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Abstract. Let f : M — M be a partially hyperbolic diffeomorphism, TM = E** &
E€ @ E" such that the stable foliation F*°( f) is minimal. We give a sufficient condition
so that this foliation remains minimal after perturbations, i.e. 7*¥(g) is minimal for every
g sufficiently close to f.

1. Introduction

In the theory of differentiable dynamical systems, it is an important problem to recognize
when a dynamic feature of a system is also present in all nearby systems (with respect
to some topology) and what are the conditions on the initial system that guarantee this
fact. In other words, we look for a dynamic property of a particular system which is
robust (or stable) under perturbations. As a guiding principle, a robust property should
be reflected into some property of the tangent map, that is, we look for a property on the
tangent map that guarantees that some phenomenon is robust.

There are many examples of the situation above. In particular, to start focusing on our
goal, let us mention the robust transitivity: there are many examples of transitive systems
that also remain transitive under C” perturbations. The most well-known example is a
transitive Anosov diffeomorphism. In the category of non-hyperbolic diffeomorphisms, the
first example was given by Shub [Sh] on the torus T*. Another one by Maiié [Ma] followed
on the torus T>. Bonatti and Diaz [BD] give a general geometric construction that leads to
robustly transitive systems. All these (non-hyperbolic) examples are partially hyperbolic
systems (although some new examples [BV] were shown to exhibit just a dominated
splitting): the tangent bundle TM splits into three invariant sub-bundles E** @& E¢ @& E""
where vectors in E*® are forward contracted, vectors in E“* are backward contracted, and
vectors in E€ are less contracted than any vector in E°Y and less expanded than vectors
in E* (see definition below). The distributions E** and E“* of a partially hyperbolic
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system are always uniquely integrable and lead to foliations on the manifold (i.e. a partition
of the manifold into C" leaves) called the (strong) stable and unstable foliations.

We will show that the mentioned examples share a stronger property: not only are they
robustly transitive but also (at least) one of these foliations is robustly minimal, that is,
every leaf is dense in the manifold. Let us mention here that in [BDU] it is shown that,
C! generically, one of the (strong) foliations of a partially hyperbolic robustly transitive
diffeomorphism on a three-dimensional manifold M? is minimal.

In this paper we are concerned with partially hyperbolic systems for which one of the
strong foliations, say the stable one, is minimal and we will give sufficient conditions for
this foliation to remain minimal under C” perturbations.

Let us be more precise. A diffeomorphism f : M — M is said to be partially
hyperbolic provided the tangent bundle splits into three non-trivial sub-bundles TM =
ESS @ E€ @& E"" which are invariant under the tangent map Djf and there are numbers
0 <A < pu < 1suchthatforallx € M,

-1 -1 —
IDfipsoll <he IDfghl < 1< IDfE ol IDfipewll < n™'.

It is well known (see §2) that the sub-bundles E** and E"* are uniquely integrable
and hence we have two foliations in M called the (strong) stable one, denoted by F**(f),
and the (strong) unstable one, denoted by F“*(f), which are tangent to E** and E"*
respectively. We shall denote by 7*%(x, f) and by F“¥(x, f) the leaves of these foliations
passing through the point x. One of these foliations is said to be minimal provided every
leaf of this foliation is dense in M.

On the other hand, every diffeomorphism g : M — M sufficiently C! close to a
partially hyperbolic diffeomorphism f is also partially hyperbolic and therefore it has two
invariant foliations 7**(g) and F“*(g).

Definition 1.1. Let f : M — M be a C” partially hyperbolic diffeomorphism. We say that
F55(f) is C"-robustly minimal if there exist a C" neighborhood U (f) such that F*9(g) is
minimal for every diffeomorphism g € U(f).

It is not difficult to see that if (for instance) F*(f) is robustly minimal then f is
robustly transitive, i.e. every diffeomorphism C! close to f is transitive.

Next, we will define the key property that guarantees the robustness of a stable
foliation of a partially hyperbolic diffeomorphism: some hyperbolicity (SH) on the
central distribution E€ at some points. Before we do, let us introduce some notation:
if L : V — W is a linear isomorphism between normed vector spaces we denote by m{L}
the minimum norm of L, i.e. m{L} = |[L~||~".

