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Claim

The results presented in this thesis are contained in the articles [JKP13], [PX],
[Pas13], and [JP] listed below. These articles were written during my PhD
studies, and have been published in a renowned mathematical journal, or are
already submitted for publication.

1) The article [JKP13] is a joint work with T. Jäger and F. Kwakkel.

2) The article [PX] is a joint work with J. Xavier.

3) The article [Pas13] is a solo article.

4) The article [JP] is a joint work with T. Jäger.

A declaration of the co-authors of [JKP13, PX, JP] concerning the contri-
butions I have done for the corresponding projects, will be handed in together
with the thesis.

In this thesis I merge all the results of the articles in a single document,
with an unified notation and a comprehensive introduction which serves as a
common context for all of them.
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Chapter 1

Introduction.

In this thesis we present a series of results in the area of Surface Dynamic ob-
tained during the PhD. These results are related to the study of dynamics in
surfaces given by homeomorphisms without any assumptions about their reg-
ularity. The obtained results belong to the two following directions: classifica-
tion of the minimal sets of homeomorphisms of closed and orientable surfaces
with genus and rotation theory of the two-dimensional torus. We dedicate the
following two Sections to introduce these two topics.

1.1 Minimal sets of homeomorphisms on sur-

faces.

In this paragraph we provide some of the most relevant results concerning
minimal sets of homeomorphisms and flows, and present our contributions to
this topic.

1.1.1 State of the art.

For any group G acting on a compact topological space X , a compact G-
invariant subspace M ⊂ X is said to be minimal iff for every x ∈ M the
orbit of x is dense in M. In this general context Zorn’s Lemma implies that
these sets always exist, and it is natural to consider them as the basic bricks
of the dynamics. They are also a natural generalization of periodic orbits,
which unlike the latter has the strong property of existence for any dynamical
system defined on a compact space. Moreover, they are often considered to be
the topological analogue to ergodic measures.

As minimal sets relate naturally to many other dynamical notions, great
effort has been devoted to the description of minimal sets and their intrinsic
structure. This led to the identification of important subclasses, like almost
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periodic or almost automorphic minimal sets (see, for example, [Aus88, Vee65,
SY98] and references therein).

However, there exist only very few situations in which a complete classifi-
cation of the possible structure of minimal sets in a given manifold is available.
One of the most important cases are orientation-preserving homeomorphisms
of the circle, whose minimal sets classify into either periodic orbits, Cantor
sets or the whole circle. In dimension two, by means of a suitable Poincaré
section, this also provides a classification of minimal sets of flows on the two-
torus generated by fixed point free vector fields, which are a suspension of one
of the three types occurring for circle homeomorphisms. An extensive study of
flows on closed hyperbolic surfaces given in [ABZ96] yields a classification of
the minimal sets in this context. The Poincaré-Bendixon Theorem for planar
flows or Aubry-Mather Theory for twist maps provide further classical exam-
ples (see e.g. [KH97]). Further, it is known that the unique surfaces that can
be minimal sets of some homeomorphisms are either the torus or the Klein
bottle [KS09].

In dimension higher than two, relatively few results exist concerning the
Topological Dynamics. It can be said that in this context the theory deals
with very general problems which often have to do only with the local aspect
of manifolds, since the global topology of the spaces has no general classifi-
cation, unlike in the two dimensional case 1. In particular, for minimal sets
in manifolds of dimension higher than two, there are general results by Katok
[Kat72] and Fathi and Herman [FH77] that provide a sufficient condition for a
manifold to be the minimal set of some homeomorphism. This conditions is the
existence of a locally free action of the circle T1 in the manifold2. This implies
in particular that all the odd-dimensional spheres admit minimal diffeomor-
phisms. An eventual classification of compact n-manifolds with n higher than
two, that admit a minimal map is still an open problem (see e.g. [KS09]).

There exists a class of results in which the question about the existence of
minimal homeomorphisms (or maps in general) is considered for topological
spaces which are no manifolds. In particular, there are several results con-
cerning spaces of dimension between zero and one (see e.g [KS09]), and planar
continua. For instance, it is proved in [Han82] that the so-called pseudo-circle
does admit a minimal homeomorphism. Furthermore, such a homeomorphism
can be considered as the restriction of a C∞ diffeomorphism defined in the two
sphere to the pseudo-circle.

Back to dimension two, recently, a classification of minimal sets of homeo-
morphisms of the two torus having a unique totally irrational rotation vector
was given by F. Kwakkel in [Kwa11]. The proposed classification is obtained

1Recently was obtained a classification of the three manifolds with the renowned works
of authors as Thurston, Perelman and Agol among many others.

2An action of T1 in a manifold M is locally free, if there exists a neighborhood U of the
identity e ∈ T1 such that if g · x = x for some g ∈ U and x ∈ M , then g = e.
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by the study of the family of connected components in the complement of a
minimal set for this kind of homeomorphism. It turns out to be a complete
classification, in which the global topology of the space and the dynamics of
these special homeomorphisms are highly involved.

1.1.2 Presentation of the results

The first result that we present is a classification of minimal sets of homeomor-
phisms on the torus, which generalizes the classification given by F. Kwakkel
[Kwa11]. We remove the conditions of being in the isotopy class of the identity
and having a unique totally irrational rotation vector, and we obtain a complete
and detailed topological classification for the minimal sets of homeomorphisms
of the torus. We also study the classification under the non-wandering assump-
tion (which is the topological generalization of the area preserving condition),
in which strong restrictions are obtained. Further, the given classification is
studied in each homotopy class, and restrictions are obtained for the Anosov
classes. In the homotopy class of the identity, additional results that relate
the classification and Rotation Theory are obtained.

After this, in a second result we extend the classification to general closed
(i.e. compact without boundary) hyperbolic surfaces. Thus, in light of the
Classification Theorem of Surfaces, these two results yields a first topological
classification of minimal sets of homeomorphisms on closed and orientable
surfaces with positive genus.

As in the case of the torus, we study the classification for the non-wandering
case and in each homotopy class in light of the so-called Nielsen-Thurston
Theory, where restrictions are found in the case that f is homotopic to a
reducible map with pseudo-Anosov components.

1.1.3 Some preliminaries.

Before presenting the results, we want to state some preliminaries concerning
surface topology. As the general idea behind the classification results, is to
describe the possible families of connected components in the complement of
the minimal sets, we want to characterize the possible components through
certain topological properties.

A surface is a two dimensional manifold. We say that a surface is closed if
it is compact and boundaryless. The two dimensional torus is defined as T2 :=
R2/Z2, and the hyperbolic surfaces as S := D/G where D is the open unit disk
equipped with the Poincaré metric and G a group of covering transformations
given by isometries on D. The projections are denoted by π : R2 → T2 in the
first case and by p : D → S in the second case. All the considered surfaces
in this thesis are assumed to be oriented, and for a given closed surface S we
denote by g(S) its genus. The Classification Theorem of Surfaces states that
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any closed and oriented surface with positive genus is homeomorphic to either
the torus or to a closed hyperbolic surface.

We say that U ⊂ S is a domain if it is an open and connected set. Further,
we say that U ⊂ S is a disk whenever there exists a homeomorphism between
U and the unit disk D = {z ∈ C : |z| < 1}, and that it is an annulus whenever
there exists a homeomorphism between U and A = S1 × R. If an annulus
U ⊂ S contains some non-homotopically trivial loop γ of S, we say that it is
an essential annulus.

Given a domain U ⊂ S we denote the homotopy map induced by the
inclusion as i∗ : π1(U, x0) → π1(S, x0). A domain U in a surface S is said to be

(1) trivial if Im(i∗) = {0},

(2) essential if {0} 6= Im(i∗) 6= π1(S, x0),

(3) fully essential (or doubly essential if S is the torus) if Im(i∗) = π1(S, x0).

Notice that the cases (1), (2) and (3) are complementary. As easy examples
to have in mind for each of the cases we can consider:

(1) a disk and a disk minus a number of points;

(2) an essential annulus, an essential annulus minus a number of points, and
the complement of any essential loop in a closed surface with positive
genus;

(3) the whole surface minus a number of points and the whole surface minus
a Cantor set.

A domain U ⊂ S is said to be locally simple connected or locally homo-
topically trivial whenever i∗ is injective. Note that a disk minus a point or an
annulus minus a point are not locally simply connected, and that an essential
annulus is locally simply connected while a trivial annulus is not. It is a well
known fact due to the Riemann Mapping Theorem that given a domain U ⊂ S,
if it is trivial and locally simply connected then it is a disk, and if it is essential
with Im(i∗) ∼= Z and locally simple connected then it is an essential annulus.
A proof is given in [Kwa11] for the torus, and easily extends to any surface.
This implies in particular, that any essential locally connected domain in T2

is an essential annulus.
A domain U ⊂ T2, respectively U ⊂ S, is called bounded if any connected

components of π−1(U), respectively p−1(U), is pre-compact (i.e. its closure is
compact).

A continuum X is a compact and connected topological space. A con-
tinuum C contained in either T2 or a hyperbolic surface S, is said to be
bounded or contractible if it is contained in some bounded disk. Whenever
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a domain, respectively continuum, in either the torus or a hyperbolic surface
is not bounded, we say that it is unbounded.

We now are interested in certain continua which will help us to describe
some of the cases in the classification of minimal sets. We say that a compact
set E ⊂ A is essential if A\E has two unbounded connected components. We
say that an essential continuum A is an annular continuum if the connected
components of A \ A are exactly the two unbounded components. A circloid
C ⊂ A is an annular continuum that is minimal with respect to the inclusion
(i.e. does not strictly contain any other annular continuum). These definitions
extend to every topological annulus.

More general, given a surface S we say that C ⊂ S is a annular continuum,
respectively circloid, if there exists an annulus A ⊂ S such that C is an annular
continuum of A, respectively circloid ofA. Moreover, we say that C is essential
if A is essential. Notice that there exist annular continua which are trivial,
as to be any annular continuum contained in a disk. As basic example of
essential circloids one may consider any essential loop in a surface. However,
the topology of these continua can show high complexity as in the case of
the so called pseudo-circle, and can even have non-empty interior. Circloids
with complicate topology are shown to appear as invariant (and even minimal)
sets of homeomorphisms defined in manifolds [Han82, LC88]. Moreover, these
continua appear frequently in the theory of torus and annular homeomorphisms
[Han82, LC88, Her86, FLC03, KT13, Mat10, Jäg09b], and in this thesis they
will be involved in several of the different results.

A continuum C ⊂ S is said to be non-separating if its complement con-
tains only one connected component. The set of connected components of any
topological space X is denoted by Π0(X ). Further, if X is a compact set in a
surface S we denote the set of essential components of S \X as E(X c). It is not
difficult to observe that whenever E(X c) 6= ∅, then there is no fully essential
component in X c (a proof is given in the chapters 2 and 3 for the case of the
torus and the closed hyperbolic surfaces respectively).

Given a metric space (X, d) and C,D ⊂ X , the Hausdorff distance is
defined as

dH(C,D) = max{sup
x∈C

d(x,D), sup
y∈D

d(y, C)}.

The convergence of a sequence {Cn}n∈N of subsets in X to A ⊂ X in this
distance is denoted either by Cn →H A or by limH

n→∞Cn = A. Note that
dH(C,D) < ε if and only if C ⊆ Bε(D) andD ⊆ Bε(C), and that the Hausdorff
distance defines a metric if one restricts to compact subsets.

We now want to state some dynamical definitions. We denote the set of
homeomorphisms on a surface S by Homeo(S). Let f and f̃ be homeomor-

phisms in Homeo(S) with minimal sets M and M̃ respectively. We say (f,M)

is an extension of (f̃ ,M̃) if there exists a continuous map Φ : S → S such
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that:

(1) Φ ◦ f = f̃ ◦ Φ and Φ(M) = M̃;

(2) Φ is homotopic to the identity;

When M̃ is finite we simply say M is an extension of a periodic orbit,
and when M̃ is a Cantor set we say M is an extension of a Cantor set. The
idea behind of this notion is that the “system” (f,M) is simplified by the

“system” (f̃ ,M̃), via a semiconjugacy Φ which has to verify (2). This last
implies some restriction to the simplification, so that we do not lose too much
information about global dynamic of the original system f . We point out
here the topological fact that whenever a minimal set M is an extension of
either a periodic orbit or a Cantor set, then Π0(Mc) contains a fully essential

component given by Φ−1
(
M̃c
)
.

As a simple example of a minimal set M which is an extension of a periodic
orbit, we can consider the following. Consider f ∈ Homeo(S) which leaves
invariant a disk D ⊂ S. Further we assume that M = ∂D is a trivial loop
in S, so that f|M is conjugate to an irrational rotation. Then if we consider
S ′ = S/ ∼, where x ∼ y iff x, y ∈ D ∪ M, we have that S ′ is a surface
homeomorphic to S, and the induced map f̃ ∈ Homeo(S ′) by f is well defined.

Furthermore, we have for q : S → S that M̃ = q(D ∪M) = q(M) is a fixed
point of f̃ , and that verifies (1) and (2). So M is an extension of a periodic
orbit. Non-trivial examples of extensions of minimal Cantor sets are difficult
to construct. We quote [Kwa11] for these kind of examples.

Given a surface S and a minimal set M ⊂ S of f ∈ Homeo(S), we say
that U ∈ Π0(Mc) is periodic if there exists n ∈ N such that fn(U) = U .
Otherwise we say that it is wandering. Notice that a wandering component
verifies fn(U) ∩ U = ∅ for every n ∈ Z \ {0}.

Given a map f ∈ Homeo(S), the non-wandering set is defined as follows:

Ω(f) := {x ∈ S | for every neighborhood Ux of x ∃ n ∈ N : fn(Ux) ∩ Ux 6= ∅}

The map f is said to be non-wandering if Ω(f) = S. The non-wandering
condition for a map f can be thought of as the topological version of the
area-preserving condition.

1.1.4 General idea of the classification.

The classification of minimal sets in closed and oriented surfaces with positive
genus is given by two parts. Firstly, we do the classification in the torus, and
secondly in closed hyperbolic surfaces. Although the classifications in these
two cases show differences, which are due to the global topology of the spaces,
the idea behind the classifications is the same in both cases.
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This idea is to consider for a minimal set M ⊂ S of f ∈ Homeo(S) the
following three complementary cases:

(1) every element in Π0(Mc) is trivial;

(2) there is at least one element in Π0(M
c) which is essential;

(3) there is an element in Π0(M
c) which is fully essential.

This first thrichotomy leads then to a precise description of the possible
sets Π0(Mc), which has the following general features:

• In case (1) every element in Π0(Mc) is a disk;

• in case (2) every element in Π0(Mc) is locally simply connected. Then
given U ∈ Π0(Mc) we have that either U is a disk or an essential com-
ponent which is locally simply connected (an annulus if S = T2);

• in case (3) every element in Π0(Mc) different of the fully essential com-
ponent is a disk.

A detailed description concerning the dynamics of the elements in Π0(Mc)
and the structure of the minimal sets is then achieved once we restrict to the
cases of the torus and of the hyperbolic surfaces. These two cases lead to
particular dynamical phenomena related to the global topology of the spaces,
which distinguish them. The differences arise by following the cases (1) and
(2) of the first trichotomy.

For the case (3), the same is done for both the torus and the hyperbolic
surfaces: we use the existence of a fully essential component in Π0(M

c) in
order to apply a result by Moore on plane decomposition by continua, which
allows to construct a continuous map Φ : S → S verifying:

(a) Φ is homotopic to the identity and one-to-one in the fully essential com-
ponent of Π0(Mc);

(b) M̃ := Φ(M) is totally disconnected;

(c) for every y ∈ M̃ there exists a unique connected component C of M
such that C = Φ−1(y) ∩M.

The existence of this map leads us to the conclusion that the minimal set
M has to be an extension of either a periodic orbit or a minimal Cantor set,
where the semiconjugacy which defines this extension is the map Φ. Properties
(a), (b) and (c) give important restrictions to the loss of dynamical information
by means of the semiconjugacy.

We finish this subsection with a list of mental pictures to have in mind, for
the cases (1), (2), and (3).
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(1) In the torus one can consider a map f with a bounded wandering disk
D, such that M :=

(⋃
n∈Z f

n(D)
)c

is a minimal set. On the other hand
one can consider the time one map f of a flow φg given by the suspension
of a Denjoy example g on the circle (see, e.g. [DV93]). The map f leaves
invariant an unbounded disk D given by the suspension of the wandering
interval of g, and verifies that M = Dc is a minimal set. Notice that
while in the first case the disks in Π0(Mc) are all bounded, in the second
case Π0(M

c) has a unique disk D which is unbounded.

In hyperbolic surfaces the construction is more subtle. For this we can
make use of a full geodesic lamination Λ in S of genus g, as constructed in
[CB88] such that S\Λ is the union of a collection of disks that lift to the
universal covering space to ideal 2g-gones with alternating orientations
on its sides (see Figure 3.1.2). This last condition allows to complete the
lamination to a flow φ in S with a fixed point in each disk. Moreover,
the lamination is a minimal set for the flow, and one can show that there
exists t ∈ R such that Λ is minimal for the time t of this flow.

