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Abstract. The purpose of this Note is to announce the proof of the non-existence of expansive 
homeomorphisms on simply connected closed manifolds, provided one assumes locally 
connectedness of local stable and unstable sets. We also show the non-existence of 
homoclinic points in the universal covering of Anosov diffeomorphisms. These results 
are obtained by studying the lifted dynamics to the principal loop-bundle, thus obtaining 
a link between dynamical systems and universal gauge theory. 0 1999 Academic des 
science&ditions scientifiques et medicales Elsevier SAS 

RCsumC. 

Fib& principal des lacets et syst&mes dynamiques 

Le but de cette Note est d’annoncer la preuve de la non-existence d’homeomorphismes 
expansifs sur les varie’tes simplement connexes, compactes et saris bord, en supposant la 
connexite’ locale des ensembles stables et instables locaux. Aussi, nous montrons la non- 
existence de points homocliniques dans le revetement universe1 d’un diffeomorphisme 
d’Anosov. Ces resultats sont deduits de l’etude de la dynamique relevee au 
jibre principal des lacets ; de cette fagon, nous e’tablissons un lien entre les 
systemes dynamiques et une theorie de gauge universelle. 0 1999 Academic des 
sciences&ditions scientifiques et medicales Elsevier SAS 

Version franqaise afhge’e 

1. Introduction 

Le but de cette Note est d’annoncer les r&ultats suivants : 

THI?OF&ME 1. - I1 n’y a pas d’homt!omorphismes expansifs sur les varie’tb compactes simplement 
connexes en supposant la conkxite’ locale des ensembles stables et instables locales. 

THBOF&ME 2. - Le relbvement d’un diffkomorphisme d’Anosov au revkftement universe1 n’a pas de 
point homoclinique. 

Ces r&ultats pourraient contribuer a la classification des diffeomorphismes d’Anosov (voir [4], [7], 
[8], [ 131, [15]). Ces thCor2mes sont obtenus en Ctudiant le relevement de la dynamique au fibr6 principal 
de lacets. Ce dernier est defini de la faGon suivante : soit R l’ensemble des applications continues 
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a:I--tA4 , soit Q/ -. le quotient par la relation d’equivalence gCnCrCe par les identifications : 
ctuu-lp N a/I?. Si l’on fixe un point base .T E A.4, l’espace total E.r est l’ensemble des classes des 
N E R qui satisfont a(O) = rc. On designe par {o} la classe de a. Le groupe L,E est form6 par 
les classes des courbes Q telles que a(O) = a(l) = Z. La projection -n; : &,, -+ iVl est definie par 
~({a}) = a( 1). Cela donne un fibre principal muni d’une connection dont le relevement horizontal 
est le suivant : si p E ET et c~ est une courbe dans la variete de base telle que T(P) = a(O), le 
relevement horizontal de QI a partir de p est la courbe 6(t) = ?, {(Q}, ou at(s) = ni(ts). L’utilisation 
du fibrt principal universe1 darts l’etude des systemes dynamiques est motivee par l’observation que 
deux idees cl& de [ 121 peuvent Ctre interpretees plus facilement au moyen des lacets : 
1) On considere les courbes << courtes D (voir definition de Al ci-dessous) dont les points initial et final 

sont &pares par iteration dans le futur. Alors, les it&es dans le futur des classes d’equivalence de 
telles courbes demeurent loin (dans la topologie quotient) des classes des courbes courtes. Cette 
propriete semble une forme faible d’expansivite infinie dans le fibre des lacets. 

2) Fers a cheval longs et fins qui arrivent dans les applications pseudo-Anosov generalisees de S2 
(lesquelles sont << longitude-expansive >> mais non expansives) correspondant aux classes qui sont 
proches des classes de courbes courtes. 

2. DCfinitions et rhltats 

DEFINITION I. - L’homeomorphisme f est expnns(f s’il existe r > 0 tel que si dist (f”(:r:), fn(,)) 
< r pour tout n entier, alors :1: = y. 

DEFINITION 2. - Soit 0 < E < T. L’ensemble stable local est defini par : 

W;‘(Z) = {y : dist (f’“(z),,f”(:r)) < E, n > 0} 

et l’ensemble instable local par : 

Wz(x:) = {y : dist (f”(z):f’“(~)) < E, rl < O}. 

Soient 0 < p < rr < r2 < T tels que si dist (z, y) < p et il existe N tel que dist (f”‘(z), f”(y)) < p 
et dist (f”(x), fi(y)) < r2 p our tout 0 < 1: 5 N, alors dist (P’(Z), ,f’(y)) 5 r1 pour tout 0 5 % 5 N. 