Definition 1.2. (Property SH) Let f € Diff" (M) be a partial hyperbolic diffeomorphism.
We say that f exhibits the property SH (or has the property SH) if there exist A9 > 1,
C > 0 such that for any x € M there exists y“(x) € F}"“(x, f) (the ball of radius 1 in
F""(x, f) centered at x) satisfying

n n
m{Df e pe(yuieyyy) = Cro  foranyn >0, £>0.

In other words, we require that in any disk of radius 1 in any leaf of F““(f) there
is a point y* where the central bundle E¢ has a uniform expanding behavior along
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the future orbit of y“. A nice image of the above is the existence of a hyperbolic set
(with E€ being part of the unstable bundle) such that the local stable manifold of this
hyperbolic set is a global section to the foliation F**( f).

THEOREM A. Let r > 1 and let f € Diff" (M) be a partial hyperbolic diffeomorphism
satisfying Property SH and such that the (strong) stable foliation F** () is minimal. Then,
FSS(f)is C (and hence C") robustly minimal.

A similar result for the foliation F““(f) holds provided f~! satisfies Property SH.
As an immediate consequence we have that if f satisfies the conditions of Theorem A then
it is robustly transitive. The proof of Theorem A will be given in §4.

We will use our theorem to reconstruct the examples by Shub and Mafié (see §§5 and 6)
and showing that indeed one of the strong foliations is robustly minimal. It can be proven
also that the examples by Bonatti and Diaz also satisfy Property SH, but to do so we
have to go into the details of their geometric construction and this exceeds the purpose
of this paper. Let us end this introduction by asking if a C” robustly transitive partially
hyperbolic diffeomorphism must exhibit Property SH (at least generically). In other words,
is Property SH a necessary condition for generic robustly transitive partially hyperbolic
systems?

2. Preliminaries

In this section we recall some well-known results regarding partially hyperbolic systems
(that we have already mentioned in the introduction). We refer to [HPS] for a general
background on the topics we will review.

As we said in the introduction, a diffeomorphism f : M — M is partially hyperbolic
provided the tangent bundle splits into three non-trivial sub-bundles TM = E** @ E“ @ E**
which are invariant under the tangent map Df and there are 0 < A < i < 1 such that for
allx e M

IDfiesoll < IDfipull <A < IDfigtll IDfipell < u.

LEMMA 2.0.1. Let f € Diff" (M) be a partially hyperbolic diffeomorphism. Then there
exista C" neighborhood of f, say U, 0 < A < A1 < 1 < u < 1 and continuous functions
EY U - C(M,TM), E€ : Diff(M) — C(M,TM) and E*"* : U — C(M,TM) such
that, for any g € U and x € M, we have the following:

(H ™ = E;S ® Eg, @ Eg,‘“, this decomposition is invariant under Dg and no one of

these sub-bundles is trivial;
@) 1DgEs Il < A, 1D gyl < M
3) w1 < IDgpegy Il 1DgEewll < w7

The sub-bundles E,’ and Ey" are uniquely integrable and form two foliations F**
and F"*,

THEOREM 2.1. LetU be as in Lemma 2.0.1. Then, for each g € U there are two partitions
F*5(g) and F"(g) of M such that for each x € M the elements of the partitions that
contain x, denoted by F** (x, g) and F"*(x, g), are C' submanifolds (called leaves) such
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that T, F*5(x,g) = E;S(x) and Ty F*"(x,g) = Eg” (x). These submanifolds depend
continuously (on compact subsets) onx € M and g € U.

These submanifolds F*¥(x, g) and F**(x, g) inherit the Riemannian metric on M.
We shall denote by F:*(x, g) (respectively F}*(x, g)) the ball in F**(x, g) (respectively
F"(x, g)) of radius r centered at x.

The sub-bundle E“ = E¢ @ E"* (called center-unstable) is not (in general) integrable.
However, we can choose a continuous family of locally invariant manifolds tangent to it.
Let dim E* = [ and denote by I, the ball of radius € in R’.