U

Figure 1.1.1: A minimal set in case (1) constructed by means of a geodesic
lamination. The set U is a disk in Π0(Mc).

(2) Any essential loop in the surface S whose dynamics is conjugate to an
irrational rotation of the circle;

(3) A fixed point in a surface S;

Detailed constructions for all these examples and additional examples are
presented in the sections 2.5 and 3.9.

1.1.5 Classification in the Torus.

The classification of minimal sets of torus homeomorphisms is given by the
following theorem.

Theorem 1 ([JKP13], Theorem 1). Suppose f ∈ Homeo(T2) and M 6= T2 is
a minimal set. Then the elements of Π0(Mc) consist of either:

(1) topological disks;
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(2) at least one essential annulus and topological disks, where either:

(i) the essential annuli in Mc are periodic and M is the orbit of the
boundary of an essential periodic circloid, or

(ii) every connected component in Mc is wandering and f is semi-
conjugate to a one-dimensional irrational rotation;

(3) exactly one doubly essential component and a number of bounded topo-
logical disks, where either:

(i) M is an extension of a periodic orbit, or

(ii) M is an extension of a Cantor set.

Moreover, in case (1) bounded periodic disks cannot occur and in case (2) only
essential annuli can be periodic.

We say a minimal set M is of type N with N = 1, 2, 3 if it belongs to
case N in the above classification. As we claimed before, examples for the
different cases of this classification are given in Section 2.5. The classification
provides a basic framework for a more precise study under different additional
assumptions.

For non-wandering maps on surfaces, a result by Koropecki [Kor10] on
aperiodic invariant continua allows to exclude unbounded disks in type 1 of
the Classification Theorem. Together with some more elementary results on
non-wandering homeomorphisms, this leads to the following more restrictive
classification.

Theorem 2 ([JKP13], Theorem 4). Suppose f ∈ Homeo(T2) is non-wandering
and M 6= T2 is a minimal set. Then one of the following holds:

(1nw) M is a periodic orbit;

(2nw) M is the orbit of a periodic circloid;

(3nw) M is the extension of a Cantor set, with all connected components non-
separating.

Note that (1nw) and (3nw) belong to type 3 in Theorem 2. (2nw) belongs
either to 2 or 3, depending on whether the circloid is essential or not, since the
orbit of a homotopically trivial periodic circloid is a periodic orbit extension.

Regarding the classification in the different homotopy classes, there are two
important situations in which type 1 and type 2 minimal sets can be excluded.
The first is the case where f ∈ Homeo(T2) is homotopic to an Anosov homeo-
morphism. Using classical results on Anosov homeomorphisms(see e.g. [Bow70a,
Man74, Wal70]) one obtains the following.

Corollary 1 ([JKP13], Corollary 2). Suppose f ∈ Homeo(T2) is homotopic
to an Anosov homeomorphism. Then any minimal set of f is of type 3.
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The second situation is more intricate and concerns the case where f is
homotopic to the identity. For homeomorphisms in this homotopy class, given
a fixed lift F of f we can consider its rotation set ρ(F ) defined as

ρ(F ) :=
{
ρ ∈ R2 | ∃xi ∈ R2, ni ր +∞ : lim

i→∞
(F ni(xi)− xi)/ni = ρ

}
.

As we will see in Section 1.2 this is always a compact and convex set of the
plane. The next results relate the given classification to the Rotation Theory
on the torus.

Corollary 2 ([JKP13], Corollary 3). Suppose the rotation set of f ∈ Homeo0(T2)
has non-empty interior. Then any minimal set is of type 3.

A particular result by Misiurewicz and Ziemian [MZ91] in Rotation Theory
states that for all ρ ∈ int(ρ(F )) there exists a minimal set Mρ such that ρ is
the unique rotation vector on Mρ. Corollary 2 implies that for all non-rational
ρ these are extensions of Cantor sets.

Further information can be deduced for pseudo-rotations f ∈ Homeo0(T2)
(i.e. ρ(f) consists of only one vector) which are non-wandering.

Corollary 3 ([JKP13], Corollary 5). Suppose f is a non-wandering pseudo-
rotation with rotation vector ρ and M 6= T2 is a minimal set.

(a) If ρ is totally irrational (i.e. its coordinates are rationally independent),
then M is an extension of a Cantor set.

(b) If ρ is rational (i.e. ρ ∈ Q2), then M is either an extension of a Can-
tor set, or the periodic orbit of either a point or a homotopically trivial
circloid.

1.1.6 Classification in closed hyperbolic surfaces.

The classification result in surfaces is given by two theorems. In the first one,
Theorem 3, we find three complementary cases for the classification, and in
the second one, Theorem 4, we give a more detailed description for the second
case.

Theorem 3 ([PX], Theorem A). Let S be a closed hyperbolic surface and
M ⊂ S be a minimal set of f ∈ Homeo(S). Then either:

(1) Π0(Mc) consists of disks, with at least one unbounded and periodic.
Moreover, any bounded disk in Π0(Mc) is wandering;

(2) E(Mc) is a family of locally simply connected sets, and M = C0∪...∪Cn−1

where {Ci}
n−1
i=0 is a family of pairwise disjoint continua with f(Ci) =

Ci+1mod(n) for all i = 0, . . . , n− 1. Furthermore, each element in {Ci}
n−1
i=0

coincides with a connected component of ∂V for some V ∈ E(Mc), and
there are no periodic bounded discs in Π0(Mc).
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(3) Π0(Mc) consists of exactly one fully essential component and bounded
disks. Furthermore, M is either an extension of a periodic orbit or an
extension of a minimal Cantor set.

Notice than in case (2) fully essential domains are naturally excluded of
being in Π0(Mc). As before, we refer to a minimal set M as a type 1, 2 or 3
minimal set whenever it is in the case 1, 2 or 3 of the classification. Examples
for each case in the classification are presented in Section 3.9.

If S is any closed surface (not necessarily hyperbolic), we say that a min-
imal set is of type 1 if Π0(Mc) is a family of disks. This is consistent with
the classification given in Section 1.1.5 when S = T2, and it is the situation
considered by Matsumoto and Nakayama in [MN11] when S is the sphere.

Given a continuum and type 2 minimal set C ⊂ S of f ∈ Homeo(S), we
say that it is reducible to a type 1 minimal set in S ′ if there exists a closed
surface S ′ with g(S ′) < g(S), a homeomorphism f̂ : S ′ → S ′ and C′ a type
1 minimal set for f̂ such that f |C is conjugated to f̂ |C′. Furthermore, we
say that a reducible minimal set C ⊂ S is g-reducible, if g = min{g(S ′) :
C is reducible to a minimal set in S ′}.

The second result, which completes the classification, is the following.

Theorem 4 ([PX], Theorem B). Let S be a closed hyperbolic surface and
M = C0 ∪ ... ∪ Cn−1 a type 2 minimal set of f ∈ Homeo(S). Then, for every
k = 0, ..., n−1 there exists N > 0 such that Ck is reducible to a type 1 minimal
set for fN . Moreover,

(2i) if C0 is 0-reducible, then Ck is the boundary of a circloid for every k =
0, ..., n − 1 and #E(Cck) ≤ 2. Furthermore, every disk in Π0(Mc) is
wandering.

(2ii) if C0 is g-reducible with g > 0, then Ck is g-reducible for k = 0, ..., n− 1,
and there are at least #E(Cck) unbounded fixed disks in Π0(S

′\C′
k) for f̂ .

Notice that while for a minimal set M in the situation of the last theorem
we know due to Theorem 3 that every bounded disk in Π0(Mc) is wandering,
this last theorem asserts that in the situation (2i) unbounded disks have to be
wandering as well.

Basically, the last result means that there are only two ways for construct-
ing type 2 minimal sets: one is to choose a finite family of pairwise disjoint
compact essential annuli in S where the minimal set will be supported; and
the other one is to consider a type 1 minimal set C′ in some surface S ′ and then
to extend the dynamics to a connected sum of S ′ and some other surfaces, by
the complement of C′. See the figures below, and Section 3.9 for a detailed
description. More information about the conjugacy map between fN |Ck and

f̂ |C′
k
can be obtained from its construction (see 3.6), in particular about the

homotopy type of this map. We omit this here for the sake of brevity.
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(a) (2i) (b) (2ii)

Figure 1.1.2: This figure illustrates the two possibilities for Type 2 minimal
sets described in Theorem 4.

As we did in the case of the torus, we consider the classification for the
non-wandering case, and in the different homotopy classes of homeomorphisms
in light of the Nielsen-Thurston Theory. Based again on the result by A.
Koropecki [Kor10], we have the following classification.

Theorem 5 ([PX], Introduction). Let S be a closed hyperbolic surface, and
M ⊂ S a minimal set for a non-wandering homeomorphism f ∈ Homeo(S).
Then either:

(1nw) M = C0∪...∪Cn−1 where {Ci}
n−1
i=0 is a family of pairwise disjoint essential

circloids with f(Ci) = Ci+1mod(n) for all i = 0, . . . , n − 1. Furthermore,
there are no disks in Π0(Mc).

(2nw) M is an extension of either a periodic orbit or a minimal Cantor set.

Note the slight difference between the cases (1nw) of last theorem and (2i) of
Theorem 4. In the non-wandering case we have that the continua are circloids,
while in the general case we only know that they are the boundary of a circloid.

Finally, we study the classification depending on the isotopy class of f . In
light of Nielsen-Thurston Theory, we define the following set:

D := {f ∈ Homeo(S)| f ∼ g : g is either pA or reducible with pA components},

where “∼” is the homotopy relation, and “pA” refers to pseudo-Anosov maps.
We obtain thus the following:

Theorem 6 ([PX], Introduction). Let S be a closed hyperbolic surface. Then
type 1 minimal sets can only occur for homeomorphisms in Dc.

In other words, type 1 minimal sets can only occur for homeomorphisms
which are either periodic or reducible without pseudo-Anosov components.
We only know examples of type 1 minimal sets for periodic homeomorphisms
(indeed only for homotopic to the identity maps), and we think that only for
this class these minimal sets can occur. So, we pose the following question:
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Question 1.1.1. Do type 1 minimal sets exist for homeomorphisms in the
homotopy class of reducible maps without pA components?

As a direct consequence of the last corollary we prove the following final
result of this section.

Corollary 4 ([PX], Introduction). Let S be a closed hyperbolic surface and
f ∈ Homeo(S) homotopic to a pseudo-Anosov homeomorphism. Then every
minimal set of M is type 3.

Now that we have the classification of minimal sets established for both
cases, the torus and the closed surfaces of genus higher than one, we want to
comment on their main difference. The reader may notice that while a (sub-)
class in the case of the torus is given by those minimal sets which contain
a wandering essential annulus in the complement, this kind of minimal sets
cannot occur for surfaces of genus bigger than one.

For the homotopy class of the identity in hyperbolic surfaces there exists
some developments of Rotation Theory (see [Les11] and references therein),
but there is not such a concept as the rotation set. Nevertheless, although we
do not consider this here, it seems to be possible to relate the Classification
Theorem to Rotation Theory in this context as well.

1.2 Rotation Theory of T2.

In this section we summarize the state of knowledge of Rotation Theory on
the two dimensional torus, and present our contributions.

1.2.1 State of the art.

Rotation Theory in the two-dimensional torus can be seen as the generalization
of Poincaré’s combinatorial theory for the dynamics of orientation-preserving
circle homeomorphisms to the two dimensional context. In this theory, which
is paradigmatic in several directions of Dynamical Systems, a complete de-
scription of the qualitative dynamics associated to an orientation-preserving
homeomorphism f can be given via the so called rotation number ρ(F ). The
latter which is defined by ρ(F ) := limn→∞(F n(x) − x)/n for some lift F of f
and x ∈ R. This limit always exists and it does not depend on x. If ρ(F ) = p

q

with p, q co-prime positive integer numbers, then the limit set of the map f
coincides with the set of periodic points of period q of f . Furthermore, given a
lift x of a periodic point, we have F q(x) = x+ p. For the complementary case,
that is ρ(F ) ∈ Qc, one has that f is semiconjugate to the irrational rotation of
angle ρ(F ). Further, the limit set of f is given by either the whole circle and is
a minimal for f , or a minimal Cantor set whose gaps are wandering intervals.
In case the whole circle is a minimal set for f , we have that the semiconjugacy
is actually a conjugacy between f and the irrational rotation of angle ρ(F ).

13



In the context of the two-dimensional torus one considers the space of
homeomorphisms homotopic to the identity, Homeo0(T2). However, since it is
impossible to ensure the independence of the asymptotic rotation vector with
respect to x or even the existence as in the circle case, one has to consider the
set of all possible limits. Let f ∈ Homeo0(T2) and C ⊂ T2 be a compact and
f -invariant set, and F : R2 → R2 a lift of f . The rotation set on C is defined
by

ρC(F ) :=
{
ρ ∈ R2 | ∃xi ∈ π−1(C), ni ր +∞ : lim

i→∞
(F ni(xi)− xi)/ni = ρ

}
.

We refer to ρT2(F ) as the rotation set of f and denote this by ρ(F ). The
following fundamental result is due to M. Misiurewicz and K. Zieman.

Theorem 1.2.1 ([MZ89], Theorem 3.4). ρ(F ) is a compact and convex set
for any lift F .

We also have the following properties for the rotation set:

(1) ρC(F ) is a compact set.

(2) If there exists a continuous map h : T2 → T2 homotopic to the identity
such that h ◦ g = f ◦ h for some f, g ∈ Homeo0(T2), we say that g is
semi-conjugate to f by h. In this case, we have ρC(G) = ρh(C)(F ) for
any closed and g-invariant set C, and some lifts F,G of f, g respectively.

(3) Given a compact set A ⊂ R2, we denote by conv(A) the convex hull of
A. Then we have that conv(ρC(F )) = conv(ρΩ(f)∩C(F )) where Ω(f) is
the non-wandering set of f .

(4) For every n ∈ Z, ρC(F n) = n · ρC(F ).

Properties 1,2 and 4 are not difficult to prove directly from the definition.
For property 3 some ergodic-theoretical concepts related to the rotation set
need to be introduced, see [MZ89] and [Dáv11].

After Misiurewicz’s and Zieman’s result, it can be said that Rotation The-
ory in the two torus has been developed by two different kind of results:

• those which establish dynamical consequences assuming different geome-
tries for the rotation set (A), and

• those trying to establish which convex sets of the plane can be realized
as rotation sets (B).

The state of the art for the first kind of results is more developed than for
the second kind. In fact, many of the main questions are solved in the first
case, while in the second there are basic problems with no answers yet. In
what follows, we describe some of the most relevant results in the first class,
and the state of the art for the second class.
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Results in class (A).

As we said, results of this kind draw conclusions about the dynamics of the map
from assumptions on the geometry of the rotation set. We have the following
three principal cases for this geometry:

(1) the rotation set has non-empty interior;

(2) the rotation set is given by a line of positive length;

(3) the rotation set is given by a single point.

For the first case (1) there are two classical results which imply high dynam-
ical complexity for maps verifying this assumption. First, a result by J. Franks
which can be stated as follows.

Theorem 1.2.2 ([Fra89], Theorem 3.2). Let f ∈ Homeo0(T2) and (p1,p2)
q

∈
◦

ρ(F )

∩Q2. Then there exists a periodic point x ∈ T2 of period q such that F q(x̃) =
x̃+ (p1, p2) for every lift x̃ of x.

This result shows the abundance of periodic orbits for maps with rotation
sets having non-empty interior, which shows certain dynamical complexity.
However, if one tries to estimate the growth of the cardinality of orbits of
period q using this result, only a sub-exponential relation with respect to the
period is obtained. So, we do not a priory obtain positive topological entropy.
Nevertheless, J. Libre and R. MacKay proved the following.

Theorem 1.2.3 ([LM91], Theorem 1). Let f ∈ Homeo0(T2) with
◦

ρ(F ) 6= ∅.
Then f has positive topological entropy.

In [LM91] the authors do not provide a relation between the geometry of
the rotation set and the entropy. This is done in the PhD thesis of J. Kwapisz
[Kwa95a].

In [Jäg11], T. Jäger found an interesting dynamical structure for conser-
vative maps whose rotation set has non-empty interior. In a recent article by
A. Koropecki and F. Tal [KT13] the authors obtain a more detailed descrip-
tion of this phenomena. This structure is given by a chaotic region in which
every neighborhood sees the rotation set, and its complement which is a union
of periodic bounded discs. Another interesting result in case (1) is given in

[MZ91], where it is proved that for any vector v ∈
◦

ρ(F ) there exists a compact
and f -invariant set C ⊂ T2 such that ρC(F ) = {v}. This in particular implies
that for every point v in the interior of ρ(F ), there exits a minimal set M such
that ρM(F ) = {v}.

For the second case (2) there were recently important advances. The first
result in this case was given by P. LeCalvez.
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Theorem 1.2.4 ([LC91]). Suppose ρ(F ) is a segment with irrational slope for
f ∈ Homeo0(T2). Then every rational point in ρ(F ) is realized by a periodic
orbit.

