borel set A C M. In virtue of Theorem 1.2 the measure T "py, n > 1, simply
coincides with the conditional measure py(-/M_,) defined by

pa(A/M_p) = pp (A M) [y (M) = AL - g (A M) (1.11)

Theorem 1.6 The sequence of measures T "uy = py(-/M_,) weakly converges, asn —
00, to a probability measure, ny. € M, supported on the set ) = M, N M_. The measure
Ny ts T-invariant, i.e.

n(T71A) = 4 (TA) = 0y (A) (1.12)
for every Borel set A C M.



Proposition 1.7 The factor measure 1y of the measure ny on the set of unstable fibers
U € Uy is absolutely continuous with respect to the factor measure iy of the eigenmeasure
t4, and its Radon-Nikodym derivative is

di4
G (0= (V) (1.13)

where e(U) is the function introduced in Proposition 1.5.

We call the closed set Q@ = M, N M_ the repeller of the map T'. It is normally a
Cantor-like set. The T-invariant measure 74 on {2 can be obtained naturally by iterating
smooth measures on M as follows. For any probability measure p € M and n,m > 1 we
denote by fi , the measure 17y conditioned on M_,,, i.e.

o (A) = Tl A 0 M) - [T(M_ )] (114
for any Borel A C M.

Theorem 1.8 For any smooth probability measure 1 on M the sequence of measures
Pnm weakly converges, as m,n — oo, to the invariant measure ny on the repeller Q.
Moreover, the sequence of measures py, - defined by

e (A) = A7 I (AN M) (1.15)

weakly converges, as m,n — oo, to the measure c[u] - ny, where c[u] is the positive linear
functional on measures, involved in Theorem 1.3.

Next, we establish the ergodic properties of the invariant measure n; on the repeller

Q.

Theorem 1.9 The measure ny is an equilibrium measure for the Holder continuous
potential

g1 (2) = —log J(z) (116)
on ). Thus, ny is a Gibbs measure.
Corollary 1.10 The measure ny is ergodic, mizing, K-mizing and Bernoulli. Its correla-

tions decay exponentially fast and it satisfies the central limit theorems and its invariance
principle.

Theorem 1.11 The topological pressure of the measure ny on Q equals P(n;) = —log AJ!
—v4. The sum of positive Lyapunov exponents of the map T s

X77++ = /Qlog JYz)dne(x) >0 aee. (1.17)



and the sum of negative Lyapunov exponents of T' is

oy = /Qlog J(x)dns(z) <0 aee. (1.18)

The variational principle
4 = by, (1) = [ log J*(2) o) = sup{h(T) — [ log J*(x) dn(x)}  (1.19)

holds, where h,(T) denotes the Kolmogorov-Sinai entropy of the measure 1, and the
supremum is taken over all T-invariant probability measures on the repeller §1.

The left equation in (1.19) can be rewritten as

\E = ho (T) 474 (1.20)

This generalizes Pesin’s formula for smooth hyperbolic (nonrepelling) maps, for which
h = x* and v; = 0. The equation (1.20) can be understood as follows. The exponential
rate of separation of nearby trajectories, characterized by y*, contributes to both the
chaoticity of the dynamics on the repeller, measured by h(7'), and the escape from the
repeller, ~, .

In a particular case, where dim M’ = 2, let 6} and ¢ be the Hausdorff dimensions
of the invariant measure 74 on unstable fibers U C M, and on stable fibers U C M_,
respectively.

Theorem 1.12 Let dim M = 2. According to Manning’s formula [15], we have
by (T) = 655, = =05y, (1.21)
This agrees with Young’s formula [22] for the Hausdor[f dimension of the measure 0y :

1 1
D) = hoy (1) (= L) =t (1.22)
Xay Xy

By reversing the time, we can define the eigenmeasure y_ on M_ for the map T71,
whose eigenvalue is A_ € (0,1). We then can define the corresponding invariant measure
n_ on the repeller ). These also have all the properties described in the above theorems.
The measure n_ and the values of A_ and X;—L_ are, generally, different from the previously
described measure 7, and the quantities Ay and X;-:, see some examples in [4]. However,
there are remarkable exceptions.

Definition. We say that the repeller ) is time-symmetric if n, = n_, Ay = A_,
= = ey =g
Xop = X = Xy X



Theorem 1.13 The measures ny. and n_ on the repeller ) coincide if and only if there
is a constant Z > 0 such that for every periodic point x € Q, T*x = z, we have

det DT*(z) = Ji(z) - Ji(z) = Z*
Moreover, the repeller Q is time-symmetric if and only if 7 = 1.

Corollary 1.14 If the original Anosov diffeomorphism T : M' — M' preserves an ab-
solutely continuous invariant measure on M', then the repeller € is time-symmetric.

The history of the subject traces back to 1979, when Pianigiani and Yorke [19] con-
structed conditionally invariant measures for expanding (noninvertible) maps. Their
results are analogous to our Theoremsl.2 and 1.3. In 1981-86 Cencova [3, 4] undertook a
detailed study of both invariant and conditionally invariant measures for smooth Smale’s
horseshoes (her results are a particular case of our Theorems 1.1-1.8). In 1994, Collet,
Martinez and Schmitt [6] constructed invariant measures on the sets of nonwandering
points for Pianigiani-Yorke transformations (their results are similar to our Theorems
1.6-1.9). In a later manuscript [7] the same authors constructed conditionally invariant
measures for some symbolic subshifts of finite type. Smooth hyperbolic systems different
from horseshoes were first considered in this context by Lopes and Markarian in a recent
manuscript [13]. They studied a special billiard system — a particle bouncing off three
circular scatterers placed sufficiently far apart. The results of [13] are a particular case
of our Theorems 1.2, 1.3, 1.6, and 1.9-1.12. Let us also point out physical papers by
Gaspard et. al. [9, 10, 11] in which the dynamics on repellers was discussed and some
equations, like our (1.7) and (1.20), were conjectured and their connections with other
equations in statistical physics established.

JFrom measure-theoretic point of view, our systems resemble probabilistic Markov
chains with absorbing states. For such chains, conditionally invariant distributions have
been studied in [8, 16].

The purpose of the present paper is threefold. First, we cover much larger classes
of smooth hyperbolic systems with ‘holes’ than the previous papers did. Second, we
collect all the existing results in this direction scattered in other papers, add some new
ones, and present the complete (up-to-date) program for studying smooth hyperbolic
repellers. Third, we simplify and improve the matrix techniques for the construction
of conditionally invariant measures used by Cencova [4]. The matrix method we use
here goes back to Sinai [21], but its realizations are sometimes lengthy and heavy, as it
unfortunately happened in [4]. We show that this method still can be effectively used.
Moreover, at present it is nearly the only workable method in the context of systems
with countable Markov partitions, like billiards with ‘holes’, open Lorentz gases [10, 11]
and other models of physical interest. We sharpen the matrix method preparing it for
an attack on billiards, but such an attack is beyond the scopes of this paper.

The paper is organized as follows. Section 2 provides necessary results on Markov par-
titions and symbolic dynamics for Anosov diffeomorphisms. Section 3 contains a proof of



Theorem 1.1 and other properties of conditional measures on unstable fibers. In Section 4
we describe, in general terms, the matrix techniques for constructing invariant measures.
Then we construct the conditionally invariant measure py proving Theorem 1.2. In Sec-
tion 5 we prove the limit theorems 1.3 and 1.4 along with Proposition 1.5. In Section 6
we construct the invariant measure 14 and prove statements 1.6-1.8. In Section 7 we
prove the ergodic and fractal properties of the measure 1, captured in statements 1.9-
1.14. In Section 8 we discuss possible generalizations of our main results and related
open problems. Appendix provides necessary tools from the theory of positive matrices.