LEMMA 2.0.2. LetU be as in Lemma 2.0.1. There exists a continuous map ® : M xU —
Emby (11, M) such that, if we set W (x, g) = ®(x, g) I, then the following hold:

1) TW(x, 8) = E“(x, 8);

(2) given € > 0 there exists r = r(€) such that g~ (W (x,8) C W™ (g~ (), g).

For the sake of simplicity we shall identify W (x, g) with the ball of radius € in
Wi(x, ).

LEMMA 2.0.3. Let U be as in Lemmas 2.0.1 and 2.0.2. Given 0 < A < A1 < 1 there
exists ro such that if g € U and x € M satisfy

n

-1
l_!)”Dg‘Ecu(g—j(x))” <)"n7 Ofl’lfm,
j=

then g~ (W' (x, 8)) C W}f’?’ro (g7 (x), &)
Proof. Let ¢ > 0 be such that cA < A1 and let € be such that if dist(z, y) < € then

IDg
< |E%(2) < c. (D)

-1
N

Let € be such thatif z € Wéc(;‘ (v, g) then dist(z, y) < €. Letrg = r(€p) from Lemma 2.0.2.
It follows that g~ ! (WrcO“)(x, g) C WG“O” (g~ '(x), g). On the other hand, by (1), we conclude
that

g (W (x,8) C Wit (g7 (x), 8) € Wir(g ™' (x), 8).

Arguing by induction up to m the result follows. o

3. Robustness of Property SH
In this section we prove that Property SH persists under slight perturbations.

THEOREM 3.1. Let f € Diff" (M) be a partially hyperbolic diffeomorphisms exhibiting
Property SH. Then, there are U(f), C' > 0 and o > 1 such that for any g € U it follows
that for any x € M there exist y* € F}'"(x, g) satisfying

m{Dgl"Ec M))} > C'o" foranyn > 0,£> 0.

g4y
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Proof. Observe that to prove the theorem it is enough to find &/ and k¢ such that for any
x € M there exist y* € 75" (x, g) satisfying

k
m{Dg‘g:(gkO{(yu))} >2" foranyn >0, > 0. 2)

Changing f by a power of itself, we can assume that there is 19 > 1 such that for any
x € M there exists y* € F"(x) such that

n n
MDD ge eyt > Ho
forany n > 0, £ > 0. We define the set H}\‘O (f) as
Hy (f) = {y € M :m(Dfi. ()} = 45 forn > 0, ¢ > 0}. 3)

Observe that this set is closed and F(x) N H. fo (f) is not empty.
Notice that there exist A1, 1 < A1 < Ag, €0 > 0 and Uy (f) such that

ifx € Hfo(f), y e Mandg € U(f)
satisfy dist( /7 (x), g'(y)) < ey for0 <i <n, 4)

then m{Dg‘kEC(gj(y))} > )Jf forO0<j<nand0<k<n-—j.

Next, we choose a positive integer m such that for any g € Up and x € M it follows
that

F3" (8" (x), 8) C " (Fe i (x, 8)). )

Afterwards, we consider ng such that for any g € Uy and z € M it follows that
AP sup{m{Dg‘”;:Og} 1ze M} > 2. 6)

Now, given €y from (4) and ng from (6) we take €; and U; C Uy such that for any
g € Uy we have

if dist(x, y) < e then dist(g'(z), f'(»)) < €/2 forl <i < ny. 7
Moreover, we can choose Uy C U such that
if g el then dist(F}"(x,g), Hy,(f)) <€ foranyx e M. ®)

Set kg = mo + ng where mq and ng are as in (5) and (6) respectively. We will prove that
for ¢ € U = U and ko we have (2) for some y* € F3"(x, g) and any x € M. In order
to find such a point y* we will proceed by induction to construct sequences {z},>0 and
{xn}n>0 such that:

i) 2j e FrERED, g for0<j<n—1;
() xj € HY (f):
(iii) dist(z?, Xj) < €].

Assume for the moment that we have already constructed such sequences and set
v = g’kO”(z,‘;). Let us show that y)y € 7" (x, g) andforany0 < j <n,0 <i <n—j
we have

koi i
m{Dg e grai ) > 2 ®)
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First observe that, from (5), g 7% (z") ]:O/z(zn D C f”“(gko (z5_,)). By induction, it
follows that g k00— 1)(z“) e Fy (gho (z;_ )) and hence y, € )" (x, g). Moreover, again
by (5), we have that g="0—ko(j— l)(z") € }""”2(g”0(z“)) Therefore, forl = j,...,i — 1
andd =0,1, ..., nowe have

dist(g? ! (y1), g%(z}")) < €0/2.