The proof in the quoted article was given for diffeomorphisms, but it can be
generalized to homeomorphisms. Recently, in [Dáv12] P. Dávalos proved that
if a rational point in a rotation set which is a segment is not realized, then
there exists a periodic open annulus. After this, a slightly different version
was proved in the conservative case under the assumption of having a rotation
set given by a segment with infinitely many rational points, but avoiding the
assumption about the unrealized rational point [GKT]. This last result is also
announced by P. Dávalos for the non-conservative case.

The maps in case (3) are known as pseudo-rotations or pseudo-translations.
For this case, there are two particular cases to which most of the attention has
been paid: when ρ(F ) is given by a rational point (i.e. an element in Q2)
and when ρ(F ) is given by a totally irrational vector (i.e. its coordinates are
rationally independent).

For the first case it is known that there exists a periodic orbit realizing the
rotation vector (see [Fra88]). In a recent result [KT] a classification for these
pseudo-translations is given in terms of the deviations of orbits of the lift with
respect to the respective rigid rotation.

In the second case one tries to see to what extent the situation in the cir-
cle can be generalized. There are examples which show that totally irrational
pseudo-rotations are not necessarily semiconjugate to the respective transla-
tion [Jäg09a]. Nevertheless there exists a positive result in this sense due to
T. Jäger under the assumptions of having bounded deviations with respect to
the translation and being conservative [Jäg09b].

Those pseudo-translations which are semiconjugate to the respective rigid
translation, but non-conjugate, are called Denjoy-type maps (inspired by the
classical examples and results of A. Denjoy on the circle). In contrast with
the one-dimensional case, the dynamical properties for this class of maps can
be very rich, both from a topological and a measurable point of view (see
[BCLR07, BCLR12]). Further, a plausible generalization for the rigidity result
of Denjoy in the circle theory seems to be far from being obtained (see e.g.
[McS95, PS12]).

State of the art of results in class (B).

As we said before, for this kind of problems there are still no answers to funda-
mental questions. For the cases (1), (2) and (3) stated in the last subsection,
we have the following.

• In the first case it is not known whether every convex set in the plane with
non-empty interior can be the rotation set of some homeomorphism. In
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this direction, J. Kwapisz has shown that every polygon in the plane with
rational vertices can be realized as a rotation set [Kwa92]. Also, Kwapisz
constructs a diffeomorphism in Homeo0(T2) such that its rotation set
contains infinitely countably many extremal points [Kwa95b]. This last
example is the unique one in which it is known that the rotation set has
infinitely many vertices. Finally, a last result due to Béguin, Crovisier
and Le Roux provides for every irrational vector ρ ∈ R2 an example with
a rotation set containing ρ as an extremal point, and having non-empty
interior [Bég06].

• For the second case, there is an open conjecture due to J. Franks and
M. Misiurewicz [FM90], which states that the segments which can be
realized as rotation sets either contain a rational point as an endpoint
or they contain infinitely many rational points. There exist examples for
all the possible cases which are allowed by this conjecture.

• For the third case, any single point in the plane can obviously be realized
as a rotation set of some homeomorphism.

Concerning the Franks-Misuirewicz conjecture there are certain special
families of maps where the conjecture is verified. A first family is given by
all the skew-products over irrational rotations. In this case a theorem by
M.Herman [Her83] proves the uniqueness of the rotation vector. A second
family are those maps which are the time-one map of a flow (see [FM90]).
Finally, a third family is given by those maps which preserve the leaves of a
foliation of the torus by irrational lines (see [Kwa00]).

1.2.2 Presentation of the results.

Our contributions to this theory are related to the second class of results (B).
First, we show that generically with respect to the C0 topology in Homeo0(T2)
the rotation set is given by a rational polygon (i.e. a convex set whose extremal
points are finitely many points in Q2). Moreover, this fact is proved for an
open and dense set of the space. We thus extend this result to the class of all
axiom A diffeomorphisms (also known as Smale diffeomorphisms), which is a
very relevant class for different topics in Dynamical Systems such as the study
of the stability of maps and the study of generic dynamic. For these first two
results, we deal with techniques coming from hyperbolic dynamics and classic
results on axiom A diffeomorphisms. As a byproduct, the techniques we used
allow us to prove the existence of minimal sets of certain maps whose rotation
set is given by a non-trivial segment. These are the first examples of this
type, and can be considered unexpected, since minimal sets generalize periodic
orbits. Further, it is proved that in general the rotation set over a minimal
set of a map is a connected set. Moreover, this last result can be related to
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the Franks and Misiurewicz conjecture as this last in particular claims that a
minimal torus homemorphism has necessarily a singleton rotation set. Then,
our result proves that the recurrence is not enough for this, so in case of being
the conjecture true the topology of T2 must be highly involved in the proof.

In a second group of results, we study the family of maps of extensions of
irrational rotations of the circle in Homeo0(T2), in light of the conjecture by
Franks and Misiurewicz. If for some member in this family the rotation set is
not a singleton, then it would be a counter-example for the conjecture. We first
find a topological and dynamical characterization for the maps in this family,
and then give a criterion concerning this characterization which guarantees the
uniqueness of the rotation vector. The characterization places this family close
to the skew-products over irrational rotations and the criterion generalizes the
result by M. Herman [Her83]. As a byproduct, we get some results about the
rotation theory for invariant essential thin annular continua in the annulus.

As we saw, the contributions to the Rotation Theory of the torus are given
by two groups of results. We present each of them in the following two sub-
sections.

1.2.3 Rational polygons as rotation sets of generic home-
omorphisms and axiom A diffeomorphisms. Exis-

tence of minimal sets with non-singleton rotation
sets.

The first result proves that generically the rotation set is given by a rational
polygon. Here, a rational polygon is any convex set in the plane with finitely
many extremal points which are rational. Note that this could be even seg-
ments and single points, to which we refer as degenerate rational polygons.
We consider the C0-topology in Homeo0(T2) and obtain the following result.

Theorem 7 ([Pas13], Theorem 1). There exists an open and dense set D ⊂
Homeo0(T2) such that for every f ∈ D the rotation set ρ(F ) is a rational
polygon (possibly degenerate).

This result can be seen as a generalization of the corresponding result in the
theory of the circle, which asserts that for an open and dense set in Homeo+(S

1)
the rotation number of any element belonging to this set is rational. Further,
our result generalizes S. Zanata’s result [AZ04], in which it is proved that if
for some homeomorphism f the rotation set has an irrational extremal point,
then the rotation set can be modified by arbitrary small perturbations of f .

The idea for proving this result is to see that the rotation set of certain
axiom A diffeomorphisms (see Section 4.4 for the definition) are rational poly-
gons, for which we were inspired by the articles [Kwa92] and [Zie95], and then
to make use of the genericity and robustness of these diffeomorphism, to con-
struct the set D. After having obtained this first result, we extend it to all
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Axiom A diffeomorphism in Homeo0(T2) by using techniques from hyperbolic
dynamics.

Theorem 8 ([Pas13], Theorem 2). Let f ∈ Homeo0(T2) be an axiom A dif-
feomorphism. Then ρ(F ) is a rational polygon.

Finally, we consider rotation sets on minimal sets of elements in Homeo0(T2).
As the definition of minimal sets can be seen as a natural generalization of pe-
riodic orbits, one could guess that the rotation set on a minimal set is given by
a unique point, as in the case of periodic orbits. We see here that this is not
true by using the techniques developed for the first two results. We observe in
general that the rotation sets on minimal sets are continua, and then we prove
the following result.

Theorem 9 ([Pas13], Theorem 3). There exists an open set D′ ⊂ Homeo0(T2),
such that any f ∈ D′ has a minimal set M with ρM(F ) given by a non-
trivial segment. Furthermore, D′ is dense in the set of homeomorphisms whose
rotation set has non-empty interior.

1.2.4 On extensions of irrational circle rotations on T2.

This group of results is devoted to the study of homeomorphisms in Homeo0(T2)
which are semiconjugate to an irrational rotation of the circle. This class of
maps is interesting in light of the Franks-Misiurewicz conjecture. One can
observe that in order for this conjecture to be true, elements in this family
should have a unique rotation vector. Indeed, it is not difficult to see that the
rotation set for this kind of maps is always contained in a line containing no
rational points.

Denote by Homeo0(Td) the set of homeomorphisms of the d-dimensional
torus Td that are homotopic to the identity and let Ad = Sd−1 ×R. There is a
natural way for extending the definitions of annular continuum and circloids
to Ad, d ≥ 2. We refer to Section 2.2 for these definitions in higher dimensions.
Note that in any family of pairwise disjoint essential continua there exists
a natural circular order on Td. We say a wandering essential continuum has
irrational combinatorics (with respect to f ∈ Homeo0(Td)) if its orbit is ordered
in Td in the same way as the orbit of an irrational rotation on T1 (see Section 5.3
for more details).

The first result gives a topological and dynamical characterization of the
family of elements in Homeo0(Td) which are semiconjugate to irrational circle
rotations.

Theorem 10 ([JP], Theorem 1). Suppose f ∈ Homeo0(Td). Then the follow-
ing statements are equivalent:

(i) f is semiconjugate to an irrational rotation R of the circle;

(ii) there exists a wandering essential circloid with irrational combina-
torics;
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(iii) there exists a wandering essential continuum with irrational combi-
natorics;

(iv) there exists a semiconjugacy h from f to R such that for all ξ ∈ T1

the fiber h−1{ξ} is an essential annular continuum.

We note that the implication “(iii) ⇒(i)” for the two-dimensional case is
contained in [Kor07], and the proof easily extends to higher dimensions.

Related to this theorem is the question about weather the semiconjugacy
is unique or not. It is easy to see that if we compose a semiconjugacy with a
rigid rotation of the circle, then we obtain a new semiconjugacy, and hence we
have no uniqueness. However, one could ask if the semiconjugacy is unique up
to composing with rigid rotations. In Section 5.4 we give a simple example in
order to see that this is not true, but we prove that such a uniqueness is true
in each externally transitive invariant set of the considered map. This bring
us by means of a result due to Potrie [Pot12], to the following.

Corollary 5 ([JP], Corollary 4.4). Let f ∈ Homeo(T2) be a totally irrational
pseudo-rotation which is seminconjugate to the respective rigid translation of
T2. Then the semiconjugacy is unique up to composing with rigid translations
of T2.

Back to Theorem 10, in our context the most important fact will be the
equivalence “(i) ⇔ (iv)”, which says that the semiconjugacy can always be
chosen such that its fibres are essential annular continua. This places the
considered systems close to skew products over irrational rotations, with the
only difference that the topological structure of the fibres can be more com-
plicated. For this reason, one may hope to generalize Herman’s result to this
larger class of systems, thus proving the existence of a unique rotation vec-
tor. To that end, however, we here have to make an additional assumption on
topological regularity of the fibres of the semiconjugacy.

An essential annular continuum A ⊆ T2 admits essential simple closed
curves in its complement. The homotopy type of such curves is unique, and
we define it to be the homotopy type of A. We say A is horizontal if its
homotopy type is (1, 0). Given a horizontal annular continuum A, we denote

by Â a connected component of π−1(A), where π : R2 → T2 is the canonical
projection. Let T : R2 → R2, (x, y) 7→ (x+ 1, y). Then we say A is compactly

generated if there exists a compact connected set G0 ⊆ Â such that A =⋃
n∈Z T

n(G0). An essential annular continuum with arbitrary homotopy type
is said to be compactly generated if there exists a homeomorphism of T2 which
maps it to a compactly generated horizontal one.

Theorem 11 ([JP], Theorem 2). Suppose f ∈ Homeo0(T2) is semiconjugate
to an irrational rotation of the circle. Further, assume that the semiconjugacy
h is chosen such that its fibres h−1(ξ) are all essential annular continua and
there exists a set Ω ⊆ T1 of positive Lebesgue measure such that h−1{ξ} is
compactly generated for all ξ ∈ Ω. Then f has a unique rotation vector.
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We say an annular continuum is thin if it has empty interior. Note that in
the situation of Theorem 11, all but at most countably many of the fibres are
thin in this sense.

As a byproduct of our methods, we also obtain the uniqueness of the rota-
tion vector for invariant compactly generated thin annular continua.

Theorem 12 ([JP], Theorem 3). Suppose f ∈ Homeo0(T2) and A is a thin
annular continuum that is compactly generated and f -invariant. Then f|A
has a unique rotation vector, that is, there exists a vector ρ ∈ R2 such that
limn→∞ F n(z)− z/n = ρ for all z ∈ R2 with π(z) ∈ A. Moreover, the conver-
gence is uniform in z.

For decomposable3 circloids the above statement was proved before by Le
Calvez [Cal], using Caratheodory’s prime ends, which is a classical approach to
study the rotation theory of continua [Car13a, Car13b, KLCN]. It should be
noted that there exist important examples of invariant thin annular continua
which are not compactly generated. One example is the Birkhoff attractor
[LC88], which does not have a unique rotation vector and therefore cannot
have a compact generator due to the above statement. Another well-known
example is the pseudo-circle, which was constructed by Bing in [Bin51] and
latter shown to occur as a minimal set of smooth surface diffeomorphisms
[Han82, Her86].

We close by collecting some observations on the topology and dynamics of
invariant thin annular continua. It is known that any thin annular continuum
A contains a unique circloid CA (see Lemma 5.2.2). If Â = π−1(A), CÂ =

π−1(CA), we define the set of spikes of A as SA := {[Â \ CÂ]x| x ∈ Â}, where
[Y ]x denotes the connected component of x in the topological space Y . Fur-
ther, we associate to every spike S ∈ SA the number h(S) := sup{x2 − x1 |
(x1, y1), (x2, y2) ∈ S}, and we say a spike S is infinite if h(S) = ∞. Thus, we
obtain the following topological result.

Proposition 1 ([JP], Theorem 6.1). Let A ⊂ A be an essential thin annular
continuum. Then the following holds.

(1) If A has no generator either:

(1a) CA has no generator, or

(1b) CA has generator and A contains an infinite spike.

(2) If A has generator, then CA has generator.

We remark here that two important lemmas used for the proof of this result
are also crucial in the proof of Theorem 11.

3A continuum is called decomposable if it can be written as the union of two strict
subcontinua.
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After this topological result, we consider relations between each of the
classes (1a),(1b) and (2), and the Rotation Theory of invariant continua. Given
f ∈ Homeo(A) which leaves invariant an essential annular continuum A, the
rotation set on A for a lift F of f is given by

ρA(F ) =
{
ρ ∈ R

∣∣∣ ∃zi ∈ Â, ni ր ∞ : lim
i→∞

π1 (F
ni(zi)− zi) /ni = ρ

}
.

It is not difficult to see that this set is always a compact interval. For
the class (1a), as we quoted before, there exists examples in which ρA(F ) is
a non-trivial segment (see e.g. [LC88]). Nevertheless, it is not know if this
is possible for the pseudo-circle, which has major importance amongst these
kind of continua. For the class (2) Theorem 12 implies the uniqueness of the
rotation number. For the class (1b), by reproducing some examples due to
Walker [Wal91], we prove the following result.

Proposition 2 ([JP], Proposition 6.3). Given any segment I ⊂ R, there exists
a map f ∈ Homeo(A) which leaves invariant an essential thin annular contin-
uum A ⊂ A such that CA has compact generator, A has an infinite spike, and
ρA(f) = I.

The structure of the thesis is straightforward: we devote one chapter to
each group of results presented in subsections 1.1.5, 1.1.6, 1.2.3 and 1.2.4.
Along these chapters several definitions and concepts will be repeated in order
to have certain independence between them, and for the sake of clarity.
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Chapter 2

Classification of minimal sets of
torus homeomorphisms.

2.1 Statements of the results.

We first restate the results that we want to prove in this chapter. These are
the theorems 1,2 and the corollaries 1,2,3, which were presented in Subsection
1.1.5. Our first Theorem is the general classification.

Theorem 2.1.1 (Classification Theorem in the Torus). Suppose f ∈ Homeo(T2)
and M 6= T2 is a minimal set. Then the elements of Π0(Mc) consist of either:

(1) topological disks.

(2) at least one essential annulus and topological disks, where either:

(i) the essential annuli in Mc are periodic and M is the orbit of the
boundary of an essential periodic circloid, or

(ii) every connected component in Mc is wandering and f is semi-
conjugate to a one-dimensional irrational rotation,

(3) exactly one doubly essential component and a number of bounded topo-
logical disks, where either:

(i) M is an extension of a periodic orbit, or

(ii) M is an extension of a Cantor set.

Moreover, in case (1) bounded periodic disks cannot occur and in case (2) only
essential annuli can be periodic.

After the classification is established, we consider it for the non-wandering
case.
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Theorem 2.1.2 (Classification Theorem, non-wandering version). Suppose
f ∈ Homeo(T2) is non-wandering and M 6= T2 is a minimal set. Then one of
the following holds:

(1nw) M is a periodic orbit;

(2nw) M is the orbit of a periodic circloid;

(3nw) M is the extension of a Cantor set, with all connected components non-
separating.

Finally we consider the classification in different homotopy classes. We
obtain for the Anosov case the following.