Acknowledgements. R.M. is indebted to S. Martinez for introducing to the subject
and stimulating discussions. This work was initiated during the authors’ visits at Prince-
ton university, for which we are grateful to Ya. Sinai and J. Mather. Special thanks go
to Ya. Sinai who mentioned to us Cencova’s papers. This work was essentially completed
when N.Ch. visited IMERL, Facultad de Ingenieria, Uruguay, for which he is the most
indebted. N.Ch. acknowledges the support of NSF grant DMS-9401417.

2 Background on Anosov diffeomorphisms

This section provides necessary tools from the theory of Anosov diffeomorphisms. It is
known that Anosov diffeomorphisms enjoy strong ergodic properties if they are of class
C*e ot just C1, i.e.

|1DT(z) = DT (y)l| < Co - [d(, y)]*

for some C, > 0, where d(z,y) is the distance in the Riemannian metric. The constant
a € (0,1] will be fixed throughout the paper.
The local unstable manifolds W*(x), « € M’, are defined by

Wiz)={ye M": d(T"z,T"y) <& ¥n <0}

for small ¢ > 0. Similarly, local stable manifolds W2(z) are defined taking positive n.

It is known that these manifolds are ‘as smooth as the map’ 7', see [1]. Precisely,
they are of class C''* i.e. the tangent space E* is Holder continuous along each W™,
with the Holder exponent «, and the same is true for F? along stable manifolds. The
tangent bundles F* and E? over the whole of M’ are also Holder continuous [1, 14], but
the exponent may be different from a.

Therefore, the Jacobians J*(z) and .J*(z) are Holder continuous function on M’.
Moreover, the restrictions of log J*(z) on unstable manifolds are Holder continuous with
the exponent a:

| log J*(x) —log J*(y)| < C - [du(z, y)]* (2.1)
with some C; > 0, for all 2,y € U, U € U’ (the same is true for .J*, of course). Here and
elsewhere d, and d; are intrinsic metrics on unstable and stable manifolds, respectively,
induced by the Riemannian metric on M’.



For any x,y € M’ we put
[2,y] = W2(x) N W (y)

There is a 6 > 0 such that if d(z,y) < 6, then [z, y] consists of a single point. A subset
R C M’ is called a rectangle if diam R < 6 and [z,y] € R whenever 2,y € R. A
rectangle R is called proper if R = intR and for any point € R the sets W*(z) N dR
and W*(z) N R have zero Riemannian volumes in the manifolds W*(z) and W:(z),
respectively. For x € R we put

W™ (z, R) = W**(z) N R

Recall [2] that R C R is called a u-subrectangle in a rectangle R if W*(R,z) C R’ for
all z € R'. Similarly, ' C R is an s-subrectangle in R if W*(R,z) C R for all z € R'.

A Markov partition of M’ is a finite covering R’ = { Ry, Rs,..., Ry} of M’ by proper
rectangles such that
(i) intR; NintR; = () for 7 # j;

(ii) if € intR; and Tz € intR;, then TW*(z, R;) D W*(Tz, R;) and TW*(x, R;) C
We(Tz, R;)

FEquivalently, for any R;, R; and n > 1 such that int(7"R; N R;) # () the set T"R; N R,
is a u-subrectangle in R; and R; NT~"R; is an s-subrectangle in R;.

Every topologically transitive Anosov diffeomorphism 7" : M’ — M’ has Markov
partitions of arbitrary small diameter.

We work with a fixed Markov partition R’ of a sufficiently small diameter.

For every z € R; we define the projection h% : R, — W*(z, R;) by hi(z) = [z, z].
For every @ € R; this is a one-to-one map from W*(z, R;) to W¥(z, R;), which is called
canonical isomorphism or holonomy map. This map is absolutely continuous in the sense
that its Jacobian with respect to Riemannian volume on unstable fibers is bounded and
positive. Moreover, the Jacobian Dh?(z) of the map h® : W*(z, R;) — W*(z, R;) satisfies
the Anosov-Sinai formula [1]

Dh(z) = lim Ji(x)/ T3 (hi(x))
The Jacobian of the holonomy map is Holder continuous in the following sense: for any
z,y € W¥(z, R;) we have

!

|DhZ(x) — Dhi(y)| < C" - [du(w, y)]* (2.2)

and

DR (2)] < exp (€7 [da(x, h3(2))]") (2.3)

for some constants C’ > 0, o/ > 0. (For proofs of these results, see for example, the book

by Mané [14], Chapter 3, Lemmas 2.7 and 3.2).
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We now recall the basic definitions of symbolic dynamics. A transition matrix A’ =

(AL;) of size I' x I' is defined by

. L if int ReNT (int R;) # 0
kK 0 otherwise

In the space ¥ = {1,2,.. .,]’}Z of doubly infinite sequences w = {w;}>_ with the

product topology we consider a closed subset

Yo ={weX: A =1 forall —oo <i< oo}

WiWwi41

The left shift homeomorphism o : ¥, — ¥, is defined by (o(w)); = w;41. This symbolic
system is called a subshift of finite type, or a topological Markov chain.

There is a natural projection II : ¥/, — M’ continuous, surjective and commuting
with the dynamics: Il o 0 = T o Il. This projection is one-to-one on the set M’ \
UjGZTj(aR’).

Now, the covering R = {Ry,..., R} of M = M'\ H defines a I x [ submatrix
A = (A;;) of A’ We call A the transition matrix for the restriction of 7"on M. It defines
a new subshift of finite type by

Si={aeS={1,.... % Ay, =1 forall icZ)}.

Mixing assumption. The matrix A is irreducible and aperiodic. This means that
o: Y4 — Y4 is topologically mixing. Equivalently, there is a ky > 1 such that A™ has
all positive entries. We call kg the mizing power of A.

Next, for every n > 0 we denote by R,, the restriction of the partition R’ VI'R'V...V
T™R' of M’ to the set M,. It is a partition of M, into u-subrectangles of the Markov
rectangles R;. Likewise, R_, is the restriction of R’ VT7'R'V ...VT™R' to M_,,
which is a partition of M_,, into s-subrectangles of R;. Also, for any n > 1 let R} be the
restriction of the partition R, of M, to the set My C M,. Note that each atom of R}
consists of some fibers U € U,.

We equip the sets ¢/ and S defined in Introduction with the following metrics. For
any U, U" € U we put

dy(U,U") = sup{d,(z,[z,y]): « € U,y € U'}

if U, U’ belong in one Markov rectangle R;, otherwise we set dy(U,U’) = diam M. Simi-
larly, we define a metric ds on S.
For any atom B € R,,, m > 0, we put

Up={U el : U C B}

For any pp € M and U € U we will denote by uyr the conditional probability measure
of p on U. Note that if two measures, y and p’ are proportional, then py = pf; for all

11



U eU. For any U € U" we denote by my the Riemannian volume on UU. The conditional
measures satisfy the following properties.