On the other hand, since dist(z), x;) < €1, from (7) we conclude that dist(gd(z;‘
f9(x1)) < €p/2 and so

dist(g9 ™ (v, f4(xp) < €.

Thus, using (4) and (6) we get m{D, g } > 2 and (9) follows. The desired point y*

E<(gho! (y
is obtained as any accumulation p011‘1t 0(1§ the s)e)quence v}

To finish the proof of our theorem we have just to show how to construct
the sequences {z,} and {x,}. However, the construction is straightforward: since
dist(F}" (x, g), H” (f)) < e pick z5 € F"(x,g) and xo € quo(f) such that
dist(zg, x0) < €. Once we have constructed z;f and x;, pick z;fH e Fi (gho (z;f), g)
andxj41 € Hfo(f) such that dist(z;fH,xH]) < €. O

4.  Proof of Theorem A
Let f be a partially hyperbolic diffeomorphism satisfying Property SH and such that the
(strong) stable foliation F** is minimal, i.e. every leaf F**(x, f) is dense in M. We have
to show that there is a neighborhood U/ ( f) such that for every g € U(f) the (strong) stable
foliation of g is dense, i.e. every leaf 7*%(x, g) is dense.

From Theorem 3.1 we know that there exists a neighborhood U (f) and C > 0,1 < o
such that for every g € Uy and x € M there exists a point y* € F{*(x, g) such that

m{Dgl"E(. u))} > Co" foranyn >0, £ > 0. (10)

(gt
We may assume that C = 1 (otherwise we take a fixed power of every g € Ui(f)).
LetA =oc 'and fix0 < A < A; < 1 and let r be as in Lemma 2.0.3.

On the other hand, fix a number § > 0 arbitrarily small. Since the stable foliation
F*5(f) is minimal there exists K1 > 0 such that }"fgl (x, f) is §/2 dense, meaning that
ff(sl (x, f) N B(z,8/2) # @ for every x, z € M. On the other hand, if § is small enough, it
follows thatif y € B(z, §/2) then F3°(y, f)ﬂWC“/Z(z f) # @. Thus, setting K := K1+,
we may assume that 73’ (x, f) N W0 /2(z f) # @ for every x, z € M. Hence there exists
a neighborhood U () C U (f) such that for every g € U(f) and x, z € M the following
holds:

Fxx,g)N W,CO“(z, g) #0. (11)

Let us prove that for g € U(f) the stable foliation F*°(g) is minimal. For this
purpose, fix x € M and U an open subset of M. Let z € U and let § > 0 be such
that .7-";3”‘ (z,g) C U. Take ng such that g"0 (.7-73”‘ (z,8) D F{"(g"(2), g). Consider the
point y* € F|"(g"(z), g) given by Theorem 3.1 and let n > 0 be such that

gW 0" ) CU. 12)
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Next, choose a positive integer m such that A7'rg < n and set k = ng + m. From (11) we
have that

Sk (5 (), @) NWE(E" ("), 8) # 0. 13)

Since E* = E€ @ E" and this decomposition is dominated, there is L > 0 such that
||Dg‘_E',’M | <L sup{||Dg|75’f, Il ||Dg|75’ﬁ |I}. For the sake of simplicity, we will assume that
L = 1. From (10) we know that

n
—1
1‘[) 1Dg e (gmyuy | < 2", 0<n<m
J=

and therefore

n
—1 n
]‘!) 1D peu gy | < 4", 0 <n <m.
]=

From Lemma 2.0.3 we conclude that
g W™ ("), 8) C Wi, (0", 8) € WO, 0)

and hence, using (12), we have g_k(WrCO” (g™ (y"), g)) C U. Finally, this and (13) imply
that 7% (x, g) N U # @ and the proof of Theorem A is completed.