DEFINITION 3. - Soit X(N) l’ensemble des (~>y) qui satisfont 

dist (z:, y) < p et dist (fN(~), ,f”(y)) < p. 

Soit X,(N) c X(N) I’ ensemble des (2,~) dans X(N) vtrifiant dist (fi(x), .fi(y)) 5 ~1 pour tout 
0 5 i 5 IV. Soit X1(N) = X(N) - X0(N). 

DEFINITION 4. - Soit Ai (N), i = 0, 1, l’ensemble des CI: E R qui satisfont n(1) C B(o(O),p) et 

(40), 41)) E X(N). 

D&INITION 5. - Soit K; c L, l’ensemble des elements 1-, {fN o ~}{p}p-‘, oti Q., ,8 E A,(N). 
Soit Cz la composante connexe de l’identite. 

Le theoreme suivant implique le theoreme 1 et le theoreme 2. 

THBOR~ME 3. - On a K1 n Lz = q5, en supposant la connexite’ locale des ensembles stables et 
instables locaux. 
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1. Introduction 

The aim of this Note is to announce the following results: 

THEOREM 1 .l. - There are no expansive homeomorphisms on simply connected closed manifolds 
provided local stable and unstable sets are locally connected. 

THEOREM 1.2. - The lifting of an Anosov diffeomorphism to the universal covering has no homoclinic 
points. 

These results might contribute to the classification of Anosov diffeomorphisms (see [4], [7], [8], 
u31, mm 

These theorems are obtained by studying the lifted dynamics to the principal loop-bundle. The later 
is defined in the following way: let R be the set of continuous Q: : I + M. Let R/ - be the quotient 
set by the equivalence relation generated by the identifications a: a e-r p - (Y ,B. Chosen a base point 
5 E IV, the total space E, is, the set of classes of those a in R satisfying, ~(0) = 5. We denote 
by {a} the class of a. The group C, consists of the classes of curves with o(0) = o(l) = Z. The 
projection n : & + M is given by ~({a}) = a(l). Th’ g is ives a principal bundle with a connection 
whose horizontal lifting is given as follows: if p E E, and Q is a curve in the base manifold such that 
r(p) = a(O), the horizontal lifting of a through p is the curve G(t) = p {at}, where CQ(S) = o(ts). 
(The horizontal lifting of regular curves arises from a connection l-form, [16]). 

A piece-wise linear version of this principal bundle was introduced by Milnor in [14]. It has been 
rediscovered by Gambini and Trias [6]. They used it to obtain the so called loop-representation of 
gauge theories (see also [l], [2], [5], [lo], [16], [17], [18]). 

On the other hand we recall the classification theorem of expansive homeomorphisms by Lewowicz 
[ 121, and independently, Hiraide [9]. They show that expansive homeomorphisms on surfaces are 
conjugate to pseudo-Anosov (see [19] for the corresponding 3-dimensional results). 

The use of the universal principal bundle in the study of dynamical systems is motivated by 
observing that two key ideas in [12] can be interpreted more easily in terms of loops: 
1) Consider short curves (see the definition of Al below) whose endpoints separate by iteration in 

the future. Then, all future iterates of equivalence classes of such curves stay far away (in the 
quotient topology) from classes of short curves. 
This property resembles a mild form of infinite expansivity in the loop-bundle. 

2) Thin and long horseshoes arising in the generalized pseudo-Anosov maps of S2 (which are length 
expansive but not expansive maps) correspond to classes which are close to classes of short curves. 

2. Definitions and results 

DEFINITION 2.1. - The homeomorphism f is said to be expansive if there exists T > 0 such that if 
dist (f”(x), P(x)) < T for every integer 72, then z = y. 

DEFINITION 2.2. - Let 0 < E < T. Define local stable sets by: 

W:(x) = {y : dist (fn(x),fn(z)) < E, n 2 0} 

and local unstable sets by: 

W:(X) = {y : dist (fn(,),fn(,)) < E, 12. 5 O}. 

The expansivity implies the existence of a suitable Lyapunov function (see [ll]). This Lyapunov 
function gives a kind of convexity: there are numbers 0 < p < ~1 < r-2 < T such that if dist (2, y) < p, 
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dist (fN(x),f”(~)) < p for some N and dist (fi(z),fi(y)) < 7-p for every 0 < % 5 N, then 
dist (f”(z), fi(y)) 5 r-1 for every 0 < i 5 N. 