Let n>1,U €l and T*(UNM_,) = Uy U---UU for some fibers U; € U,,. Then
!
poT(A N M) A U] = 3 o (T0) - (Trw)es (A N 1) 2.4)
=1

for any Borel subset A C M. In addition, if the measure uy is absolutely continuous
with respect to the Riemannian volume my on U with density f,(z) = dpy/dmy(x) and
Tz € U;, then the measure (1T7u)y, has a density on U;, which is

frpu(T72) = [po(T7U)] 7 fu(2) [ 3 (2) (2.5)

We denote by H((), GG > 0, the class of measures pr € M such that their conditional
measures pry on unstable fibers U € U are absolutely continuous with respect to the
Riemannian volume my with densities f,(z) whose logarithms are Holder continuous
with the exponent o and constant G > 0:

|log f.(z) —log fu.(y)| < G - [du(z, )] (2.6)

for all z,y € U and U € U.

3 Conditionally invariant measures on unstable fibers

In this Section we prove Theorem 1.1 and some lemmas on the evolution of measures
under 7T, that will be used in the forthcoming sections.

Proof of Theorem 1.1. Our Theorem 1.1 is in fact an adapted version of a result by
Sinai for ordinary Anosov systems (without holes). In our notations, his result reads

Fact [20, Lemma 2.3]. Let 7' be a C? transitive Anosov diffeomorphism. Then there
exists a unique family of conditionally invariant probability measures v{ on unstable
fibers U € U’ satisfying (1.3) with Lipschitz continuous densities p}(z) = dvi /dmy(z).

Remarks. Actually, Sinai constructed measures on stable fibers, but this does not
matter because one can take 7! instead of 7. Our map 7T need not be C?, it may be
less regular than Sinai’s. This is why our densities are only Holder continuous.

We now start the proof. Let y € H(G). Our proof works for measures defined on
M’ with (2.6) valid on all U € U'. Take a fiber U € U'. The measure g, = 7"y on M’
conditioned on U has a density f,(z) = du,/dmy(z). Due to (2.5), we have

fu(2) _ JUT ) J(Ty) ‘ fu(T™"2) (3.1)
fuly) — (T 2) - T (Tm2)  fu(Tmy) '

for every z,y € U.

12



Note that
dy(T™ "2, T™"y) < CpAp - du(z,y)

Since both J* and f, are Holder continuous on unstable fibers, see (2.1) and (2.6), we

have

|log J*“(T"y) —log J*(T™"z)| < Cy - CFAT [du(z, y)]* (3.2)

and

|log fu(T™"z) —log fu(T7"y)| < G- C7AT"[du(z, )] (3.3)
Hence, the ratio in (3.1) converges, as n — 0o, to
r(z,y) = lim fu(x)/fuly) = lim JH(T™"y)/J3 (T ")
Moreover, this convergence is uniformly exponential in n:
log[fu(2)/ fu(y)] —logr(z,y)| < (e1 + c2G)AT"

with some ¢, ¢; independent of z,y, U, p and G.
We define a function pjs(z) on U by

pir(x) = (/U r(z, xo) de(:z:)) - r(z, xo)

for any zg € U. The function pj(z) so defined does not depend on z and is a density of
a probability measure, v, on U. It is a direct calculation that

po(x) = lim fo(z) (3.4)
and
| log fu(x) — log pi ()] < (3 + caG)AT" (3.5)

with some ¢35, ¢4 independent of z,y, U, p and G.
Obviously, the function pf(x) is bounded away from zero and infinity, and it is Holder
continuous with the exponent a:

| log pi(x) — log pis(y)] < G - [du(z,y)]” (3.6)
with .
G.=Cy-C8-3 Mgn

n=0
which is independent of U.
The conditional invariance (1.3) now follows from the fact that

fal@) = pnp(T7HU) - T (@) - fasr(T')

for all @ € U, Tx € U’', which is just a particular case of (2.5). Taking the limit as
n — oo yields (1.3).
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The uniqueness of the conditionally invariant family of measures follows from the
convergence to it of any other family of measures with Holder continuous densities on
unstable fibers, under the iterates of T\, due to (3.4).

The restriction of the conditionally invariant family of measures v{ to U; will then
satisfy Theorem 1.1. Theorem 1.1 is now proved.

We now establish a few useful lemmas.

Lemma 3.1 There ts a constant Gy > 0, and for any G > 0 there is an integer ng > 1
such that if p € H(G), then Ty € H(Go) for all n > ng.

Proof. 1t follows from (3.1)-(3.3) that if p € H(G), then T € H(G,) with
Gn < G-CENT" + Gl

Lemma 3.1 is then established for any Gy > G..

Lemma 3.1 means the following. If the densities of the conditional measures i on
U € U oscillate wildly (G is big), then the map 7' stretching unstable fibers will quickly
‘smooth out’ those densities. In fact, the Holder constant (,, decreases basically like a
geometric progression as n grows. There is a natural bound, G, however, under which
the values of G, will not drop.

Lemma 3.2 The function pi(z) and its logarithm are Hoélder continuous (with some
exponent o/ > 0) on every Markov rectangle R; € R'.

Proof. The Holder continuity of p¥(z) along every unstable fiber U € U’ (with the
exponent «) was established by (3.6). Its Holder continuity along stable fibers (with some
positive exponent) follows from the Holder continuity of .J*(z) along stable manifolds and
the Holder continuity of the holonomy map (2.3).

Let p € H(Gy). For any n > 0 and U € U,, denote by i,y the measure y,, = T7p
conditioned on U.

Lemma 3.3 For any U € U,, the above measure pi, iy is equivalent to v and

e—C/\" < d,umU < GC/\"
>~ dl/ﬁ >~

where ¢ > 0 and X € (0,1) are independent of U,n, p.

Proof. This follows from (3.5) with A = A% and ¢ = ¢3 4 e4Gl.

In the notations of the previous lemma, let m > 0 and B € R,, be an atom of the
partition R, of the set M,,, and U, U’ C B two unstable fibers. Let A C U and A" C U’
be two canonically isomorphic Borel subsets, i.e. A" = h3(A) for any z € U".
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Lemma 3.4 For any n > m we have

e < M Ej,)) < e (3.7)
Z/U/

and
e—C/\m < Iu’th(A) < €C/\m
N Nn,U'(A/> N
with some ¢ > 0 and X € (0,1) independent of U,n, .

(3.8)

Proof. First, note that
dy(U,U") < D;Cr A}
where D, is the maximum diameter of stable fibers S € S’. The bound (3.7) now follows

from Lemma 3.2 and the Holder continuity of the Jacobian of the holonomy map (2.3).
The bound (3.8) follows from (3.7) and the previous lemma.

Convention. Without loss of generality, we can assume that the values of ¢ and A are
the same in both lemmas.

The next three statements involve the mixing power ky of the transition matrix A.