Corollary 2.1.3. Suppose f ∈ Homeo(T2) is homotopic to an Anosov home-
omorphism. Then any minimal set of f is of type 3.

For the homotopy class of the identity, the relation between the given
classification and the Rotation Theory is considered. We obtain the following
results.

Corollary 2.1.4. Suppose the rotation set of f ∈ Homeo0(T2) has non-empty
interior. Then any minimal set is of type 3.

Corollary 2.1.5. Suppose f is a non-wandering pseudo-rotation with rotation
vector ρ and M 6= T2 is a minimal set.

(a) If ρ is totally irrational (its coordinates are rationally independent), then
M is an extension of a Cantor set.

(b) If ρ is rational, then M is either an extension of a Cantor set, or the
periodic orbit of either a point or a homotopically trivial circloid.

The chapter is organized as follows. In Section 2.2, we collect several pre-
liminary topological results which will be used in the later sections. Section 2.3
then contains the proof of the main classification. In Section 2.4, we consider
the classification for the non-wandering case, and we discuss the classification
in the different homotopy classes.

2.2 Topological background

In this section we collect several topological facts which are later mixed with
dynamical arguments to obtain our main results. In particular, we describe
a procedure to ‘fill in’ subsets of the torus which is similar to a standard
construction in the plane, but requires take care of some subtleties of surface
topology. Even though some of these constructions may be considered folklore,
we therefore spell out the details.
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2.2.1 Notation

To an essential set U ⊂ T2 we can associate a homotopy type given by a vector
(p, q) ∈ Z2 with gcd(p, q) = 1, where (p, q) is the generator of Im(i∗). In this
case, we call U a (p, q)-essential set. It is verified that an essential set U is

(p, q)-essential if and only if every connected component Ũ of π−1(U) satisfies

Ũ + (p, q) = Ũ .
Given a set X ⊂ T2 we denote as Π0(X) to the set of connected compo-

nents of X ⊆ T2. We call a connected set A ⊂ T2 bounded, if all connected
components of π−1(A) are bounded. Note that this does not imply a uniform
bound on the size of the connected components of π−1(A) (see Remark 1). We
use R2 = R2 ∪ {∞} to denote the Riemann sphere.

Given a homotopically trivial simple loop γ ⊆ T2, define the embedded
Jordan disk B(γ) := π(B(γ0)) ⊂ T2, where γ0 ⊂ R2 is a lift of γ and B(γ0)
the Jordan disk bounded by γ0.

We denote the closure of any set X in any topological space by cl[X ].

2.2.2 Fill-in of planar sets

Given any connected set A ⊆ R2, let U∞(A) be the connected component of
R2 \A which contains the point ∞. The standard way to fill in the set A is to
define

FillR2(A) = R2 \ U∞(A) .

Note that when γ is a loop in R2, then FillR2(γ) is just the closure of the
Jordan domain of γ, which will be denoted by B(γ). Equivalent definitions of
FillR2(A) are the following. First, if {Aα}α∈I is the set of bounded connected
components of R2 \ A, then

FillR2(A) := A ∪
⋃

α∈I

Aα

Since the union of a connected set with a connected component of its com-
plement is connected1, this allows to see in particular that FillR2(A) is always
connected. Secondly, we say that a set A ⊆ R2 is filled-in if R2 \ A is con-
nected, then FillR2(A) is just the smallest filled-in set that contains A. For
domains, a third equivalent characterization is given by the first part of the
next statement.

Lemma 2.2.1. Let A0 ⊆ R2 be open and connected. Then

FillR2(A0) = {z ∈ T2 | ∃ a loop γ ⊆ A0 : z ∈ B(γ)}.

Further, for all v ∈ R2 we have that A0 ∩ (A0 + v) = ∅ implies FillR2(A0) ∩
(FillR2(A0) + v) = ∅.

1This is true in any σ-compact connected Hausdorff space.

25



Proof. Let
Ã0 = {z ∈ R2 | ∃ a loop γ ⊆ A0 : z ∈ B(γ)} .

Then Ã0 is simply-connected and therefore a topological disk by the Riemann
Mapping Theorem. In particular, it is filled-in. Now, suppose B is another
filled-in set that contains A0, but does not contain Ã0. Then there is a loop
in A0 such that its bounded component contains a point that is not in B.
However, this point cannot belong to the unbounded component of R2 \ A,
which is a contradiction. It follows that any filled-in set that contains A0

also contains Ã0, and therefore Ã0 = FillR2(A0). The second statement is a
consequence of the first statement.

2.2.3 Fill-in of domains in the torus

Our aim is now to define a similar Fill-operation for connected subsets of the
torus. This does not work for arbitrary connected subsets of the torus (see the
remarks at the end of this section), but we show it does apply to subsets of
T2 which are either domains or bounded continua. At the end of this section
we collect several basic results that will be used later in the proof of our main
results.

Lemma 2.2.2. If a domain A ⊆ T2 is locally homotopically trivial, then any
connected component of π−1(A) ⊂ R2 is simply connected.

Proof. Consider a connected component Ã of π−1(A). Then, we have for the
map πÃ := π|

Ã
: Ã → A that (Ã, πÃ) is a cover of A. Hence we have that

the induced homotopy map πÃ∗ : π1(Ã, x0) → π1(A, π(x0)) is injective (see
[Hat02], Proposition 1.31). Now, given a loop γ̃ in Ã we have that π(γ̃) is
a trivial loop in T2. Thus, as A is homotopically trivial we have that γ is
homotopic to a constant in A. Then, the injectivity of the map πÃ∗ implies
that γ̃ is homotopic to a constant in Ã2.

Locally homotopically trivial domains in the torus in the above sense can
be classified as follows.

Lemma 2.2.3 ([Kwa11], Lemma 7). Let A ⊂ T2 be open, trivial (respectively
essential) and locally homotopically trivial. Then A is a disk (respectively
essential annulus) in T2.

Given a domain A ⊆ T2 and a connected component A0 of its lift, define

Fill(A) := π(FillR2(A0)).

Note that this definition does not depend on the choice of connected component
of π−1(A). Let us collect basic properties of the Fill-operation for domains.

2This proof was suggested by Andreas Knauf, and simplifies the proof given in the article
[JKP13]
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Proposition 2.2.4 (Fill-in of torus domains). Suppose A ⊆ T2 is a domain.
Then the following hold.

(a) Fill(A) = {z ∈ T2 | ∃a trivial loop γ ⊆ A : z ∈ B(γ)}.

(b) A is trivial and bounded iff Fill(A) is a bounded disk.

(c) A is trivial and unbounded iff Fill(A) is an unbounded disk.

(d) A is (p, q)-essential iff Fill(A) is a (p, q)-annulus.

(e) A is doubly essential iff Fill(A) = T2.

(f) ∂Fill(A) ⊆ ∂A.

(g) If f ∈ Homeo(T2), then f(Fill(A)) = Fill(f(A)).

Proof. The property (a) is a direct consequence of Lemma 2.2.1 combined
with Lemma 2.2.2 applied to a connected component A0 of π−1(A). As a
consequence, we obtain that Fill(A) is simply-connected in T2, such that ac-
cording to Lemma 2.2.3 it is either a disk, an essential annulus or a doubly
essential set. The properties (b)–(e) therefore follow from the second part of
Lemma 2.2.1.

To prove (f), assume for a contradiction that z ∈ ∂Fill(A) but z /∈ ∂A.
Then, since A ⊆ Fill(A) is open, we have z /∈ cl[A]. Let z0 be a lift of z and
denote by C the connected component of z0 in R2 \ π−1(cl[A]). Then either
C is contained in some integer translate of Fill(A0), but then z ⊆ π(C) ⊆
int(Fill(A)), or C is disjoint from π−1(Fill(A)), but then z ∈ π(C) ⊆ int(T2 \
Fill(A)). Hence, in both cases we arrive at a contradiction.

Finally, in order to show (g) let F : R2 → R2 be a lift of f ∈ Homeo(T2).
We then have

f(Fill(A)) = f◦π(FillR2(A0)) = π◦F (FillR2(A0))
(a)
= π(FillR2(F (A0))) = Fill(A).

This finishes the proof.

2.2.4 Fill-in of continua in the torus

We now proceed to construct the fill-in of bounded continua in the torus. As
the following remark shows, some subtleties have to be addressed and the
construction does not work for general subsets of T2.

Remark 1. (1) If A ⊂ T2 is a continuum, but not bounded, it is not clear how
to define a fill-in. For example, consider the disjoint union of two essential
loops γ1, γ2 ⊆ T2 with an infinite embedded line γ ⊆ T2 that accumulates on γ1
in one direction and on γ2 in the other direction. Then the complement of any
lift of γ1∪γ2∪γ to R2 will have four connected components, and Fill(γ1∪γ2∪γ)
will depend on the particular choice and position of these components in the
plane.

(2) A second problem comes from the fact that even if a connected subset
of A ⊆ T2 is bounded in the sense of Section 2.2.1, there is not necessarily a
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uniform bound on the diameter of the connected components of π−1(A). Indeed,
consider an irrational foliation of the torus given by the orbits of a Kronecker
flow. For each n ∈ N let An be a segment of length n in one of the leaves
of this foliation, chosen such that no two segments are in the same leave.
Then for any ε > 0 there exists n ∈ N such that An is ε-dense. This implies
that A =

⋃
n∈NAn is connected: Suppose {U, V } is an open disjoint cover

of A. Then for ε > 0 sufficiently small both U and V contain a disk of
radius ε, and consequently An intersects both U and V when n is large. Since
An ⊆ A ⊆ U ∪ V , this contradicts the connectedness of An. The connected
components of π−1(A) are exactly the connected components of the lifts of the
segments An. Hence, A is bounded according to the above definition, but the
connected components of π−1(A) are not uniformly bounded in diameter.

In order to avoid problems, we restrict to bounded continua and first show
that their complement is always doubly essential. This implies immediately
that for any bounded continuum A ⊆ T2 there is only one connected compo-
nent of π−1(A) up to translation by integer vectors. As a consequence, we will
be able to define the fill-in in the same way as for domains.

In what follows, for a given family of pairwise disjoint sets {Xn}n∈N either
in the plane or the torus, we denote its union by

⊎
n∈NXn.

Lemma 2.2.5. Let {Dn}n∈N be a family of pairwise disjoint bounded open
disks in the plane. Then, A = R2 \

⊎
n∈NDn is a connected set.

Proof. In order to prove the connectedness of A, we show that given any two
points z0, z1 ∈ A there exists a connected subset of A containing z0 and z1.
Denote the straight line segment from z0 to z1 by S. We assume without loss
of generality that S = [0, 1]×{0} and equip it with the canonical order on the
unit interval. Further, define

N = {n ∈ N | Dn ∩ S 6= ∅} and C = (S ∩A) ∪
⋃

n∈N

∂Dn.

We claim that C is connected. In order to see this, suppose for a contradiction
that U, V ⊆ R2 are disjoint open sets which both intersect C and whose union
covers C. Suppose z0 ∈ U and let z′1 ∈ C ∩ V . Further, let z− = sup{z ∈
S∩A∩U | z ≤ z′1}. By compactness, z− ∈ S∩A∩V c = S∩A∩U . Consequently,
z− is the left endpoint of an interval I = S ∩ Dn ⊆ S \ A for some n ∈ N,
and the right endpoint z+ of this interval belongs to S ∩A∩ V . However, this
means that U and V both intersect ∂Dn, contradicting the connectedness of
∂Dn.

Using this together with Proposition 2.2.4, we can now show that compact
and bounded subsets of the torus have doubly essential complement.
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Lemma 2.2.6. If A ⊆ T2 is compact and bounded, then Ac is doubly essential.
Consequently, if A is connected, all connected components of π−1(A) project
injectively onto A and coincide up to translation by an integer vector.

Proof. Suppose that Ac is not doubly essential. Then due to Proposition 2.2.4,
for every U ∈ Π0(A

c) the set Fill(U) is either a bounded or unbounded topolog-
ical disk or an essential annulus. We distinguish between three corresponding
cases and show that in each of them π−1(A) contains an unbounded connected
component, contradicting the boundedness of A.

First assume that there exists U ∈ Π0(A
c) such that Fill(U) is an essential

annulus. Then ∂Fill(U) consists of one or two connected components, which
are both contained in A but at the same time lift to unbounded components
in R2. Secondly, suppose there exists U ∈ Π0(A

c) such that D = Fill(U) is an
unbounded disk. Fix a connected component D0 ⊆ π−1(D) and a point z0 ∈
∂D0 ⊆ π−1(A). Then for any N ≥ 0 we can choose a sequence ηn ⊆ D0 of arcs
of diameter N converging in Hausdorff topology and such that η := limH

n→∞ ηn
contains z0 and is contained in ∂D0. For example, we can identify D0 with
D by the Riemann Mapping Theorem and choose the ηn suitable segments in
the circles of radius 1 − 1/n. Then η is connected (as the Hausdorff limit of
connected sets) and of diameter N . Since N was arbitrary, this shows that the
connected component of z0 in ∂D0 ⊆ π−1(A) is unbounded. Finally, assume
that all connected components of Ac are bounded. Then

Ã0 = R2 \
⋃

U∈Π0(R2\π−1(A))

FillR2(U)

is the complement of a family of bounded disks and therefore connected and
unbounded by Lemma 2.2.5.

Thus, as claimed the complement of A contains a doubly essential com-
ponent. This implies that A is contained in a bounded topological disk D.
Every connected component D0 of π

−1(D) therefore contains a subset A0 that
projects injectively onto A. Since π : D0 → D is a homeomorphism we obtain
that A0 is connected.

Given a bounded continuum A ⊆ T2, we now choose an arbitrary connected
component A0 of π−1(A) and let

Fill(A) := π(FillR2(A0)) .

Since all connected components of π−1(A) coincide up to integer translations,
this definition does not depend on the choice of A0. Furthermore, we have the
following.

Lemma 2.2.7. Suppose A is a bounded continuum. Then

Fill(A) = A ∪
⊎

n∈N

Dn(A),
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where the Dn(A) are bounded disks and

∂Dn(A) = A ∩ cl[Dn(A)]

for every n ∈ N ⊆ N.

Proof. Let A0 be a connected component of π−1(A) and {Dn(A0)}n∈N be the
bounded connected components of R2 \ A0. As A is connected, Dn(A0) is a
disk for every n ∈ N . Further, we have

∂Dn(A0) = A0 ∩ cl[Dn(A0)]

and since A0 is bounded we have that

Dn(A0) ∩ (Dn(A0) + v) = ∅

for every v ∈ Z2 \ {0}. Consequently π(Dn(A0)) = Dn(A) is a bounded disk
for every n ∈ N . We obtain that

Fill(A) = π(Fill(A0)) = π(A0 ∪
⊎

n∈N

Dn(A0)) = A ∪
⊎

n∈N

Dn(A)

and

∂Dn(A) = ∂π(Dn(A0)) = π(∂Dn(A0)) = π(A0 ∩ cl[Dn(A0)]) = A ∩ cl[Dn(A)].

This finishes the proof.

2.3 Classification of minimal sets

In this section, we prove the main classification given in the introduction.

2.3.1 Proof of the Classification Theorem

We start the proof with the following trichotomy.

Proposition 2.3.1. Suppose f ∈ Homeo(T2) and M 6= T2 is a minimal set.
Then one of the following holds:

(1) Mc is a disjoint union of topological disks.

(2) Mc is a disjoint union of one or more essential annuli and topological
disks.

(3) Mc is a disjoint union of one double essential component and bounded
topological disks.
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Proof. Let T (Mc) ⊂ Π0(Mc) be the trivial connected components and E(Mc)
the essential connected components of Mc. Consider

M′ := T2 \
⋃

Σ∈T (Mc)

Fill(Σ),

which is compact and f -invariant by Proposition 2.2.4(g). We claim that
M′ ∩M 6= ∅. In order to see this, let

F = {Fill(Σ) | Σ ∈ T (Mc)}

and

D =

{⋃

n∈N

Fn | Fn is an increasing sequence in F

}
.

First, note that all elements in F are topological disks with boundary contained
in M. Further, F is partially ordered by inclusion and two elements of F are
either disjoint or one is contained in the other. Consequently, the same is
true for D. Furthermore, let {Fn}n∈N be an increasing sequence in F . Then
D =

⋃
n∈N Fn ∈ D is a disk, and

limH
n→∞∂Fn = ∂D ⊆ M.

Now, suppose {Dn}n∈N is an increasing sequence in D. Then D̂ =
⋃
n∈NDn is

again an element of D. Hence, if we define Dmax as the set of maximal elements
of D, then due to the Lemma of Zorn every element of D is contained in an
element of Dmax. Thus, we have

M′ = T2 \
⋃

D∈D

D = T2 \
⊎

D∈Dmax

D .

Since ∂D ⊂ M for everyD ∈ Dmax, this implies in particular thatM′∩M 6= ∅.
By minimality of M we therefore have M ⊂ M′, so that Fill(Σ) = Σ for every
Σ ⊂ T (Mc). In other words, every trivial component of Mc is a disk.