DEFINITION 2.3. - Define X(N) as the set of pairs (:E., y) such that 

dist (z, y) < p and dist (fN(x), f”(y)) < p, 

Let Xa(N) c X(N) be the set of pairs (z, y) in X(N) such that dist (fi(x;), f”(y)) 5 rr for every 
0 5 1; 5 N. Let X1(N) = X(N) - X0(N). 

DEFINITION 2.4. - Define Ai (N), 1: = 0, 1, as the set of Q E 62 such that a(1) C B(a(O),p) and 

(40),41)) E Xi(N). 

DEFINITION 2.5. - Let K; c ,C, be the set of elements of the form p {f” o ~}{/?}p-~, where 

a, P E A;(N). 

The following theorem implies Theorems 1. I and 1.2 above. 

THEOREM 2.1. - The set K1 does not meet the connected component of the identity in L,, provided 
local stable and unstable sets are locally connected. 

3. Outline of proofs 

Let LE(~) be the minimum n such that there is a decomposition n: = 5122 . . 2, with z;(I) C Bi, 
where Bi are balls of radius E. 

This length allows us to define a diameter &am,(M) and it is also useful to state the 
length-expansivity property, which follows from (but it is not equivalent to) the expansivity: 

LEMMA 3.1. - There are constants C > 0 and X > 1 such that if LP(a) = 2, then either 
L, (f” 0 (a)) > C X” for every n 2 0, or L, (f” 0 a) > C X7 for all n < 0. 

Choose R > 2 diam,(M) and bigger than the length of a representative of a fixed element in 

KI c 13,. 
Choose N > 0 such that C X” > R. Let F be the set of classes in EZ for having a representative 

Q with L, (f-‘, o cy) 5 R. 
Let D be the set of those classes in E, for which there is a representative cy such that Lp(a) 5 R. 

Let T(D) be the set of classes in .L, having a representative (Y with LP(cx) 5 2R and T(F) the 
set of classes in L, having a representative a with L, (.f-‘, o a) 5 2R. Observe that T(F) and 
T(D) generate the group L,. Let k: be a group element satisfying I; F fl D # 4, and let U. W 
be suitable neighborhoods of the identity. Then we have the following basic lemma which is a 
topological consequence of length expansivity. 

LEMMA 3.2. - Let ho, hI , . . . , h, be a sequence of group elements with h, F II hi+1 F # 4 for every 
0 5 i 5 n - 1, hi F n D # 4 for every i and h; E T(D)k W for every 1;. Then h,, hi1 E U {y}, 
where L, (f-N 0 7) 5 2. 

This lemma and the the fact (mentioned in the introduction), that curves in AI stay far away from 
neighborhoods of short horizontal curves, imply the following: 

COROLLARY 3.1. - There is no sequence h,-, , . . , h,, as above, joining the identity to a an element of K1. 

This corollary is closely related to the following well known fact about Anosov diffeomorphisms: if 
US is a loop, where u is an unstable curve in Al and s is a stable one, then u is very long provided s 
is short enough. Nevertheless, the above mentioned corollary can be applied also to many sequences 
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arising in length-expansive homeomorphisms of S2, which, of course, are not expansive. In order to 
obtain information on the fundamental group of M, we need an extra ingredient involving the locally 
connectedness of local stable and unstable sets, namely: 

LEMMA 3.3. - Let ho, hI , . . . , h, be a sequence of group elements satisfying hi F n hi+1 F # 4 for 
0 5 i < n - 1, hi F n D # 4, hi E T(D)2k W2 for all i, and ho; h, E T(D)k W. Then, there is 
another sequence with the same endpoints and moreover, contained in T(D)k W. 

The idea for the proof of this lemma is as follows, by Lemma 3.2 the elements ho, hl, . . . , h, 
stay close to the iterates of short curves, and thus, they can be approximated by elements in Kc 
(small horseshoes). The argument, now becomes local: the locally connectedness hypothesis implies 
the connectedness of Xc, which in turn, permits to modify again the sequence in order to be contained 
in T(D)k W. 

With this lemmas the idea of the proof of the main theorem is the following: we classify the pairs of 
group elements in T(D)k W into two classes, according to whether they can be joined by a sequence 
as above inside T(D)k W, or not. By using Lemma 3.3, we can show that both classes are open and 
closed. They are also non-void due to the corollary. In this way we separate the elements of Ki. 
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