Lemma 3.5 There is a constant 3 > 0 such that for any p € H(Gy) and R; € R we
have

inf pr (T (R; 0 My, )N U) > (3.9)

Ueld

Proof. In virtue of the mixing assumption, for any U € U and any F; € R we have
Z/f}(T_NkO(Rj N Mg, )NU) > 0. For every i = 1,..., [ we pick an arbitrary ‘representative’
fiber U; C R; and from Lemmas 3.3 and 3.4 it follows that for any other /' C R; we have

pu (TR (R 0 My,) N U) > e v (T (R; 0 My,) N )
The bound (3.9) follows with
(T=*(R; N My,) N U;) >0

B =e* minv¥
]72

Lemma 3.6 There is a > 0 such that for any p € H(Go) and R; € R and all k > ko
we have

inf pup(T75(R; N M) NU) > B-sup up(T5(R; N M) N U) (3.10)

Ueld Uecld

Proof. Put m = k — kq. For U € U, let TkO(Uﬂ]W_kO) = U, U---U Uy for some fibers
Uy € Uy,. From (2.4) we obtain

L
po(THR; N M) NU) = 3 po(T0) - (T p)o (T~ (R; 0 My, ) N 1)

=1

I
= > po (TH00) - (T ) (T~ (R N M) 0 1)

i=1 LU, CR,

15



Using once again ‘representatives’ I; C R; and Lemmas 3.3 and 3.4, we get an upper

bound,

I
IMU(T_k(R]‘ N ]Wk) N U) < e Z,MU(T_kO (RZ N Mko) N U) . l/qu]i(T_m(R]‘ N ]Wm) N UZ)
=1
I ~
< e . Z l/l%i(T_m(R]‘ N Afm) N UZ)

=1

By invoking (3.9), we get a lower bound,

(T~™(R; N M,,) N T)

7

por(THR;AM)NU) > e ZuU (RN M) N U) - v

C}xﬁ

> .3, ZV (RN M) 0 U;)

Then we decrease the value of 3 by a factor of ¢=* and complete the proof.

Corollary 3.7 There is a 3 > 0 such that for any p € H(Go) and any s-subrectangle
D € R; (in particular for any atom D € R_,,, m >0) and all k > ky we have

inf pr(TH(DNM)NU) > B-sup up(T5(DN M) U) (3.11)
Uel Uel

Without loss of generality, the values of 3 € (0,1) are assumed to be the same in
these statements.

4 Conditionally invariant measure p, on M,

In this section we prove Theorem 1.2. First, we describe the concepts on which our proofs
in this and the following sections are based.

We invoke the Perron-Frobenius theorem for positive matrices and related techniques
developed by Sinai and Cencova. One can think of the matrices we will work with as
finite-dimensional approximations to the usual Perron-Frobenius operator on (infinite-
dimensional) space of measures. To clarify this connection, let us sketch how these
matrix techniques work for an arbitrary measurable transformation 7' : M — M.

The adjoint operator, T, on the space of measures on M acts by Tuu(A) = p(T1A)
for any measurable subset A C M. Constructions of the invariant measures and studies
of their statistical properties usually rely on the convergence of the sequence of measures
pn = Tru, as n — 0o, to a T-invariant measure po on M. To study this convergence,
one can take an increasing sequence of finite partitions & < & < --- of M, where
€ = {Agm), e ,Ai:)}, that converges to a partition into single points. Then one can
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represent any measure g on M by a sequence of (row) vectors p,, () with components

(Pm(p))i = /L(Agm)), 1 <1 < k,,. A probability measure y is represented by unit vectors,

|pm ()| = 1, the norm | - | for (row) vectors being defined below. Then under certain

regularity conditions that we leave out here, the weak convergence of a sequence of

measures fi,, as n — 00, to a measure fg is equivalent to the componentwise convergence

of the sequence of vectors p,, (1), as n — oo, to the vector p,,(uo) for every m > 1.
For a fixed m > 1, the vectors p,,,(x) and p,,(7T.p) are related by

P (Tipt) = P () (1) (4.1)

where I1,,, (1) is a ky, X k,,, matrix with components (11, (¢)):; = /L(T_lAgm)ﬂAgm))//L(Agm))

(we assume /L(Agm)) # 0 for all m, 7). Therefore, we have

P (T240) = P (1) W (1) - W (Topa) - - - W (T2 1) (4.2)

If the partitions &,, have nice geometric properties (i.e. they are Markov partitions or
alike), then the matrices in (4.2) are very close to each other, and so one can replace their
product by l:[;g with some matrix II,,. All these matrices have nonnegative entries, and
usually some power, IZIQL’", n,, > 1, has all positive entries. In that case Perron-Frobenius
theorem for positive matrices, see Appendix, applies. It provides a (unique) positive
unit eigenvector, p,,, for the matrix II,,, corresponding to its (unique) largest eigenvalue
A > 0. We call p,, the Perron eigenvector and ), the Perron eigenvalue. Moreover, for
any other positive unit vector q,, the sequence of vectors qf[% converges, as n — 090, to
P (exponentially fast in I = n/n,,). This can be used to prove that for some suitable
probability measures p the vectors p,, (17 1) will be close to the Perron eigenvector py,
for large enough n.

Now, the limit of the Perron eigenvectors p,,, as m — oo, defines a measure po on M,
which will be the weak limit of T, as n — co. The details of this scheme depend on the
specific dynamical system and specific sequence of partitions £,,. Various versions of this
matrix method work well for systems with sufficiently strong hyperbolic or expanding
properties.

We prefer this matrix machinery for two reasons. First, it allows us to compute some
characteristics of limit invariant measures which are not readily available otherwise, like
the ones in our Propositions 1.5 and 1.7. Second, this machinery looks flexible enough to
work well for hyperbolic systems with singularities, in particular billiards, so it deserves
a special attention.

We now make a few conventions. As it is already clear, we will study vectors p whose
components correspond to atoms A € ¢ of some finite partitions ¢ of M. We will not
enumerate or even order those atoms, so our ‘vectors’ will be just collections of numbers,
denoted by pa, A € £. Likewise, we will work with ‘matrices’ Il whose entries correspond
to (ordered) pairs A, B of atoms of the partition ¢, and we denote them by Il 4 5. Despite
the lack of order, we think of our vectors as row vectors, and the product q = pllI is
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naturally defined to be another (row) vector with components

as = > _pallas
Agg

Next, for any (row) vector p we define its norm by

|P| = Z |PA|

Agg

and we call a positive vector p a unit vector if |p| = 1. For a positive matrix II the ratio
of rows, P, is defined by

P = max HA’B HA“B
Al AY BeE ! / !

Any two positive matrices, II and II’, are said to be close with the constant of proximity

R > 1iffor all A, B € £ we have
R < Iy p/lly g <R

We now begin the proof of Theorem 1.2. Recall that any measure y € MY is sup-
ported on My, has conditional measures v on fibers /' € Uy and is then completely
defined by its factor measure i on ;. Due to Theorem 1.1 the operator 7. and the
transformation T, leave MY invariant. The conditionally invariant measures u € MY
are fixed points of the transformation 7.

Consider the increasing sequence of partitions Rf < Ri < --- of M, defined in
Sect. 2

Any measure ;1 € MY can be represented by a sequence of (row) vectors

Pm(p) = {u(B): Be R}

The weak convergence of a sequence of measures, y, — p, in MY, is equivalent to the
componentwise convergence pp, (ftn) — Pm(ft), as n — oo, for every m > 1.
According to (4.1), for any ¢ € MY and k > 1 we have

P (TE4) = P ()11 (1) (4.3)
where I19) (1) is a matrix with components
{u(T*[B" N My N B")/u(B"): B',B" € R}} (4.4)

(here B’ is the ‘row number’ and B” is the ‘column number’). Note that if y' is propor-
tional to y, ' = a -y with some constant a > 0, then II{)(y') = 115 (1) for all m, k > 1.