There exists an integer vector (p, q) ∈ Z2 \ {0} such that every element
in E(Mc) is (p, q)-essential. Moreover, the above argument adapted to this
case shows that for every Σ ∈ E(Mc) we have Fill(Σ) = Σ, and hence every
Σ ∈ E(Mc) is a (p, q)-annulus.

To conclude the proof, it now suffices to remark that unbounded disks or
essential components cannot coexist with a doubly essential component, and
that any doubly essential component is necessarily unique.

In order to show the non-existence of periodic bounded disks in Π0(Mc),
we start with a preliminary lemma.
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Lemma 2.3.2. Let M ⊂ T2 be a connected minimal set of a homeomorphism
f : T2 → T2. Further, assume that there exists a periodic bounded disk D0 ∈
Π0(M

c) of period p. Then, M = ∂D0 = ... = ∂Dp−1, where Dk = fk(D0) for
k = 1, ..., p− 1.

Proof. Since ∂D0 ∪ ... ∪ ∂Dp−1 is an f -invariant set contained in M, we have
that

M = ∂D0 ∪ ... ∪ ∂Dp−1.

Given x ∈ M, let r(x) ∈ {1, ..., p} be the number of disks in {D0, ..., Dp−1}
for which x ∈ cl[Dk] (k = 0, ..., p − 1). Now, for any k0 = 0, . . . , p − 1
the set r−1({k : k ≥ k0}) ⊆ M is closed and invariant, and therefore by
minimality of M either empty or equal to M. This implies that r is constant,
say r = m ∈ {1, . . . , p}.

Now, for every x ∈ M define Ix =
⋂m
i=1 ∂Dki , where Dk1, ..., Dkm are the

disks for which x ∈ cl[Dki]. For every x ∈ M the set Ix is closed, and the
collection of these sets Y = {Ix : x ∈ M} is a finite family. Suppose that it is
given by Ix1 , ..., IxN . Then, we have that M =

⋃N
i=1 Ixi. Further, Ixi ∩ Ixj = ∅

if i 6= j, since z ∈ Ixi ∩Ixj would imply r(z) > m. Therefore, by connectedness
of M we have

Ix1 = ... = IxN = M,

which implies that
M = ∂D0 = ... = ∂Dp−1.

This finishes the proof.

Lemma 2.3.3. Let M ⊂ T2 be a connected minimal set of a homeomorphism
f : T2 → T2, and assume that Π0(Mc) does not contain any doubly essential
component. Then every bounded disk D0 ∈ Π0(Mc) is non periodic.

Proof. Let us suppose for a contradiction that there exists a periodic bounded
disk D0 ∈ Π0(Mc). Since M is connected, Lemma 2.3.2 shows that M = ∂D0.

Let D̃0 be a connected component of π−1(D0). Then π : D̃0 → D0 is a

homeomorphism and π : ∂D̃0 → ∂D0 is onto. We now split the proof into two
cases, each leading to a contradiction. First suppose

(
cl[D̃0] + v

)
∩ cl[D̃0] = ∅ for every v ∈ Z2 \ {0}.

Then cl[D0] is bounded and compact, such that Lemma 2.2.6 implies the ex-
istence of a doubly essential component in Dc

0. Secondly, assume that

(
cl[D̃0] + v

)
∩ cl[D̃0] 6= ∅ for some v ∈ Z2 \ {0}.

In this case, define r : M → Z as r(x) = #{v ∈ Z2 \ {0} : x̃+ v ∈ ∂D̃0} where

x̃ ∈ ∂D̃0 ∩ π−1(x). It is verified that r(x) does not depend on x̃. Since D̃0 is
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bounded, r is finite. Further, we have that r−1({k : k ≥ k0}) is a closed and
f -invariant subset of M for every k0 ∈ Z. This implies by minimality of M
that r−1({k : k ≥ k0}) is either empty or equal to M, so r(x) does not depend
on x ∈ M. Therefore, r(x) = m for some positive integer m. Define

Y =
{
(v1, ..., vm) ∈ (Z2)m : ∃z ∈ ∂D̃0 such that z + v1, ..., z + vm ∈ ∂D̃0

}
.

Since D̃0 is bounded, the set Y has to be finite, say Y = {ξ1, ..., ξN} with
ξi = (vi1, . . . , v

i
m). For k = 1, ..., N define the sets

Ak = {z ∈ ∂D̃0 : z + vk1 , ..., z + vkm ∈ ∂D̃0}.

It is readily verified that Ak ⊂ ∂D̃0 is closed and that ∂D̃0 =
⋃N
k=1Ak.

When ξi is just a permutation of the vector ξj, then obviously Ai = Aj.
Otherwise, we must have Ai ∩ Aj = ∅, since in this case the value r(z) would
be strictly greater than m for any z ∈ Ai∩Aj , which is not possible. Therefore

the sets Ai are either equal or pairwise disjoint. As ∂D̃0 is connected all sets
Ai have to coincide, and this implies ∂D̃0 = A1. However, this means that
z+nv1j ∈ ∂D̃0 for every n ∈ N and j = 1, . . . , m, contradicting the boundedness

of D̃0.

Proposition 2.3.4. If M in Proposition 2.3.1 is of type 1 or 2, then Π0(Mc)
does not contain any bounded periodic disk.

Proof. Suppose for a contradiction that M is of type 1 or 2 and D0 ∈ Π0(Mc)
is a bounded periodic disk of period p. Let Dk = fk(D0) as before. Then⋃p−1
k=0 ∂Dk ⊆ M is compact and invariant, so that by minimality

⋃p−1
k=0 ∂Dk =

M.

Let Λ0 be the connected component of M which contains ∂D0. Then Λ0 is
q-periodic for some q ≤ p and minimal for f q. By Lemma 2.3.3, Λc0 contains a
doubly essential component, and so does f i(Λ0)

c for i = 0, . . . , q−1. However,
due to Lemma 2.2.6 this implies that

Mc =

(
q−1⋃

i=0

f i(Λ0)

)c

contains a doubly essential component, contradicting our assumption.

In the next section we will see that also unbounded disk are wandering for
type 2 minimal sets.
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2.3.2 Minimal sets of type 2

In this section, we give a more detailed description of minimal sets of type 2.
Our aim is the following addendum to Proposition 2.3.1.

Addendum 2.3.5. Suppose f ∈ Homeo(T2) and M is a minimal set of type
2. Then one of the following holds.

(i) The essential annuli in Π0(M
c) are periodic and M is the orbit of the

boundary of an essential periodic circloid. Further any disk in Π0(Mc)
is wandering.

(ii) f is semiconjugate to a one-dimensional irrational rotation, and every
element in Π0(Mc) is wandering.

We start with some purely topological facts concerning circloids. We call
a set A ⊆ A essential, if A \A does not contain a connected component which
is unbounded above and below. If A is bounded above, we denote by U+(A)
the connected component of A \ cl(A) which is unbounded above. Similarly,
we define U−(A) when A is bounded below. Further, we write U−+(A) instead
of U+(U−(A)), and use analogous notation for longer concatenations of these
operations. This leads to a simple procedure to produce circloids.

Lemma 2.3.6 ([Jäg09b]). Suppose A ⊆ A is essential and bounded above.
Then

C+(A) = A \ (U+−(A) ∪ U+−+(A))

is a circloid. Further U+−+−(A) = U+−(A).

We call C+(A) the upper frontier of A, and similarly one can define a lower
frontier C−(A).

Lemma 2.3.7. Under the assumptions of Lemma 2.3.6, we have that

∂C+(A) ⊆ ∂A.

In particular, any essential continuum in A contains the boundary of an es-
sential circloid.

Proof. In general, when S ⊆ A is essential and bounded above we have
∂U+(S) ⊆ ∂S, and the analogous statement holds if S is bounded below.
Applying this several times, we obtain

∂U+−+(A) ⊆ ∂U+−(A) ⊆ ∂U+(A) ⊆ ∂A.

Furthermore, E+ = ∂U+−+(A) is an essential continuum which is disjoint
from U+−(A) and U+−+(A) and therefore contained in C+(A). Consequently
C+ = A \ (U−(E+) ∪ U+(E+)) is an annular continuum contained in C+(A),
and by minimality of the latter we obtain C+ = C+(A). However, this means
that

∂C+(A) = ∂C+ = ∂(A \ ∂C+)

= ∂(U−(E+) ∪ U+(E+))) ⊆ ∂E+ = ∂U+−+(A) ⊆ ∂A,
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as required.

Given two essential continua E1 and E2, we write E1 ≺ E2 if E1 ⊆ U−(E2).
We say that a sequence of essential continua {En}n∈N ⊂ A is bounded if there
exist two essential continua E, F ⊂ A such that E ≺ En ≺ F for every n ∈ N.

Lemma 2.3.8. Suppose {En}n∈N ⊆ A is a bounded sequence of essential con-
tinua with En ≺ En+1 for all n ∈ N. Then the En converge in Hausdorff limit
to the essential continuum ∂U−, where U− =

⋃
n∈N U

−(En).

Proof. We have to show that

∀ε > 0 ∃n0 ∈ N ∀n ≥ n0 : ∂U− ⊆ Bε(En) and En ⊆ Bε(∂U
−) .

Note that for all n ∈ N the set En is contained in U−(Ek) for all k > n.
Conversely, ∂U− ⊆ U+(En) for all n ∈ N, since the bounded connected com-
ponents of A \ En are all contained in U−(En+1) ⊆ U− and can therefore not
intersect ∂U−.

Now, first assume that there exist infinitely many n ∈ N with ∂U− *
Bε(En). Choose a sequence ni ր ∞ and zi ∈ ∂U− with zi /∈ Bε(Eni

). Note
that this implies zi /∈ Bε(Enj

) for all j ≤ i, since the straight arc from zi to
the nearest point in Enj

first has to pass through Eni
. By compactness, we

may assume that the limit z = limi→∞ zi ∈ ∂U− exists. Then Bε(z) ∩ En =
∅ for all n ∈ N. Obviously Bε(z) cannot be contained in U−(En) for any
n ∈ N. Further, Bε(z) can also not be contained in a bounded component of
A \En, since it would then be contained in U−(En+1). Consequently Bε(z) ⊆
U+(En) for all n ∈ N. However, this means that U− does not intersect Bε(z),
contradicting z ∈ ∂U−.

Conversely, suppose En * Bε(∂U−) for infinitely many n ∈ N. Choose
ni ր ∞ and zi ∈ En \ Bε(∂U

−) so that the limit z = limi→∞ zi exists. Then
on the one hand we have z /∈ Bε/2(∂U−), but on the other hand z is a limit
point of points zi ∈ En ⊆ U−(En+1) ⊆ U−, a contradiction. This shows that
(2.3.2) holds and thus limH

n→∞En = ∂U− as claimed.

We now turn to minimal sets of type 2, starting with a simple observation.

Lemma 2.3.9. Suppose M is a minimal set of f ∈ Homeo(T2) and Mc

contains an essential annulus A of homotopy type (p, q). Then (p, q) is an
eigenvector of the induced action f∗ on homotopy.

In fact, the assertion of the lemma is true for any annulus which is either
invariant or disjoint from its image.

Proof of Lemma 2.3.9. When A is invariant, then the fact that its homotopy
vector is preserved is obvious. When f(A) and A are disjoint, this follows from
the fact that essential annuli of different homotopy types have to intersect.
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Now, choose A ∈ SL(2,Z) such that (p, q) = A · (1, 0)t and let fA be the
torus homeomorphism induced by A. Then (1, 0) is an eigenvector of the action
on homotopy of

f̂ = f−1
A ◦ f ◦ fA ,

and this implies that there exists a lift f̃ : A → A which projects to f̂ under the
canonical projection πA : A → T2. We either have f̃(z + (0, 1)) = f̃(z) + (0, 1)

or f̃(z + (0, 1)) = f̃(z) − (0, 1). We call f̃ order-preserving in the first case

and order-reversing in the second. When f̃ is order-preserving, we define the
rotation interval of f orthogonal to (p, q) by

ρ(p,q)(f) =
1

‖(p, q)‖2
·
{
lim
i→∞

(
π2 ◦ f̃

ni(zi)− π2(zi)
)
/ni | ni ր ∞, zi ∈ A

}
.

Of course, due to the freedom in the choice of the lift f̃ the interval ρ(p,q) is
only well-defined up to translation by integer multiples of ‖(p, q)‖2, and we will
implicitly understand it in this sense. Note that when f is homotopic to the
identity, then ρ(1,0)(f̃) is just the projection of ρ(F ) to the second coordinate.
In general, it is the projection of ρ(F ) to the line (−q, p) · Z.

In the order-reversing case, we apply the above definition to f 2 and let
ρ(p,q)(f) = ρ(p,q)(f

2)/2. In this case, we have

Lemma 2.3.10. If f̃ is order-reversing, then ρ(p,q)(f) contains 0.

Proof. For every n ∈ 2Z+ 1 the map f̃n reverses orientation, so that D(k) =

π2 ◦ f̃n(0, k)− k goes to ±∞ as k goes to ∓∞. Consequently, for sufficiently
large k the numbers D(k) and D(−k) have opposite sign. Therefore, by the
Intermediate Value Theorem any arc joining (0, k) to (0,−k) contains a point
with π2 ◦ π̃2 ◦ fn(z)− π2(z) = 0.

In the same way, it is shown that ρ(p,q)(f) is connected and, in the order-
reversing case, symmetric around 0. In the situation we consider, the rotation
interval is degenerate.

Lemma 2.3.11. Let f ∈ Homeo(T2) and suppose there exists an annulus
A ⊆ T2 of homotopy type (p, q) which is either periodic or wandering. Then
ρ(p,q)(f) contains a single number. If A is periodic, this number is rational.

In particular, suppose f ∈ Homeo0(T2) has a periodic or wandering annu-
lus. Then the rotation set ρ(F ) is contained in a rational line.

This is a direct corollary to [Kor07, Lemma 1.4], and we omit the simple
proof. From now on, we identify ρ(p,q)(f) with the unique real number ρ it
contains and call it the rotation number of f orthogonal to (p, q). The following
lemma deals with the case where this rotation number is irrational. We omit
the proof, which can be found in [Kor07]. The author uses an additional
minimality assumption, but this is actually not needed. Alternatively, the
result also follows from a minor modification of [Jäg09b, Proof of Theorem C].
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Lemma 2.3.12. Suppose f ∈ Homeo(T2) has a wandering annulus A of ho-
motopy type (p, q) and ρ(p,q)(f) is irrational. Then f is semiconjugate to the
corresponding irrational rotation on T1.

In order to treat the rational case, we first need some more information
concerning circloids.

Lemma 2.3.13. Let f ∈ Homeo(T2) and suppose there exists a wandering
circloid C ⊆ T2 of homotopy type (p, q). Further, assume ρ(p,q)(f) = 0 and let
C0 ⊆ A be a lift of fA(C), where A ∈ SL(2,Z) is chosen as in (2.3.2). Then

C0 − (0, 1) ≺ f̃ 2n(C0) ≺ C0 + (0, 1) for all n ∈ N. In particular, the orbit of

C0 under f̃ is bounded.

Proof. Since C is wandering, f̃ 2n(C) is disjoint from C0+(0, 1) ·Z for all n 6= 0.

Suppose for a contradiction that f̃ 2n(C0) does not lie between C0 − (0, 1) and

C0+(0, 1) for some n ∈ N, for example f̃n(C0) ≺ C0+(0, 1). Then, by induction

f̃ i2n ≺ C0 + (0, i). This, however, implies that the rotation number is strictly
positive, contradicting the assumptions.

Lemma 2.3.14. Let f̃ ∈ Homeo(A) and suppose E is an essential contin-

uum which is disjoint from its image and has a bounded orbit. If f̃ is order-
preserving, then limH

n→∞ f̃n(E) exists and contains an invariant circloid. If f̃

is order-reversing, then limH
n→∞ f̃ 2n(E) exists and contains a circloid which is

either invariant or two-periodic.

Proof. It suffices to treat the order-preserving case, since we only have to
consider f̃ 2 when f̃ reverses order. We either have E ≺ f̃(E) or E ≻ f̃(E).
We treat the first case, the other one is similar.

If we let En := f̃n(E), then this is an increasing sequence with respect to ≺
and converges in Hausdorff distance to the essential continuum ∂U− given by
Lemma 2.3.8. Since ∂U− = limH

n→∞ f̃n(E) is contained in M, the statement
follows from Lemma 2.3.7.

We now turn to the proof of the fact that only essential annuli can be
periodic connected components of the complement of a type two minimal set.
We start with the following well-known fact.

Lemma 2.3.15. Let f ∈ Homeo(T2) and suppose A ⊂ T2 is an f -invariant
essential annulus. Then, for every essential simple loop γ in A and any neigh-
bourhood V ⊆ A of γ there exists g ∈ Homeo(T2) such that:

(i) g is homotopic to f ;

(ii) g(γ) = γ;

(iii) f(x) = g(x) for every x ∈ V c.
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To a homeomorphism g as in the lemma, we can naturally associate a home-
omorphism g : S2 → S2, where S2 is the two-dimensional sphere by cutting the
torus along γ to obtain an open annulus T2 \ γ and then compactifying this
annulus by adding two points N and S. Then g|γc is conjugate to g|{N,S}c by a
semiconjugacy h : T2 \γ → S2 \{N, S} and g({N, S}) = {N, S}. Furthermore,
h maps the two components of cl[A] \ γ to two different components U1 and
U2 in S2 with cl[U1] = U1 ∪ {N} and cl[U2] = U2 ∪ {S}. The advantage that
this transformation to a sphere homeomorphism has, is that it allows to apply
the following theorem by Matsumoto and Nakayama [MN11].