5. Shub’s example on T*
Here we will show that Shub’s example of a non-hyperbolic robustly transitive
diffeomorphism on T# can also be derived from our methods.

Let f : T> — T2 be an Anosov diffeomorphism having two fixed points p and q.
Since f is Anosov, TT? = ESS @ E** with IDfigss |l < A < 1and ||Dflgiu I < A.

Now, consider a smooth family of torus diffeomorphisms g, : T> — T2 indexed in
x € T? such that the following hold:
° TT? = E*(g,) ® E°(gy) invariant under D(g,) and such that ID(gx)Es (g0l <

w<pr<landp < pr < [D(gx)Ecenll < n™h

° for all x € T2, gx preserves a cone field C* and C*;
° gp 1s Anosov and g, is a DA (derived from Anosov) map;
° gx(p) = p for every x and p is an attractor for g,.

We assume (taking a power of f if necessary) that A < u. Next, we define the map
on T* which is the candidate to be robustly transitive:

F:T>xT? - T2 x T2, F(x,y) = (f(x), g&x(»).

It is not difficult to see that F is partially hyperbolic T(X)y)'ﬂ‘4 =E*(x,y)®E(x,y)®
E°(x,y)®E"(x,y). Weset ES = E* @ E*. Let us show that the stable foliation (tangent
to ESS @ E’) is minimal. First observe that

W ({py x T = | W’ (p.2) = W (p, f) x T

zeT?
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and hence is dense in T2 x TZ2. Moreover, since &p is Anosov, we have that

wipo= |J Wy
YEW*(z,8p)

is dense on T2 x T2 for all (p, z) € {p} x T2.
On the other hand, for every (z, w) € T2 x T? we have that

W' ((z, w)) N W*({p} x T?) # @.

From this it follows that the stable foliation F** (whose leaves are tangent to E** @ E¥®) is
minimal.
Finally, as we observed above for some € > 0 and r > 0 we have for every
(z, w) € T? x T? that
W (2, ) N W ({p) x T2) # 0, (14)

which implies (since g, is Anosov and D Fj{o}x ¢ (p,) is uniformly expanding in the future)
that Property SH is satisfied, i.e. if y* is a point in the intersection given by (14) we may
find constants C > 0 and o > 1 such that

DF/nEc(Fm(yu)) > Co" forall n,m=>0

(recall that here E€ is one-dimensional). Thus, F : T* — T* as above is in the hypothesis
of Theorem A and so the stable foliation of F is robustly minimal and therefore F is
robustly transitive. Since F has a hyperbolic periodic point of index 2 and another one of
index 3 we conclude that F is non-hyperbolic.

6. Mané’s example on T>

In this section we will prove that certain DA (derived from Anosov) maps on T" have
the stable foliation robustly minimal and hence they are robustly transitive. This is an
alternative approach to the one given by Mané in [Ma].

Let f : T" — T”" be an Anosov diffeomorphism such that 7T" = E* @ E* & E**,
none of the above trivial (and hence n > 3). Since f is Anosov (on a torus) it is transitive
and so the stable foliation is minimal. Let p be a fixed point of f and let U (p) be a small
open ball containing p. Let g; : T" — T", —1 < ¢ < 0, be a smooth isotopy, supported
in U and such that g; is Anosov for ¢t < 0, go is not Anosov but conjugated to f, and
TT" = E*(g) & E°(g1) ® E"“(g;). It follows that F*°(go) is minimal. Let 0 < A < 1
be such that ||D(g,)|7E],,,, || < A. By replacing f by a power of itself we may assume that
A < 1/4. Now, if the ball U(p) is small enough, we have that for any x € T" there is
a point z; € F}"(x, go) such that .7-'{‘/“4(1)() N U = (. Therefore, we have that in any
F1"(x, go) there is a point y* whose forward orbit never meets U. Since the maximal
invariant set outside U,

() so(T"\U)

nez
is hyperbolic (recall that the support of the isotopy is inside U), we conclude that
go satisfies Property SH. Therefore F°*(gp) is robustly minimal and go is robustly
transitive. Notice that there are DA maps as close as we wish to go and therefore
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we have DA maps on T” such that their (strong) stable foliation is robustly minimal
(and so they are robustly transitive).
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