Remark. Some entries of 11(F)() may not be defined by (4.4) if u(B’) = 0. In that
case we can define them arbitrarily without doing any harm to the equation (4.3). We
simply pick a U C B’ and set the component (4.4) to v (T~*[B" N M| N U).
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Next, the equation (4.3) directly implies that

kg = P ()
P = o ()

Lemma 4.1 For any m > 1 and k > ko the matrices ") (u), up € MY, satisfy two

(4.5)

+7
conditions:
(i) the ratio of its rows is bounded by P = 571:

S W R (B0 Mys] 0 B (BY) '

for all B}, B}, B" € R} ;
(ii) the matrices "9 (uy) and TR (1y), for any py, ps € MY, are close to each
other with the constant of proximity R = exp(cA™), i.e.

pmeAm pa (T~ [B" N My ] N B') /i (B')

< A" 4.7
S (TR (BT My ] 1 B (B = (4.7

forall B', B" € RY.

Proof. Put Uy p = {U € Uy : U C B} for B € R}. Then the components of the

matrix [I{"+*) (1) can be expressed by
ﬂ(T_m_k[B// N ZWTfH-k] N BI) 1 / —m—k[ R N
- (T~ F[B" 0 M) 0 U) di(U) (4.8)
p(B') iUpr) g, Y *

For any B"” € R}t there is an atom D € R_,, such that T-™B"” = M, N D. So, for any
k >0 we have T~ *[B"N M,,4x] = T~*[D N M;] N M. Now, the estimate (4.6) follows
from (4.8) and Corollary 3.7.

To prove (4.7), notice that the set T=*[D N M,] is a finite union of s-subrectangles
(some atoms of R_,,_x). Thus, for any two unstable fibers U, U’ C B’ the sets T=*[D N
Ml N U and T=*[D N M,] N U’ are canonically isomorphic, and Lemma 3.4 implies

_cAm < l/[,lj'(T_k[D N Alk] N U) < AT
e
T v (T*DN MU —

(4.9)

This and (4.8) prove (4.7). Lemma 4.1 is proved.

We continue the proof of Theorem 1.2. For any m > 1 and B € RY we pick an
arbitrary ‘representative’ unstable fiber Uy C B. For any m > 1, k > 1, denote by I11(*)
the matrix with components

{vg (T7F[B" N M0 Ug): B',B" € R}} (4.10)
Note that IT¢) = II(¥) (1) for any measure ji € M supported on the union of repre-
sentative fibers Ug, B € R}, and such that ﬂ(UB) > 0 for all B € R}. Thus, the

m)
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matrix 11[7(72”4"“), k > ko, satisfies the bound (4.6) on the ratio of rows and is close to any
II0m+5) (1), o € MY, with the constant of proximity P, see (4.7).

According to the Perron-Frobenius theorem, provided in Appendix, the matrix f[gg”““o)
has a positive unit (row) eigenvector, p,,, corresponding to its largest eigenvalue.

We put

v =max{\,1—3/2}
and fix an mg such that
(1= B)e™ <

Proposition 4.2 There is a constant Cy; > 0 such that for all m > mg, my = m + ko,
and n > m we have

P (T7 1) = | < Co(4/ ™ 4 A7)

Proof. Put L = [n/mq] and | =n — my L, so that n = myL 4+ 1,0 <! < my. Then

P (17 10) = P (LLp) LD (TLp) I (T gy - DLl (7 E=tmt )

m

and
P (T 1)

(1) = Pt
Pu(T5m) = 10 (o)

Theorem A.6 now implies Proposition 4.2.
Next, for any m > [ > 1 and any vector p,, whose components correspond to atoms
B € R}, we denote by p,,|; the vector with components

(Pmu)B/ = Z (Pm)B

BCB'
corresponding to atoms B’ € R}.
Proposition 4.3 For any [ > 1 there exists a limit
= Jim b
The sequence of vectors r; satisfies the equations
lr;] =1 and 1y =14 (4.11)

foralll >k >1. Moreover, for all m > | we have

[P — 1| < 4C1y™ (4.12)
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Proof. Let yp € M4, 1>1and n > m(> ) be large enough. For any s > n(n + ko)
Proposition 4.2 yields
and

Pa(Tp) = Pul < 2C17"
By using an obvious fact that ppm(T5¢) = pn (13 1), we get

Dimit = Paltl < [P — Papm| < 4C1H™ (4.13)

Thus, for any [ > 1 the sequence of vectors p,;, n > 1, is a Cauchy sequence, so it
converges to a vector that we denote by r;. Now (4.12) follows from (4.13). It, in turn,
readily implies (4.11). Proposition 4.3 is proved.

Due to (4.11), the sequence of vectors r;, [ > 1, specifies a probability measure
fi+ € MY such that pi(p4) = r; for all [ > 1.

Corollary 4.4 For any measure p € MY the sequence {T}u} weakly converges, as
n — oo, to uy. Moreover, for all | > 1 and n > max{m?, >} we have

Pi(T7 1) — Pi(pes )| < CayV™,

with some constant Cy > 0.
Clearly, Ty pty = p4 and
Tipy = Appy  with Ay = py (M)

Theorem 1.2 is now proved.

5 Limit theorems for the measure

Here we prove Theorems 1.3 and 1.4. The proofs require the extension of the previous
analysis from the class of measures MY to the larger classes M,.

For any measure pr € M,, we denote by i its conditional measures on unstable fibers
U C M,, and by [ its factor measure on U,,. For any measure u € M, we can consider
a finite sequence of vectors,

Pr(p) ={u(B): B € R}

for 1 < m < n. Note that if we have a sequence of measures u,, € M, for which the
sequence of factor measures i, weakly converges, then its limit is a factor measure [t of
some p € M?%. This is equivalent to a componentwise convergence py,(fin) = Pm(pt), as
n — oo, for every m > 1.
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According to (4.1), for anyn >m > 1,k > 1 and p € M,, we have T*u € M,y and

P (T51) = P () - W (p)

where 119 (1) is the matrix with components
((THB 0 M 0 B (B - BB € R}

(here, as in (4.4), B’ is the ‘row number’ and B” is the ‘column number’). The equation
(4.5) holds without changes. The remark before Lemma 4.1 also applies, but now B’, B”
are atoms of R,, instead of R} . The following lemma is an analog of Lemma 4.1:

Lemma 5.1 Let ¢ € H(G) with some G > 0. Then for any m > 1, k > ko and
n > m + ng the matriz W (1,) for the measure p, = T'u € M, satisfies two
conditions:

(i) the ratio of its rows is bounded by 37':

pa(T7" B O My OV BY) [pn(BY) _ oy
DS (T FB7 O M) 01 By) [ (By) = (5.1)

for all By, By, B" € R,.;
(ii) for all B', B" € R,, we have

—2eA™ Nn(T_m_k[B” N ]wm+k] N B/)/ﬂn(B/) < p2eAm

> /H_(T—m—k[B// N ]wm+k] N B/)/Iu_l_(B,) (52)

€

Proof. Note that u, € H(Gy) due to Lemma 3.1. for B € R,,. Then the components
of the matrix I1{"+%)(1,) can be expressed by

:un(T_m_k[B” N ]wm+k] N B/) 1 —m—k[ N N
o = i L (T B L0 din(0) (53)
For any B"” € R,, the set D = T~™B" is an atom of R_,,. So, for any k¥ > 0 we have
T-"=%[B" N M,,4x] = T7*[D N M,]. Now, the estimate (5.1) follows from (5.3) and
Corollary 3.7.
The first part of the proof of (5.2) repeats word by word that of (4.7), but then (4.9)
must be combined with Lemma 3.3. This gives

—2exn (T [D N MO U)

< 2cA™
= e (TFDA M NUY = ¢

for all U, U" C B’. This and (4.8) with (5.3) prove (5.2). Lemma 5.1 is proved.