Theorem 2.3.16 ([MN11]). Let g : S2 → S2 be a homeomorphism and C ⊂
S2 be a non singleton compact and connected set. Further assume that C is a
minimal set of g. Then, there are exactly two periodic connected components
A1 and A2 in Cc.

In our context, it is obvious from the invariance of A that A1 and A2 are
the images of the two components of A \ γ under h. We obtain the following.

Proposition 2.3.17. Suppose thatM is a type 2 minimal set for f ∈ Homeo(T2).
Further suppose there exists an essential annulus A in Π0(Mc) which is peri-
odic. Then any disk in Π0(Mc) is wandering.

Proof. We denote by C1, C2 ⊂ T2 the two connected components of ∂A, al-
lowing C1 = C2 in case ∂A is connected. Then due to the fact that A is
periodic there exists n ∈ N such that C1 and C2 are minimal sets of fn and
M = (C1 ∪ C2) ∪ ... ∪ fn(C1 ∪ C2). Hence, given a disk V ∈ Π0(Mc), due
to ∂V be a connected set contained in M there exists n0 ∈ N such that
V1 := fn0(∂V ) ⊂ C1 ∪ C2. We assume without loss of generality ∂V ⊆ C1.
This means that V1 is a connected component of Cc

1. However, if we consider
g ∈ Homeo(T2) given by Lemma 2.3.15 applied to fn and some essential loop
γ ⊆ A, we have that C1 is a minimal set for g.

Suppose for a contradiction that V is periodic by f . Then V1 is a periodic
connected component of Cc

1 for g. However, as V1 is a disk it cannot coincide
with one of the two periodic components A1 and A2 that g admits. This
contradicts Theorem 2.3.16.

We are ready now to give the proof of the Addendum 2.3.5.

Proof of Addendum 2.3.5. Suppose f ∈ Homeo(T2) and M is a minimal set
of type 2. Let A be an essential annulus of homotopy type (p, q) in Π0(Mc).

Then A is either wandering or periodic, and in each case ρ(p,q)(f̃) contains a
unique number ρ ∈ R by Lemma 2.3.11. If ρ is irrational, then A is wandering
by Lemma 2.3.11, and Lemma 2.3.12 provides the existence of a semiconjugacy
to an irrational rotation of T1. Furthermore, due to the existence of such a
semi-conjugacy any element in Π0(Mc) is wandering. Thus, we are in case (ii)
of the addendum.
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Now, assume ρ is rational. Passing to an iterate fk and choosing the
right lift f̃ of f̂k in (2.3.2), we may assume without loss of generality that
ρ(p,q)(f

k) = 0. Let A0 be a lift of fA(A), where A ∈ SL(2,Z) is chosen as in

(2.3.2), and let f̃ be the lift of fk used to compute the rotation interval of
fk. Then either by invariance or by Lemma 2.3.13, the orbit of C0 = C+(A0)

under f̃ is bounded. Hence, by Lemma 2.3.14, limH
n→∞ f̃ 2n(C0) contains an

f̃ 2-invariant circloid C̃. Since C̃ is disjoint from A0 + (0, 1) · Z, it projects to
a circloid C on T2 which is 2k-periodic under f . Furthermore, C is contained
in the Hausdorff limit of f 2kn(∂A) and thus in M. By minimality, we obtain
M =

⋃2k
n=1 f

n(C). Moreover, in this case Proposition 2.3.17 implies that any
disk in Π0(Mc) has to be wandering, which means that we are in case (i) of
the addendum.

Remark 2. The above proof shows that case (i) of the addendum corresponds
exactly to a rational rotation number orthogonal to the homotopy vector of
the essential annuli, whereas case (ii) corresponds to an irrational rotation
number.

2.3.3 Minimal sets of type 3

The following addendum to Proposition 2.3.1 concerning the structure of min-
imal sets of type 3 completes the proof of Theorem 2.1.1.

Addendum 2.3.18. Suppose f ∈ Homeo(T2) and M is a minimal set of type
3. Then M is an extension of either a periodic orbit or a Cantor set.

Again, we first recall some purely topological facts. We say U ⊆ T2 is non-
separating if T2 \U is connected. We call a partition into continua U = {Ui}i∈I
of T2 an upper semi-continuous decomposition if it satisfies

(i)
⊎
i∈I Ui = T2 and Ui ∩ Uj = ∅ if i 6= j,

(ii) Ui is a compact, bounded and non-separating set for every i ∈ I;

(iii) if {Un}n∈N ⊂ U has Hausdorff limit C, then there exists U0 ∈ U so that
C ⊂ U0 (upper semi-continuity property).

Further, we say that a map Φ : T2 → T2 is a Moore projection for the decom-
position U if it satisfies

(i) Φ is continuous and surjective;

(i) Φ is homotopic to the identity;

(ii) Φ−1(x) ∈ U for all x ∈ T2.

Now, the following is a classical decomposition theorem by R. Moore (see
e.g.[Why42]).
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Moore’s Theorem. For any upper semi-continuous decomposition of T2 there
exists a Moore projection.

For our purposes, we have to ensure that under suitable conditions this
projection produces a totally disconnected set.

Lemma 2.3.19. Let A ⊂ T2 be closed and denote its connected components
by {Ai}i∈I . Suppose that the decomposition U = {Ai}i∈I ∪{{x} : x /∈

⋃
i∈NAi}

is upper semi-continuous. Then for any Moore projection Φ associated to U ,
the image Φ(A) is totally disconnected.

Proof. Suppose for a contradiction that Φ(A) is not totally disconnected, then
there exists a connected component C ⊆ Φ(A) which has more than one el-
ement. Since connected components of A project to single points, the set
Φ−1(C) ⊆ A cannot be connected and therefore decomposes into two disjoint
relatively closed subsets C1 and C2. As a connected component of a compact
set, C is compact, and the same is true for its pre-image Φ−1(C). Hence, both
C1 and C2 are compact.

For any x ∈ T2, the continuum Φ−1(x) of A is completely contained in either
C1 or C2, and therefore the images Φ(C1) and Φ(C2) are disjoint. However,
this means that C decomposes into two disjoint compact sets, contradicting
its connectedness.

Finally, the following statement will be useful to verify the upper semi-
continuity of decompositions.

Lemma 2.3.20. Let An, n ∈ N be a family of compact, connected and bounded
sets in T2. If the sets Fill(An) are pairwise disjoint and An →H A, then
Fill(An) →H A.

Proof. For any fixed ε > 0, the fact that An →H A implies that, for any
fixed ε > 0, A ⊆ Bε(An) ⊆ Bε(Fill(An)) for sufficiently large n. Therefore, it
suffices to show that conversely Fill(An) ⊆ Bε(A) for sufficiently large n.

Suppose for a contradiction that for some ε > 0 there is a sequence of
integers nk ր ∞ such that for each k ∈ N there exists some xk ∈ Fill(Ank

) \
B2ε(A). Since An →H A, for k large enough, we have that Ank

⊂ Bε(A). By
Lemma 2.2.7, the point xk is contained in some disk Dk with ∂Dk ⊆ Ank

, and
for large k we have ∂Dk ⊆ Bε(A). Let x0 be an accumulation point of {xk}k∈N.
Then x0 /∈ Bε(A), and further x0 cannot belong to any disk Dk since these
are pairwise disjoint, which follows from the assumption that the sets Fill(An)
are pairwise disjoint combined with Lemma 2.2.7. Now, let k ∈ N such that
Dk∩Bε(x0) 6= ∅ and ∂Dk ⊂ Bε(A) ⊆ Bε(x0)

c. Then the closest point of cl[Dk]
to x0 is contained in Bε(x0) and can therefore not belong to the boundary of
Dk, a contradiction.

We now finish the proof
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Proof of Addendum 2.3.18. Let {Λi}i∈I := Π0(M). Since M is of type 3,
every element in {Λi}i∈I is bounded. Now, U = {Fill(Λi)}i∈I ∪ {{x} : x /∈⋃
i∈I Fill(Λi)} is a family of bounded continua in T2. We claim that it is an

upper semi-continuous decomposition of T2.

First let us see that U is a partition. Suppose for a contradiction that
Fill(Λi) ∩ Fill(Λj) 6= ∅ for some i 6= j ∈ I. Then since Λi ∩ Λj = ∅, Λi has to
be contained in a bounded connected component D of Λcj or vice versa. By
Proposition 2.3.1, since the compact boundary of the unique doubly essential
component of Mc is left invariant and it is contained in the minimal set M,
by minimality, M equals the boundary of the unique doubly essential com-
ponent. If Λi ⊂ D, with D a bounded complementary domain of Λcj, then
an open neighborhood of a point of Λi does not intersect the doubly essential
component, even though Λj ⊂ M, a contradiction.

To proceed, the elements of U are non-separating. Hence, it remains to
check the upper semi-continuity. For this the only non-trivial case is when
the sequence of elements in U is given by elements in {Fill(Λi)}i∈I . Take
a countable subsequence {Fill(Λn)}n∈N ⊂ {Fill(Λi)}i∈I such that Fill(Λn) →H

X . Passing to a subsequence if necessary, we may assume that the Λn converge
to a continuum Y ⊆ M. We therefore have Y ⊆ Λi for some i ∈ I, and by
Lemma 2.3.20 we have that

Fill(Λn) →H Y ⊆ Λi ⊆ Fill(Λi).

Hence, U is upper semi-continuous.

Now, let Φ: T2 → T2 be a Moore projection for U . Given a point x ∈ T2,
since U is preserved by f (i.e for every element Ui ∈ U we have f(Ui) ∈ U) the
set Φ ◦ f ◦ Φ−1(x) contains only one point yx ∈ T2 for every x ∈ T2. Define

f̃ : T2 → T2 by f(x) = yx. We claim that f̃ is a homeomorphism. Let us
prove first the continuity. For this we take x ∈ T2 and fix ε > 0. Then, there
exists a neighborhood V of Φ−1(yx) such that Φ(V ) ⊂ Bε(yx). Moreover, there
exists a neighborhood U of f−1(Φ−1(yx)) such that f(U) ⊂ V . On the other
hand, since Φ−1(x) = f−1(Φ−1(yx)) we have that there exist δ > 0 such that
Φ−1(Bδ(x)) ⊂ U . Therefore, given a point z ∈ Bδ(x) the set Φ ◦ f ◦ Φ−1(z) is

contained in Bε(yx). Hence, f̃ is continuous. If we define f̃−1 : T2 → T2 such

that f̃−1(x) is the unique point in Φ◦f−1 ◦Φ−1(x), we have that f̃−1 is exactly

the inverse function of f̃ . Moreover, by an analogous argument as above we
have that f̃−1 is continuous. Therefore f̃ is a homeomorphism.

By definition of f̃ , Φ◦f(x) = f̃ ◦Φ(x) holds for every x ∈ T2. This implies

in particular that M̃ = Φ(M) is minimal for f̃ . Thus, we have that (f,M)

is an extension of (f̃ ,M̃). Moreover, Proposition 2.3.19 implies that Φ(M) is
totally disconnected and therefore either a periodic orbit or a Cantor set.
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2.4 Special Cases and Applications

In this section, we consider several special cases of the classification. First we
study this for the non-wandering case, and we thus restrict the classification
to different homotopy classes. In the Anosov case we get strong restrictions,
and in the homotopy class of the identity we find some relations between the
classification and the Rotation Theory.

2.4.1 Non-wandering torus homeomorphisms

We start with three statements on periodic circloids of non-wandering torus
homeomorphisms (see 1.1.3).

Lemma 2.4.1 ([Jäg09b], Corollary 3.6). Suppose C is a periodic circloid of a
non-wandering torus homeomorphism. If C does not contain periodic points,
then C has empty interior.

We call a straight line L ⊆ R2 rational, if it contains infinitely many rational
points. Note that in particular, this implies that the slope of L is rational.

Lemma 2.4.2 ([Jäg09b], Proposition 3.9). Suppose f ∈ Homeo0(T2) has a
periodic circloid. Then the rotation set of f is contained in a rational line.

Given f ∈ Homeo(T2), we say an f -invariant continuum C ⊆ T2 is aperi-
odic if it does not contain a periodic point. In [Kor10], Koropecki identified
annular continua as the only possible aperiodic invariant proper subcontinua
of non-wandering torus homeomorphisms.

Theorem 2.4.3 ([Kor10], Theorem 1.1). Let S be a compact orientable surface
and suppose f ∈ Homeo(S) is non-wandering. Then every aperiodic invariant
subcontinuum of T2 is an annular continuum.

The following consequence will be crucial in the proof of Theorem 2.1.2
below.

Lemma 2.4.4. Suppose f ∈ Homeo(T2) is non-wandering. Then every peri-
odic unbounded disk D contains a periodic point in its boundary.

Proof. Let p be the period ofD. As the boundary of an invariant open disk, ∂D
is an f p-invariant continuum. Suppose for a contradiction that ∂D does not
contain a periodic point. Then it is an annular continuum A by Theorem 2.4.3.
However, the complement of an annular continuum in T2 is either an open
annulus A or the union of a punctured torus T and a bounded disk D. If any
of these sets contains the unbounded disk D, then by connectedness D must
have further boundary points in the respective set, a contradiction.

Proof of Theorem 2.1.2. Let f ∈ Homeo(T2) non-wandering and M 6= T2 a
minimal set for f . First, assume M is of type 1. Then Π0(Mc) cannot con-
tain bounded disks since these would have to be wandering by the Classifica-
tion Theorem. Likewise, Π0(M

c) cannot contain an unbounded disk, since by
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Lemma 2.4.4 this unbounded disk has to contain periodic points in the bound-
ary, and the boundary belongs to M. Hence M = T2. Secondly, suppose M is
of type 2. Obviously, the essential annuli cannot be wandering, therefore M is
equal to the orbit of the boundary of a periodic essential circloid C. However,
by Lemma 2.4.1 the interior of C is empty, and it thus follows that ∂C = C.

Finally, suppose M is of type 3. If M is a Cantor extension, then for any
connected component Λ ∈ Π0(M) the set Fill(Λ) is a wandering set. Therefore
int(Fill(Λ)) = ∅, which means that Λ is non-separating. If M is a periodic
orbit extension, but not a periodic orbit, then every connected component of
M is an aperiodic invariant continuum for some iterate of f . By Lemma 2.4.4
it is an annular continuum, and by minimality this annular continuum must
coincide with its frontiers. By Lemma 2.3.6 the frontiers are circloids.

2.4.2 Homeomorphisms homotopic to an Anosov

To prove Corollary 2.1.3, recall classical results on Anosov diffeomorphisms.
(1) Manning [Man74] showed that any Anosov diffeomorphism is topologi-

cally conjugate to an algebraic Anosov, i.e. an Anosov induced by a hyperbolic
element of SL(2,R).

(2) Bowen [Bow70a] showed that a minimal set of an algebraic Anosov
diffeomorphism is either a periodic orbit or a Cantor set.

(3) Walters [Wal70] provides the existence of a semiconjugacy, homotopic
to the identity, between a homeomorphism homotopic to an Anosov and the
underlying Anosov.

Proof of Corollary 2.1.3. If M would be of type 1 or 2, then by Lemma 2.2.6,
there exists at least one unbounded connected component of M, which we
denote Λ. Let h : T2 → T2 be the semiconjugacy between f and fA, given
by [Wal70]. Then M′ := h(M) is a minimal set of fA and is totally discon-
nected due to [Bow70a, Man74]. On the other hand, since h is continuous
and homotopic to the identity, and Λ is unbounded, then h(Λ) must be an
unbounded continuum in M′, a contradiction. Since M can not be the whole
torus either, M has to be of type 3.

2.4.3 Relations with the rotation set

We now give a proof of the relation of the structure of minimal sets to the
rotation set for homeomorphisms homotopic to the identity. We start with the
proof of Corollary 2.1.4, which states that if the rotation set of f ∈ Homeo0(T2)
has non-empty interior, then any minimal set is of type 3.

Proof of Corollary 2.1.4. Let f ∈ Homeo0(T2) have lift F : R2 → R2 and
assume that the rotation set ρ(F ) has non-empty interior. Suppose for a
contradiction that M is a minimal set of f that is not of type 3, that is, there
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exists no doubly essential component in its complement. By Lemma 2.3.11 the
existence of an essential component in Mc is excluded, so that all connected
components are disks. Now, [MZ91, Theorem A] states that for every vector
ρ ∈ int(ρ(F )) there exists a minimal set Mρ with rotation vector ρ, that is,

lim
n→∞

F n(z)− z

n
= ρ for all z ∈ π−1(Mρ).