The following proposition is an analog of Proposition 4.2:
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Proposition 5.2 There is a constant C3 > 0 such that for all m > mg, my = m + ko,
n>m and any G >0, p € H(G) we have

[P (1370 p) = Bra| < Co(31/™) 2

It is enough to prove this for p € H(Gy) and ng = 0. The proof then repeats that of
Proposition 4.2 word by word.
Combining Propositions 5.2 and 4.3 gives

Corollary 5.3 Let GG > 0 and p € H(G). For every | > 1 the sequence of vectors
pi(T}p) converges to vy = pi(py). Moreover, for all n > max{mg, [’} we have

(L3¢ 1) — pulpg )| < CayY™,
with some constant Cy > 0.

Corollary 5.4 Let G > 0 and pp € H(G). The sequence of factor measures fi,, where
pin = T}, weakly converges, as n — oo, to the factor measure jiy on Uy

We now begin the proofs of Theorems 1.3 and 1.4.

Proposition 5.5 Let G > 0 and p € H(G). The sequence of measures p, = T}y,
n > 1, weakly converges to the measure .

Proof. Since T}%u € H(Gy), we may assume that g € H(Gy). It is enough to show
that for every [ > 0, k > 0, every atom B € R; and every atom D € R_; we have a
convergence

pn(BND) = puy(BND) as n— oo (5.4)

In the following, B and D may be also unions of some atoms of R; and R_y, respectively,
in one Markov rectangle R; € R. Let n > max{m3,[*}. Put m = [\/n]. Then B is the
union of some atoms of R,,, let us denote them by Bi,..., Br. In every B; we pick a
‘representative’ fiber U; C B;. Note that

(B D) = [ (D OU) diie (U)

where i, 17 1s p,, conditioned on the fiber U and fi, is its factor measure on ¥,,. Due to
Lemmas 3.3 and 3.4 we have

L
pn(BOD) < e 3, 5.(D) - pa(Bi)
=1

IA

L
Ny ng (D) - pa(B)
=1
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The corresponding estimate from below with negative exponents also holds. In the same
way Lemma 3.4 yields

L
pe(BND) < e Y (D) - pe(B)
=1

and the corresponding lower bound with the negative exponent.
Now, Corollary 5.3, in which we can set [ = m, implies

p(BOD) < N py(BND)+¢* - sup pis(D) - [pm(pn) — Polpis)

Uelp
< N (BAD)+ ¢ sup (D) Coy™ (5.5)
Uelp
and, respectively,
p(BN D) 2 ey (BO D) =% sup (D) - Oy (5.6)
B

These two bounds readily imply (5.4). Proposition 5.5 is proved.
The first statement of Theorem 1.3 now follows immediately. To prove the second, it
is enough to establish the following:

Proposition 5.6 For any G > 0 and p € H(G) the limit

cli] = Tim Ap T2l (5.7
exists and c[p] > 0.
Proof. Clearly, .
17| = H (Tl = T (Tep) (M) (5.8)
Let i, = T7p for n > 0. It is enough to show that the series
n M— n
Zlo ,u nZ%log’u M_>)

converges. Note that u,. € H(Go), so we may again assume that y € H(Gy).
Now, let R; € R and D = R, N M_;. Let P;' = min; puy(R; N M_y). Then the
bounds (5.5) and (5.6) combined with (3.7) imply that

e N — Py Cay™ < pn(D)/py (D) < ¥ + By - Cy™
for all n > m?2 with m = [\/n]. Therefore,

fin(M_y)

log < O™
pa (M_1) i
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with some constant C's > 0. Proposition 5.6 is proved.
Theorem 1.3 is then proved also.

Remark. For every G > 0 the convergence in (5.7) is uniform in g € H(G). In
particular, if u € H(Gy), then for all m > mg

|log c[u] — log(Az™ |1 pl])] < Cs - 30 4" (5.9)

We conclude this section with proofs of Theorem 1.4 and Proposition 1.5. The first
part of Theorem 1.4 is a particular case of Proposition 5.5. Next, since u¥, € H(Gy),
Proposition 5.6 applies and ensures the second part of Theorem 1.4 with

e(U) = c[uy] = Jim A" pir(M-y,) (5.10)
In virtue of Corollary 3.7, the function e(U) is positive and bounded:
-1 -
[sjtége(U) <p lljrége(U) (5.11)

This bound and (5.9) imply the following:
Corollary 5.7 There is Cg > 1 such that for any m > 0 and any U € U we have
Cot <A™ ug (M) < Cs

Due to (5.9), the normalization (1.9) will follow if we show that for all n > 0
A [Tl i (0) = 1
Uy
This equation is verified as follows:
[Tl di (U) = [ (M) di (U) = s (M) = X3
Uy Uy

Proposition 1.5 is proved.

Remark. There is an alternative proof of Theorem 1.4, along the lines of [4], based on
the following observation. Recall that the matrix TI7+*o (1), cf. Sect. 4, has the largest
eigenvalue /\T+k° and the Perron row eigenvector p,,(p4). According to the Perron-

Frobenius theorem, see Appendix, it also has a positive column eigenvector, p* (¢+),
such that

IR (s (i) = APTopr (py)

The sequence of vectors p¥, (y4) ‘converges’, as m — oo, to the function e(U) on U, in
the following sense: for any U € U, the numerical sequence

{(p:.(14))B, where B € R} issuchthat B D U}

converges, as m — 00, to e(U) exponentially fast in m. We do not elaborate this proof
here, it is given in full detail in [4] for the case where T' is a smooth horseshoe.
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6 Invariant measure 7, on the repeller ()

Here we prove Theorems 1.6 and 1.8.

For any n > 1 the measure ,uf) = T "uy defined by (1.10) is supported on M NM_,.
Its conditional measures on U N M_,,, U C My, ie. v¥(-/M_,), they are absolutely
continuous with respect to the Riemannian volume on U with densities

pe () = [s(UNM_))  pt(x), xeUnM_,

Its factor measure, ,&f), on U, is absolutely continuous with respect to 4, and its
Radon-Nikodym derivative is

dji”
djy
for U C Uy, in virtue of (1.11). Due to (5.10), we have

(U) = A" -vi(UNM_y)

lim

for any U € Uy.
Corollary 6.1 The sequence of measures ,&f) weakly converges to the measure jig on Uy
defined by

dfio(U) = e(U)dji4(U)

We now complete the proof of Theorem 1.6. Let £ > 1, [ > 1, and consider two
arbitrary atoms B € R; and D € R_j. For all n > k we have

WO(BAD) = py(T7I(BA D)0 ML)
= (T (B D) A M]) = ™ (1B 0 D))
The set T*(B N D) is an atom of Ry4;. Due to Corollary 6.1 we have

lim x{(B N D) = lim p ™ (TH(BND)) = j{U ey : U THBND)}

n—oo n—oo

Hence, the sequence of measures ,u(f) = T "y weakly converges, as n — 00, to a measure
N4+, which is supported on the closed set M4 N (N,>1M_,) = . The invariance of 74
under 7" follows from two equations:

WP(T(B A D)) = (14 (B 1 D))

and

(T (B A D)) = u (TR (B A D))
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(B and D are the same as above). By taking the limit as n — oo, we obtain (1.12).
Theorem 1.6 is proved.

Proposition 1.7 follows from Corollary 6.1.

We now prove Theorem 1.8.

Proposition 6.2 For any GG > 0 and any measure y € H(G) the sequence of measures
fonm defined by (1.14) weakly converges, as m,n — oo, to n;.

Proof. Since T}%u € H(Gy), we may assume that g € H(Gy). It is enough to show
that for every k,1 > 0, every atom B € R; and every atom D € R_; we have

i g (BN D) =1y (BN D)

Let m > k and n > [. Note that 7, (BN D) = ny(T* BN D)) and pp (BN D) =
tntkm—k(T*(B N D)), and T*(B N D) is an atom of Ryy;. Thus, it is enough to show
that

im  pin m (B) = 14(B) (6.1)

m,n—00

Recall that ,u(f)(B) — n4+(B) as n — oo by Theorem 1.6. Thus, (6.1) is equivalent to
the following;:

n,m B
lim ”(;n)( ) _ (6.2)
)
Let y, = T}p. The ratio of the above measures can be rewritten as
pnm(B) _ pn(BOM_p)  py (M)
(B pe(BOM_y)  pn(M_p)
First, we will show that
~(BNM_,
iy Hn(BOM_w) (6.3)

m,n—00 Iu-l-(B N AJ—m)
A direct application of bounds (5.5), (5.6) and Corollary 5.7 gives

3eAVT

pa(BOM_,) < Ny (BN M_,) 4 e* - CeXT - CypV™

and
in(BOM_) > ey (BN M_,) — €' CoAT - CayV™

for all n > max{mZ,?} and m > mZ. Due to Corollary 5.7 we have

Combining all the previous bounds yields (6.3).
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The equation (6.3) holds, in particular, for [ = 0 and B = R;, 1 < ¢ < [. Since
M_,, = UL, (R;NM_,), we immediately obtain

M_,,
lim M+( )

=1
m,n—00 /Ln(ﬁl—m)

thus completing the proof of (6.2) and Proposition 6.2.
The first part of Theorem 1.8 is then established.

Proposition 6.3 For any G > 0 and p € H(G) the limit (see (1.15))

cul = lim |]p .|l

m,n—00

exists, and c[p] is the same as in Proposition 5.6.

Proof. We have

oim g = Tim AT ) (M)
= lim AT ()

which is equal to ¢[u] due to Proposition 5.6. Proposition 6.3 is proved.
The proof of Theorem 1.8 is completed.

7 Ergodic properties of the measure 7,

Here we prove the ergodic and fractal properties of the invariant measure 7, on the
repeller, given by statements 1.9-1.14.

Let k,1 > 0, and take arbitrary atoms B € R; and D € R_j. Assume that int(B N
D) # ) and pick a point x € BN D.

Lemma 7.1 There ts a constant C; > 1 independent of v, B, D, k,l such that

Ot < N (T702) - (B D) < C

Proof. The set £ = T*(B N D) is an atom of Ry, and due to (1.13)

1(BAD) = s (TBOD)) = [ e(U)dji (U)

Upg

In virtue of (1.9) and (5.11) we have

< inf e(U) <supe(U) < 5_1

Ueld Uecld
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so that
< (BND)

T pe(E)

Next, the conditional invariance of p; implies that

<p7!

e (B) = 07 s () =055 [ (P ) e (0)
where F'=T~{(BN D) is an atom of R_j_; and U(F)={U €U : UNF # (}.

To estimate this last integral, recall that the measures v on unstable fibers U € U
have densities uniformly bounded away from zero and infinity, and note that for all
UCU(F)

0 < const <my(FNU)- JgH(T_l:v) < const < oo

which follows from the absolute continuity of stable and unstable foliations, Sect. 2. This
completes the proof of Lemma 7.1.

This lemma immediately implies that 5, is a Gibbs measure with the potential
g+(x) = —log J“(x) and the topological pressure P(ny) =log Ay = —v4, see [2].

Theorems 1.9 and 1.11 are now proved. Corollary 1.10 mostly follows from [2], for
more advanced limit theorems than the central limit theorem see, e.g., [12].

Theorem 1.12 is self-evident.

We now turn to Theorem 1.13.

The measure n_ is also a Gibbs measure, with potential

g() = log J*(T"a)

and topological pressure P(n_) = —log AZ! = —y_. The next lemma is a direct conse-
quence of [2, Proposition 4.5].

Lemma 7.2 The following three conditions are equivalent:

(i) nye = n-;

(ii) there is a constant Z > 0 such that for any periodic point x € ), T*x = z, we have
JH(e) - Jp(e) = 74,

(iii) the functions g4(x) and g_(x) are cohomologous, i.e. there is a constant R and a
Hélder continuous function u(z) such that g4(z) — g_(z) = R+ u(Tz) — u(z).

If those conditions are satisfied, then

—InZ=R=Pn) = Pn-) =v-— 1+

Theorem 1.13 now follows immediately. This theorem, combined with Proposition 4.14
from [2], gives Corollary 1.14.

Possible applications of Theorem 1.13 and Corollary 1.14 cover hyperbolic repellers
constructed on the base of Hamiltonian systems (those preserve Liouville measures that
are absolutely continuous). In particular, these include billiard systems, like the open
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billiard with three circular scatterers studied in [13], where repellers are thus always
time-symmetric.

Another interesting class of repellers are linearrepellers. Let the rectangles Ry,..., Ry
be subset in IR? and all £ and all E* be parallel. Let the map T be linear on each R;,
with the constant derivative DT =const on M, so that the functions J*(z) = J* and
J*(xz) = J* are constant on M. In this case the measures ny and n_ always coincide,
and both coincide with the measure of maximal entropy on {2, see [2] for definitions and
details. In this case the repeller €2 is, however, time symmetric if and only if det DT' =
Ju. J5 =1, ie. if T preserves the Lebesgue measure in IR?.

8 Generalizations and open problems

In our arguments, we never essentially relied on the fact that 7' was a diffeomorphism of
a connected manifold, in fact the action of 7" on H = M’ \ M never came into play. All
our results hold true under the following, more general assumptions:

Let M be a finite union of disjoint closed domains Ry, ..., R; in a smooth Riemanniam
manifold M. Let T : M — M be a diffeomorphism of M onto its image, which is C1*< up
to the boundary dM. We assume the Anosov splitting (1.1) at every € M, and require
(1.2) if the corresponding iterations of T' are defined. Let the bundles £E** be Holder
continuous and integrable over every R;, so that R; is foliated by Holder continuous
families of C''** submanifolds W** such that TW»* = E“* at every * € R,;. Assume
that every R; is a rectangle and {R; ..., R;} is a Markov partition of M in the sense of
Section 2.

Under these assumptions our results remain true. The above setting is very convenient
for horseshoe-like maps, studied in [4, 18].

We now discuss what happens if we relax the mixing assumption in Section 2. First,
we can classify the rectangles like one does states of Markov chains. We call a rectangle
R; recurrent if its points come back to itself under T, i.e. intR; N T™(R; " M_,) # () for
some n > 1. In the trivial case, where all the rectangles are nonrecurrent (transient), the
sets My, M_ and ) are empty, and the phase space M ‘escapes’ entirely.

The recurrent rectangles can be grouped, in each group points from any rectangle can
be mapped into any other rectangle, so that the symbolic dynamics within every group
is transitive.