Fix Mρ for some totally irrational vector ρ ∈ R2. Then, since all points in Mρ

are recurrent, Mρ has to be contained in the orbit of a periodic disk D ⊆ Mc.
This implies that there exists a set M′

ρ ⊆ D which is minimal for f p, where p
is the period of D.

Choose a connected component D0 of π−1(D), and a lift F : R2 → R2 of f
that leaves D0 invariant. Fix z ∈ M′

ρ with lift z0 ∈ R2 and δ > 0 such that
Bδ(z) ⊆ D. Then irrationality of ρ together with the recurrence of z implies
that there exists a sequence {nk}k∈N of integers such that limk→∞ fnkp(z) = z,
whereas F nkp(z0) is unbounded. Consequently, for sufficiently large k ∈ N
we have that F nkp(z0) ⊆ Bδ(z0) + v for some v ∈ Z2 \ {0}. However, this
means that D0 contains both z0 and z0 + v, contradicting the fact that D is
homotopically trivial in T2.

Finally, we turn to the proof of Corollary 2.1.5, which states that if f is
a non-wandering pseudo-rotation with rotation vector ρ and M 6= T2 is a
minimal set, then

(a) if ρ is totally irrational, then M is an extension of a Cantor set, and

(b) if ρ is rational, then M is either an extension of a Cantor set, or the
periodic orbit of a point or a homotopically trivial circloid.

Given a lift F : R2 → R2 of f ∈ Homeo0(T2), the function ϕ(z) = F (z)− z
is doubly periodic and can therefore be interpreted as a function on the torus.

Theorem 2.4.5 ([Mat10], Theorem 2). Suppose f ∈ Homeo0(T2) is non-
wandering and A is an essential annular continuum. Further, suppose there
exists an f -invariant probability measure µ with support in A and ρ =

∫
ϕ dµ ∈

Q2. Then there exists a periodic point in A with rotation vector ρ.

Proof of Corollary 2.1.5. Suppose f ∈ Homeo0(T2) is a non-wandering pseudo-
rotation with rotation vector ρ and M 6= T2 a minimal set for f .

(a) Let ρ be totally irrational. We have to rule out cases 1nw and 3nw in
Theorem 2.1.2. First, by Lemma 2.4.2, M cannot be a union of periodic
essential circloids, since these force the rotation set to be included in
a rational line. Similarly, M cannot be a periodic orbit or a periodic
orbit extension, since this implies the existence of a rational rotation
vector. Note here that the factor map in the definition of a periodic
orbit extension preserves rotation vectors.
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(b) Let ρ be rational. In this case, we have to show that only cases 2nw and
3nw in Theorem 2.1.2 can occur. However, as a rational pseudo-rotation
f has at least one periodic orbit [Fra89]. Thus M 6= T2. Further, due
to Theorem 2.4.5 any periodic essential circloid has to contain a periodic
point. This rules out case 1nw.

2.5 Examples.

In this finial section we give a list of examples fullfiling the different cases of
the classification.

2.5.1 Type 1 minimal sets.

For type one minimal sets we have two main examples:

• a first one constructed by McSweegen in [McS95], which consist of a
map f ∈ Homeo(T2) with a wandering bounded disk D, such that M :=
(
⋃
fn(D))c is a minimal set. In this work, the author constructs the

examples with differentiability Cr for every r < 3.

• The second example can be constructed by means of the suspension of
a Denjoy example g on the circle, which is given by a flow φg in T2.
These flow leaves invariant a disk D which is given by the suspension
of the wandering interval of g, and is an unbounded disk. Now, the set
M = Dc is a minimal set for the flow φg, thus we can consider a time t
such that if f is the time-t map of φg, then M is a minimal set of f (see
e.g. [IO07]).

For the first example Π0(Mc) is a collection of bounded disks, and for the
second one Π0(Mc) is given by a unique unbounded disk. An example in
which both bounded and unbounded disks can be found in Π0(Mc) can be
constructed by means of blowing up an orbit O(x, f) of the second example,
to an orbit of a wandering disk O(D′, f), where the minimal set is now given
by M := (D ∪ O(D′, f))c (see [Kwa11]).

2.5.2 Type 2 minimal sets.

For type 2 minimal sets again we can consider two main examples:

• for the first example we consider the torus modeled by the product of
two circles, that is T 2 = T1 × T1, and a map f ∈ Homeo(T 2) defined as
f = R p

q
× Rρ where R p

q
is a rotation or rational angle p

q
and Rρ is an
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irrational rotation. This yields that any setM = C∪f(C)∪· · ·∪f q−1(C),
where C = {θ} × T1 for some θ ∈ T1, is a type two minimal set of
f . Moreover, the complement of M is given by the orbit of a periodic
essential annulus.

• For the second example we consider again T 2, but this time the map
f is given by f = g × Rρ where g is a Denjoy example on the circle.
This implies that the set A = I × T1 ⊂ T 2 is a wandering annulus,
where I is the wandering interval of g. Furthermore, we have that M =(⋃

n∈N f
n(A)

)c
is a minimal set of f .

The first two examples do not combine annuli and disks in Π0(Mc). In
order to do this one can again blow up some orbit in M to an orbit of a
wandering disk. Nevertheless, this can not be done in the first example but
for the second. In order to do this for the first kind of examples one have to
consider M = C∪· · ·∪f q−1(C), where C is now a more complicated continuum
but not the circle (see e.g. [MN11]).

A final comment concerning type two minimal sets is that we do not know
whether there exists an example with both annuli and unbounded disks in
Π0(Mc). So we pose this as a question:

Question 2.5.1. Does there exist a type 2 minimal set M of f ∈ Homeo(T2)
such that Π0(Mc) contains both annuli and unbounded disks?

2.5.3 Type 3 minimal sets.

For type three minimal sets, the trivial examples are either periodic orbits,
or minimal Cantor sets. A further simple example is given by a map f ∈
Homeo(T2) which has a periodic disk D of period p, such that {∂f i(D)}p−1

i=0 is
a family of pairwise disjoint trivial loops, and M = ∂D ∪ · · · ∪ ∂f p−1(D) is a
minimal set. In this situation we have that M is a type 3 minimal set, such
that the map Φ which defines the extension can be considered in a way that
Φ(M) = {x0, . . . , xp−1} where Φ−1(x0) = f i(D ∪ ∂D) for i = 0, . . . , p− 1.

The construction of non-trivial examples of minimal sets which are an ex-
tension of a Cantor minimal set is difficult and can be find in [Kwa11]. Notice
that in this case only countably many orbits can be blow up to orbits of wan-
dering disks.
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Chapter 3

Classification of minimal sets of
surfaces homeomorphisms.

3.1 Statements of the results.

The results we want to prove in this chapter are Theorems 3,4,5 and the
corollaries 6 and 4, which were presented in Subsection 1.1.6.

The classification result is given by the two first theorems 3,4. The first
one is the following result.

Theorem 3.1.1. Let S be a closed hyperbolic surface and M ⊂ S a minimal
set of f ∈ Homeo(S). Then either:

(1) the elements in Π0(Mc) are all disks, with at least one unbounded and
periodic. Moreover, any bounded disk in Π0(Mc) is wandering;

(2) E(Mc) is a finite family of locally simply connected sets, and M = C0 ∪
... ∪ Cn−1 where {Ci}

n−1
i=0 is a family of pairwise disjoint continua with

f(Ci) = Ci+1mod(n) for all i = 0, . . . , n − 1. Furthermore each element
in {Ci}

n−1
i=0 coincides with a connected component of ∂V for some V ∈

E(Mc), and there are no periodic bounded discs in Π0(Mc).

(3) M is either an extension of a periodic orbit or an extension of a minimal
Cantor set.

The second result which completes the classification is given by the follow-
ing theorem.

Theorem 3.1.2. Let S be a closed hyperbolic surface and M = C0 ∪ ...∪Cn−1

a type 2 minimal set of f ∈ Homeo(S). Then, for every k = 0, ..., n − 1
there exists N > 0 such that Ck is reducible to a type 1 minimal set for fN .
Moreover,
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(2i) if C0 is 0-reducible, then Ck is the boundary of a circloid for every k =
0, ..., n− 1 and #E(Cck) ≤ 2. Furthermore every disk in Π0(Mc) is wan-
dering.

(2ii) if C0 is g-reducible with g > 0, then Ck is g-reducible for k = 0, ..., n− 1,
and there are at least #E(Cck) unbounded fixed disks in Π0(S

′\C′
k) for f̂ .

(a) (2i) (b) (2ii)

Figure 3.1.1: Type 2 minimal sets.

For the non-wandering case the classification is given by the following re-
sult.

Theorem 3.1.3. Let S be a closed hyperbolic surface, and M ⊂ S a minimal
set for a non-wandering homeomorphism f ∈ Homeo(S). Then either:

(1nw) M = C0∪...∪Cn−1 where {Ci}
n−1
i=0 is a family of pairwise disjoint essential

circloids with f(Ci) = Ci+1mod(n) for all i = 0, . . . , n − 1. Furthermore,
there are no disks in Π0(Mc).

(2nw) M is an extension of either a periodic orbit or a minimal Cantor set.

The classification result is considered in the different homotopy classes, in
light of the Nielsen-Thurston Theory. The following theorem and corollary are
obtained (see section 1.1.6 for the preliminaries definitions).

Theorem 3.1.4. Let S be a closed hyperbolic surface. Then type 1 minimal
sets can only occur for homeomorphisms in Dc.

Corollary 3.1.5. Let S be a closed hyperbolic surface and f ∈ Homeo(S)
homotopic to a pseudo-Anosov homeomorphism. Then every minimal set of
M is type 3.

For the classification result (mainly the first theorem) we purpose the fol-
lowing mental pictures to have in mind:

• Type 3 minimal set: a fixed point;
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• Type 2 minimal set: a non trivial simple loop C in S which supports an
irrational rotation (more interesting examples are described in Section
3.9);

• Type 1 minimal set : consider a full geodesic lamination Λ in S of genus
g, as constructed in [CB88] such that S\Λ is the union of a collection
of disks that lift to the universal covering space to ideal 2g-gones1 with
alternating orientations on its sides (see Figure 3.1.2). This last condition
allows to complete the lamination to a flow φ in S with a fixed point in
each disk. Moreover, the lamination is a minimal set for the flow, and
one can show that there exists t ∈ R such that Λ is minimal for the time
t of this flow ([IO07]).

U

Figure 3.1.2: Type 1 minimal set.

The chapter is organized as follows. We start with a preliminary classifi-
cation which gives us the three different classes of Theorem 3.1.1. In the next
section 3.3 we study the existence of periodic disks in Π0(Mc) for minimal sets
in any of the classes given by the preliminary classification. Then in Sections
3.4 and 3.5, a more detailed description of type 2 and 3 minimal sets is given
(in the second case we just need to follow what is done for the respective case
in the torus). In Section 3.6 we give the proof of Theorems 3.1.1 and 3.1.2, in
Section 3.7 we give the classification in the non-wandering case, and in Section
3.8 we relate the classification to Nielsen-Thurston Theory. Finally, in Section
3.9 we provide a list of examples for the different cases of the classification.

3.2 A preliminary classification.

Let S = D/G be a compact hyperbolic surface. In this section we make the
following preliminary classification of minimal sets:

Theorem 3.2.1. One and only one of the following holds:

1. Every U ∈ Π0(M
c) is a disk;

1That is, a 2g-gone bounded by geodesics.
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2. There exists an essential component U ∈ Π0(Mc), and
i∗ : π1(V, x0) → π1(S, x0) is injective for all V ∈ Π0(Mc);

3. There exists a fully essential component V ∈ Π0(Mc) and every other
U ∈ Π0(Mc) is a bounded disk.

Figure 3.1.2 illustrates the first item, and Figure 3.1 the second one.

We begin with purely topological facts. For a subset U in a surface S we
denote the closure of U by cl[U ].

Lemma 3.2.2. If V is a fully essential open and connected subset of S, U ⊂ S
is a connected set, and V ∩ U = ∅ then U is bounded.

Proof. If U is not bounded, and Ũ is a connected component of p−1(U), there
exists x ∈ S1 ∩ cl[Ũ ] where S1 = ∂D. Take x0 ∈ Ũ and let α be the seg-
ment of geodesic joining x0 and x, where x0 is considered in the interior of a
fundamental geodesic polygon P . As α is unbounded, there exists a geodesic
γ containing one of the sides of P and an infinite sequence (gn)n∈N of cov-
ering transformations such that α ∩ gn(γ̃) 6= ∅. Let Wn be the connected
component of D\gn(γ) containing x in its closure. Then, by construction we
have that (cl[Wn])n∈N is a basis of neighborhoods of x in cl[D]. Furthermore,
cl[gn(γ)] separates x0 from x for all n ∈ N. As V is fully essential, one can find
β ⊂ V homotopic to γ. Moreover, for any n ∈ N, there exists a lift βn of β
asymptotic to gn(γ). So, there exists β̃ which lifts β such that cl[β̃] separates
x from x0 ∈ cl[D]. This implies that β̃ ∩ Ũ 6= ∅ which contradicts the fact
V ∩ U = ∅.

Lemma 3.2.3. If X ⊂ S is contained in a finite union of pairwise disjoint
closed disks D1, . . . , Dn, then i∗ : π1(S\X, x0) → π1(S, x0) is surjective for any
x0 ∈ S\ ∪ni=1 Di.

Proof. LetX ⊂ ∪ni=1Di, with the Di’s closed and pairwise disjoint disks. Then,
p−1(∪ni=1Di) is a union of pairwise disjoint closed disks containing p−1(X).
Indeed, any two lifts D̃i and D̃j of Di and Dj with i 6= j cannot intersect
as Di ∩ Dj = ∅ . Moreover, for any non trivial T ∈ G and D̃i a lift of Di,
D̃i ∩ T (D̃i) = ∅ because Di is a disk and cannot contain a non trivial loop. In
particular, S̃\p−1(∪ni=1Di) is arc connected. If i∗ : π1(S\X, x0) → π1(S, x0) is
not surjective, there exists T ∈ G such that for any lift x̃ of x0, x̃ and T (x̃)
cannot be joined by a path in S̃\p−1(X). As S̃\p−1(∪ni=1Di) is arc connected
and both x̃ and T (x̃) belong to S̃\p−1(∪ni=1Di), this is a contradiction.

A set F ⊂ R2 is non-separating if F c has a unique connected component.
Given a compact and connected set C in R2 the filled-in set of C is defined

50



as the minimal (with respect to the inclusion) non-separating continuum con-
taining C. We denoted it by FillR2(C). This kind of sets and a list of their
properties were already introduced in Subsection 2.2.4. If now we have a con-
tinuum C in a surface S such that C is contained in a topological disk D, i.e.
C is contractible, then by identifying D with R2 via a homeomorphism, we can
define the filled-in set of C in D. We denote this as FillD(C). When a con-
tractible set F coincides with the filled-in set, we say that F is non-separating.
It is not difficult to see by means of a standard argument with the Riemann
Mapping Theorem, that these sets can be expressed as a decreasing union of
closed topological disks.

We will show that if there is no fully essential component in Π0(Mc), then
for any U ∈ Π0(Mc), the map i∗ : π1(U, x0) → π1(S, x0) is injective.

Lemma 3.2.4. If there exists U ∈ Π0(Mc) such that the map i∗ : π1(U, x0) →
π1(S, x0) is not injective, then there exists a finite number of pairwise disjoint
closed disks in S, D1, . . . , Dn such that M ⊂ int(∪ni=1Di).

Proof. Take U ∈ Π0(Mc) such that the map i∗ : π1(U, x0) → π1(S, x0) is not
injective. Then, there exists a simple closed curve γ ⊂ U such that γ bounds
an open disk D ⊂ S, but D ∩ M 6= ∅. By minimality, for any C ∈ Π0(M)
there exists n ≥ 0 such that fn(C) ⊂ D. Indeed, fn(C) ∩ D 6= ∅ for some
n ≥ 0, and fn(C) ∩ ∂D = ∅ as ∂D = γ ⊂ U ⊂ Mc, and fn(C) is connected.
For C ∈ Π0(M), let kC = min{n ≥ 0 | fn(C) ⊂ D}.

Then, for all C ∈ Π0(M) there exists an open disk DC such that
kC = min{n ≥ 0 | fn(cl[DC])∩D 6= ∅}, and fkC(cl[DC]) ⊂ D. In particular, for
any C′ ⊂ DC kC′ = kC. Evidently, M ⊂ ∪C∈Π0(M)DC and we can take a finite
subcover M ⊂ ∪ni=1DCi . For all i = 1, . . . , n, let ki = kCi and D

′
i = DCi .

It is clear that ki 6= kj implies cl[D′
i]∩ cl[D′

j ] = ∅. Moreover, if D′
i ∩D

′
j 6= ∅

then we have for D′ = D′
i∪D

′
j that ki = kj = min{n ≥ 0 | fn(D′)∩D 6= ∅} =:

k′, and fk
′

(D′) ⊂ D.