Let us assume first that there is only one transitive group of rectangles Ry,---, Ry,
and put My = R;U...URy,. This group is periodic if there is a £ > 1 such that the periods
of all the periodic points in My are multiples of k. In that case this group can be divided
into & subgroups cyclicly permuted by 7', and the restriction of 7% to any subgroup is
topologically mixing. The study of the map 7' admits a standard reduction to that of
T*, well known in the theory of Axiom A diffeomorphisms [2], so that we can restrict
ourselves to the main case £k = 1. Then the repeller € belongs in M. The nonrecurrent
rectangles R;, 7 > Ig, can be of three types: isolated (such that int7™R; N My = ) for all
n € 77), incoming (such that int7"™R; N My # ) for some n > 0) and outgoing (such that
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int7T"R; N My # 0 for some n < 0). The set M, intersects only recurrent and outgoing
rectangles, M_ only recurrent and incoming ones. The measures 4 conditioned on M,
coincide with the corresponding measures for the restriction of 7' to My. The measures 7.
and the escape rates v+ will be the same for T'|5; and T'|pz,. So, nonrecurrent rectangles
do not really affect the properties of the repeller € studied in this paper, they only may
enlarge the sets My and ‘stretch’ the measures py accordingly.

A more involved situation occurs when there are two or more groups of recurrent

rectangles. For simplicity, consider two groups, Rj,..., R} and R{,...,R] , and put
My = UR; and My = URJ. If there is no connection between these groups, i.e.

int(T"Mi N T™MY) = 0 for all m,n € 7Z, then we have two trivially independent re-
pellers in M/ and M}, respectively. On the contrary, if there is a route from MJ to M/,
Le. int(T"M, N MJ) # 0 for some n > 1, then the picture gets intricate. The rate of
escape from Mg is still the same as for the map 7'y, as if My did not exist. The escape
from M, however, is combined with the influx from M{. The resulting escape rate from
M will be than determined by three factors: the escape rates from M{, M and by the
fraction of M/ siphoned into M after escaping from M]. We did not investigate here
these interesting phenomena.

Another natural extension would be to study Axiom A diffeomorphisms rather than
Anosov ones. Let T': M’ — M’ be an Axiom A diffeomorphism with the basic set €).
Let M C M’ be a proper closed subdomain such that Q@ = N>=_T"M. Then it might be
possible to construct conditionally invariant measures on M, = NS°T™AM and invariant
measures on {) in the same way as we did for Anosov diffeomorphisms. We leave this for
future researches.

Lastly, there are nonuniformly hyperbolic diffeomorphisms and hyperbolic maps with
singularities, like billiards, which have countable Markov partitions and the derivatives
often growing to infinity at singularities. Fxtension of our results to those models is the
most challenging problem at present.

Appendix

This appendix contains the Perron-Frobenius theorem on positive matrices and related
results. Most of these results are taken from [4].
Let V,, be the space of row m-vectors, and V* the space of column m-vectors. We

equip them with norms

la| = ;|ai|v [b%] = max [bi (A1)
and scalar product

(a, b*) = aiby + -+ + anbn

for all a € V,, and b* € V*. We call vectors a € V,, and b* € V* positive if their
components are all positive.
Note that |[(a,b*)| < |a||b*|.
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Let P,, be the set of m x m matrices with positive entries:
A:(Ai]‘)epm if AZ']‘>O V1i<iy,5<m

Stochastic (3°; A;; = 1) and substochastic (3°; A;; < 1) matrices are the best studied
classes of matrices in P,,.

Theorem A.1 (Perron-Frobenius theorem) FEvery positive matric A € P,, has a
positive row eigenvector p and a positive column eigenvector p*:

pPA=Ap and Ap"=Ap”

where A > 0 is the largest (in absolute value) eigenvalue of the matriz A. These vectors
are unique up to a scalar multiple, i.e. the multiplicity of X is one.

We put p and p* for the Perron eigenvectors of A normalized so that

Zpi = |p| =1 and Zpipf = (p*,p) =1 (A'Q)
=1

=1

For a fixed matrix A € P,,, we introduce other norms in V,,, and V* by

lalle =3 laclyr, b7l = ma (1571/07) (A.3)

If the components of a are non-negative, then
lall. = (a,p”) and [laA]]. = Alla]l,

Note that |(a, b*)| < [[all,|[b*]]..
We will say that P > 1 is an estimate of the ratio of rows of A € P, if

PU'<A;/AL <P V1<ijk<m

If A satisfies this estimate, we write A € P,,(P).
If A € P,.(P), then the components of its Perron eigenvectors satisfy

P <pr/ps <P, APT' < Ayfpy < AP, PTR<pr <P
for all 1 <i¢,5 < m. The norms defined by (A.1) and (A.3) are then equivalent:
Plal < all, < Pla] and P7'[b*[ < [[b*||. < P|b]

for alla € V,, and b* € V.
The following estimate on the so called coefficients of ergodicity is also satisfied if

A eP,.(P):
Yopi- inf (Ay/pi) 2 AP
Jj=1

1<e<m
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Denote by L,, and L? the orthogonal complements to the Perron eigenvectors:
Ln,={a€eV,: (a,p’)=0} and L’ ={b"eV’: (p,b")=0}
Then we have the decompositions
a=(a,p’)p+ay with ap€ L,

and

b* = (p,b*)p* + by with bje L}
Lemma A.2 [f A € P,,(P), then for any a € L,, we have
laA ||, < A(1 = P7H)l[all,
and for any b* € L we have
|AD™[|. < A(1 = P72)[[b"|[.

If A < 1 (this is the case if A is a proper substochastic matrix), then this lemma says
that the contraction in the orthogonal subspaces L,, and L? is stronger than that in the
eigenspaces spanned by the Perron eigenvectors.

Corollary A.3 If A € P, (P) and 0 =1 — P~', then

Iim A7"A" =p @ p

where (p* @ p)i; = pip; is the tensor product of p* and p. Moreover,
(A" A" — p™ @ p)ll, < 20"p;,
where By, for a matriz B, means the k-th row.
Remark. If A is a stochastic matrix (37; A;; = 1), then A = 1 and p7 = 1 for all

1 <5 <'n, and we recover a well known ergodic theorem for finite Markov chains.

We now compare the action on positive row vectors by two positive matrices which
are close to each other. We say that B € P, is close to A € P,,, with the constant of
prozimity R > 1 if

In the following statements, A € P,,(P) is a fixed matrix, p is its Perron row eigenvec-
tor normalized by (A.2) and A is the corresponding eigenvalue. We also set § =1 — P~1.
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Lemma A.4 Let q be an arbitrary positive row vector such that ||q||, = 1. Let B € P,
be another matriz close to A with the constant of proximity R > 1. Then

B IpAll, < [laB]l. < Rl[pAll,

and

[gB — pA|l, < M||lg—pl||, + M(R—-1)

Lemma A.5 Let B € P, be as in Lemma A.J. For any positive row vector q € V,, we
have

pPA

< 0R||lq - pl|, + 2R(R - 1)

HIIqBII

Theorem A.6 Let B1,Bs,..., B, € P, be matrices, all close to A with the same con-
stant of prozimity R > 1. For any positive row vector q € V,,, we put q, = qB1---B,.
In addition, assume that 0R < 1. Then we have

< 20"R" 4+ 2R(R — 1)(1 — OR)™

HanII

and
‘ |q”| —p| <4PO"R" + APR(R — 1)(1 — OR)™*
qn
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