For every k ∈ N we define the set Ik = {D′
j ∈ {D′

i}
n
i=1 | kj = k}, which

is non-empty for only finitely many k1, . . . , kN ∈ N. Further we consider
for every k ∈ {k1, . . . , kN} the set I∗

k :=
⋃
D∈Ik

D. Hence, by construction
cl[I∗

k1
], . . . , cl[I∗

kN
] are pairwise disjoint. Given k ∈ {k1, . . . , kN} we define:

Fk := {Fillf−k(D)(C) | C ∈ Π0(cl[I
∗
k1
])} , F∗

k =
⋃

F∈Fk

F.

The characterization of the filled-in sets given in the Lemma 2.2.7 implies
for any pair of sets A,B ∈

⋃
k∈{k1,...,kN}Fk, that either A ∩ B = ∅ or one is

contained into the other. Otherwise we have A 6= B and ∂A ∩ ∂B 6= ∅, which
implies by the quoted lemma that C1 ∩ C2 6= ∅ for two different connected
components C1, C2 of cl[I∗

ki
] , cl[I∗

kj
] respectively, where ki, kj ∈ {k1, . . . , kN}.

This is impossible since cl[I∗
k1
], . . . , cl[I∗

kN
] are pairwise disjoint.
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Hence A =
⋃
k∈{k1,...,kN}F

∗
k is a union of pairwise disjoint contractible and

non-separating continua X1, . . . , Xn, which contains M. This implies the ex-
istence of a cover of A given by pairwise disjoint closed disks D1, . . . , Dn, so
we have that {Di}ni=1 is a cover of M.

Corollary 3.2.5. Suppose that there exists U ∈ Π0(Mc) such that the map
i∗ : π1(U, x0) → π1(S, x0) is not injective. Then there exists a fully essential
component V ∈ Π0(Mc).

Proof. We know that M ⊂ int(∪ni=1Di), where the Di’s are pairwise disjoint
closed disks in S. Then, V ′ = S\ ∪ni=1 Di is open and connected, V ′ ⊂ Mc,
and i∗ : π1(V

′, x0) → π1(S, x0) is surjective (see Lemma 3.2.3). We take V to
be the connected component of Mc containing V ′.

Lemma 3.2.6. If U ∈ Π0(Mc) is bounded, then U is a topological disk.

Proof. As U is bounded, if Ũ is a connected component of p−1(U), then ∂Ũ
has a unique connected component C that separates S1 from Ũ . Let D be the
bounded connected component of D\C. We claim that for any lift f̃ of f and
any k ∈ Z, either f̃k(D) = D, or f̃k(D) ∩ D = ∅. It is clear that one can
not have f̃k(D) ( D or D ( f̃k(D) as this would imply the existence of a
wandering point in M. As D and fk(D) are topological disks, f̃k(D)∩D 6= ∅
but f̃k(D) 6= D is impossible because this implies that C cannot be a connected
component of ∂Ũ , proving the claim. If U is not a disk, then M∩ p(D) 6= ∅,
and there exists a lift f̃ of f and k ∈ Z such that f̃k(D) ∩D 6= ∅. Therefore,
f̃k(D) = D, which implies f̃k(C) = C. If K is the connected component of
M containing p(C), then the (periodic) orbit of K is a closed an invariant set,
which is different from M, as M∩ p(D) 6= ∅. This contradiction finishes the
proof.

Lemma 3.2.7. If U ∈ Π0(Mc) is not fully essential, then i∗ : π1(U, x0) →
π1(S, x0) is injective.

Proof. If U is essential, then there are no fully essential components in Π0(Mc)
(see Lemma 3.2.2). So, i∗ : π1(U, x0) → π1(S, x0) is injective, this being the
content of Corollary 3.2.5. If U is trivial and there are no fully essential
components in Π0(Mc), then
i∗ : π1(U, x0) → π1(S, x0) is injective again by Corollary 3.2.5. If there is a
fully essential component V ∈ Π0(Mc), then U is bounded (see Lemma 3.2.2)
and so by Lemma 3.2.6 i∗ : π1(U, x0) → π1(S, x0) is injective.

The proof of Theorem 3.2.1 follows.
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Proof. If (1) holds, then evidently neither (2) nor (3) hold. If (2) holds, then
evidently (1) does not hold, and (3) cannot hold due to lemma 3.2.2. If (3)
holds, then evidently (1) does not hold, and (2) cannot hold because of lemma
3.2.2. So, only one of them can hold.

Suppose that (3) does not hold. So, by Corollary 3.2.5, for every U ∈
Π0(Mc) the map i∗ : π1(U, x0) → π1(S, x0) is injective. Then necessarily (1)
or (2) hold and we are done.

Corollary 3.2.8. If U ∈ Π0(Mc) is essential, then U is homeomorphic to a
finitely punctured closed surface.

Proof. By a theorem of Richards (see [Ric91] Theorem 3), U is homeomorphic
to Σ\X , where Σ is a closed surface and X is a closed and totally disconnected
set. We just have to prove that X has finitely many connected components.
If this was not the case, there would be infinitely many homotopically non
trivial, pairwise non freely homotopic and pairwise disjoint loops (γn)n∈N ⊂ U .
As i∗ : π1(U, x0) → π1(S, x0) is injective and S is a closed surface, this is a
contradiction.

Corollary 3.2.9. If U ∈ Π0(Mc) is essential, then ∂U has finitely many
connected components.

Proof. By the previous Corollary, U is homeomorphic to a finitely punctured
closed surface. It follows that the number of punctures is greater or equal than
#Π0(∂U).

3.3 Periodic disks in Π0(Mc)

We will say that a minimal set M is of type 1, 2 or 3 if it corresponds to cases
(1), (2) or (3) of Theorem 3.2.1.

We devote this section to proving that there cannot be bounded periodic
disks in Π0(M

c) for a minimal set of type (1) or (2). As an outcome of this fact
we obtain that for type (1) minimal sets there is always a periodic unbounded
disk in Π0(Mc) .

We remark that the following four lemmas are just an adaptation of the
ideas in Sub-section 2.3.1 to higher genus.

Lemma 3.3.1. If M is connected and U ∈ Π0(Mc) is a periodic disk of period
p, then M = ∂U = . . . = ∂f p−1(U).

Proof. The set ∂U ∪ . . . ∪ ∂f p−1(U) is closed, invariant and contained in M.
So, M = ∂U ∪ . . .∪ ∂f p−1(U). Let r(x) = #{0 ≤ k < p | x ∈ ∂fk(U)}. Then,
for any k0 ∈ {1, . . . , p} the set r−1({k | k ≥ k0}) is closed and invariant, and
therefore empty or equal to M. This implies that there exists m ≥ 1 such that
r(x) = m for all x ∈ M.
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For every x ∈ M define Ix = ∩mi=1∂f
ki(U), where k1, . . . , km ∈ {0, ..., p−1}

are such that x ∈ ∂fki(U). Then, Ix is closed and M = Ix1 ∪ . . . ∪ Ixn with
Ixi 6= Ixj if i 6= j. Furthermore, Ixi ∩ Ixj = ∅ if i 6= j, otherwise there would
exist z ∈ M with r(z) > m. AsM is connected, we have M = Ix1 = . . . = Ixn,
which implies M = ∂U = . . . = ∂f p−1(U).

Lemma 3.3.2. Suppose that M is connected and there exists U ∈ Π0(Mc)
such that U is bounded and periodic. Let Ũ be a connected component of
p−1(U). Then, for each x ∈ M = ∂U and x̃ ∈ ∂Ũ , r(x) = #{T ∈ G | T (x̃) ∈
∂Ũ} is a well defined constant function in M.

Proof. As U is bounded, for each x ∈ M = ∂U and x̃ ∈ ∂Ũ the set

{T ∈ G | T (x̃) ∈ ∂Ũ}

is finite. Moreover,
r(x) = #{T ∈ G | T (x̃) ∈ ∂Ũ}

is independent of x̃ ∈ ∂Ũ ∩ p−1(x). So, we have a well defined function r :
M → N. We claim that for any n0 ∈ N, the set r−1({n < n0}) is open. Indeed,
take x ∈ r−1({n < n0}) and x̃ ∈ ∂Ũ ∩ p−1(x). Consider a neighborhood V
of x̃ such that the sets T (V ), T ∈ G, are pairwise disjoint and p(V ) is a
neighborhood of x. There exists n < n0 and T1, . . . , Tn ∈ G such that for any
T ∈ G, T /∈ {T1, . . . , Tn}, T (x̃) /∈ ∂Ũ . Taking V smaller if necessary, we can
suppose that T (V )∩∂Ũ = ∅ for all T ∈ G, T /∈ {T1, . . . , Tn}. So, for any z ∈ V ,
T (z) ∈ ∂Ũ if and only if T ∈ {T1, . . . , Tn}. In particular, p(z) ∈ r−1({n < n0}).
So, p(V ) ⊂ r−1({n < n0}) showing that r−1({n < n0}) is open. Equivalently,
the sets Xn0 = r−1{n ≥ n0} are closed for all n0 ∈ N. To see that these sets
are also f - invariant it is enough to be able to lift f to a homeomorphism
f̃ : S̃ → S̃ such that ∂Ũ is f̃ -invariant. As M = ∂U = ∂f(U), if g̃ is any
lift of f , then g̃(∂Ũ) = ∂g̃(U) = T (∂Ũ ) for some T ∈ G. Then, f̃ = T−1g is
a lift of f fixing ∂Ũ . By minimality, one obtains that r(x) is independent of
x ∈ M.

Lemma 3.3.3. Suppose that M is connected and that there exists U ∈ Π0(Mc)
such that U is bounded and periodic. Then Tx = {T ∈ G | T (x) ∈ ∂Ũ} is in-
dependent of x ∈ ∂Ũ .

Proof. The previous lemma implies that there exists m ≥ 0 such that for
any x ∈ ∂Ũ , #Tx = m. As U is bounded, the family {Tx | x ∈ ∂U} is
finite. For all x ∈ ∂U define Cx = ∩mi=1Txi(∂U), where x ∈ Txi(∂U) for all
i = 1, . . . , m. Then, each Cx is closed and the family F = {Cx | x ∈ ∂U} is
finite, F = {Cx1, . . . , Cxn}. Furthermore, Cxi ∩ Cxj = ∅ if i 6= j: otherwise,

there would exist x ∈ ∂Ũ with #Tx > m. As ∂Ũ is connected, we have
∂Ũ = Cx1 = . . . = Cxn and we are done.
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Lemma 3.3.4. If M is a connected type 1 or 2 minimal set and U ∈ Π0(Mc)
is bounded, then U is wandering.

Proof. Otherwise, Lemma 3.3.1 implies that M = ∂U . As U is bounded,

Lemma 3.3.3 implies that for any lift Ũ of U and any T ∈ G we have T
(
cl[Ũ ]

)
∩

cl[Ũ ] = ∅. So,
⋃
T∈G cl[T (Ũ)] can be covered by a pairwise disjoint family of

closed disks, and there is a fully essential component in Π0(Mc).

Lemma 3.3.5. If M is of type 1 or 2, then there is no bounded periodic disk
in Π0(Mc).

Proof. If U ∈ Π0(Mc) is a bounded periodic disk, then M = ∂U ∪f(∂U) . . .∪
f p−1(∂U). Let C be the connected component of M containing ∂U . Then,
C is periodic and minimal for f p. So, by lemma 3.3.4, Cc contains a fully
essential component. Therefore f i(C) contains a fully essential component for
i = 1, . . . , q, and so does M = ∪ni=1f

i(C). This contradicts the fact that M is
of type 1 or 2.

We finish by proving:

Lemma 3.3.6. If M is a type 1 minimal set, then there is at least one un-
bounded periodic disk in Mc.

Proof. Any homeomorphism of a surface of genus g > 1 has a periodic point p
([Ful53]). As bounded disks in Mc are wandering, p ∈ M or there exists one
unbounded periodic disk in Mc. If p ∈ M, then M is the orbit of p, which
contradicts that M is a type 1 minimal set.

3.4 Type 2 minimal sets.

In this section we first prove the following:

Proposition 3.4.1. Let M be a type 2 minimal set of f ∈ Homeo(S). Then,
E(Mc) is a finite family of locally simply connected sets, and M = C0∪...∪Cn−1

where {Ci}
n−1
i=0 is a family of pairwise disjoint continua with f(Ci) = Ci+1mod(n)

for all i = 0, . . . , n − 1. Furthermore each element in {Ci}
n−1
i=0 coincides with

a connected component of ∂V for some V ∈ E(Mc), and there are no periodic
bounded discs in Π0(Mc).

The idea of the proof is simple. First we prove that an essential component
in Π0(Mc) must be periodic. As such a component U ∈ Π0(Mc) exists because
we are considering type 2 minimal sets, one has M = ∂U ∪ ∂f(U) ∪ . . . ∪
∂f p−1(U), where p is the period of U . We finish by taking C0 to be a connected
component of M contained in ∂U .
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After proving this, we construct for any continuum C ⊂ S which is a
type two minimal set for some homeomorphism f ∈ Homeo(S), a surface S∗

containing C with ∂S∗ =
⋃n
i=1 βi where {βi}

n
i=1 is a family of pairwise disjoint

essential loops, such that the following theorem holds. We denote S∗/∂ to the
quotient space of S∗ under the relation x ∼ y iff x, y ∈ βi for some i = 1, . . . n.

Theorem 3.4.2. There exist n0 ∈ N and a homeomorphism g homotopic to
fn0, with g(β) = β for all β ∈ ∂S∗, such that if S ′ = S∗/∂ and q : S∗ → S ′ is
the quotient map, then:

1. S ′ is a surface with g(S ′) < g(S) and C′ := q(C) is a minimal set for the
induced map ĝ ∈ Homeo(S ′). Furthermore q conjugates fn0|C with ĝ|C′;

2. S ′\C′ is a union of disks and there are at least #E(S\Cc) unbounded disks
containing fixed points of ĝ.

These two results are crucial for the proofs of Theorem 3.1.1 and Theorem
3.1.2.

3.4.1 Essential components are periodic

Throughout this section M will stand for a type 2 minimal set. We begin by
the following.

Lemma 3.4.3. If U ∈ Π0(Mc) is essential and is not an annulus, then U is
periodic.

Proof. Let g be the genus of U . If g 6= 0, then clearly U is periodic, as S
is a compact surface. If g = 0 as i∗ : π1(U, x0) → π1(S, x0) is injective (see
Lemma 3.2.7) U is homeomorphic to the n-punctured sphere, n ≥ 3, since we
are assuming that U is not an annulus. Let Ui = f i(U), i ≥ 0. For all i ≥ 0,
Ui is an n-punctured sphere with n ≥ 3 whose fundamental group injects in
π1(S, x0). As S is compact, necessarily (Ui)i≥0 has to be a finite family.

LetA be the family of all essential open annuli in S. To each element U ∈ A
we can associate U∞ ⊂ S1 as follows. Take a simple loop α ⊂ U generating
π1(U, xU), and pick a lift α̃ ⊂ D of α. Let a, b ∈ S1 such that cl[α̃]∩∂D = {a, b}.
Let U∞ = {(T (a), T (b)) | T ∈ G}. The set U∞ is independent of the choice of
α and α̃. So, for each A ∈ A there is a well defined subset U∞ ⊂ S1.

Notice that given two annuli U, V ∈ A we have U∞ = V∞ if and only if
there exist two essential loops α ⊂ U , β ⊂ V , and two lifts α̃ and β̃ of α and
β respectively, such that cl[α̃] ∩ S1 = cl[β̃] ∩ S1.

Lemma 3.4.4. Let U ∈ A ∩ Π0(Mc), and define

F = {V ∈ A ∩ Π0(M
c) | U∞ = V∞}.

Then, there exists A ∈ A such that
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1. A∞ = U∞;

2. for all V ∈ F , V ⊂ A;

3. ∂A ⊂ M;

4. for all x ∈ ∂A and all neighborhood N of x, there exists V ∈ F such that
∂V ∩N 6= ∅.

Proof. Let γ ⊂ U be a generator of π1(U, xU), and γ̃ ⊂ D a lift of γ. Let
a, b ∈ S1 such that cl[γ̃] ∩ S1 = {a, b}, and Ũ the connected component of
p−1(U) containing γ̃.

For all V ∈ F , pick a loop α(V ) ⊂ V generating π1(V, xV ) and let ˜α(V )

be the lift of α(V ) such that cl[ ˜α(V )] ∩ S1 = {a, b}. We define Ṽ to be the

connected component of p−1(V ) containing ˜α(V ).
Further let D be the family of topological disks in D which are bounded by

cl[α̃] and cl[β̃], where α̃ ⊂ Ṽ0 and β̃ ⊂ Ṽ1 lift two essential loops α ⊂ V1 ∈ F
and β ⊂ V2 ∈ F respectively. Notice that in particular cl[α̃]∩S1 = cl[β̃]∩S1 =
{a, b}.

We define:

Ã :=
⋃

D∈D

D

The construction of Ã implies for any compact set K ⊂ Ã, that K ⊂ D for
some D ∈ D. Then we have that Ã is open, connected and simply connected.

We claim that A := p(Ã) is an annulus. If A is not an annulus there exists
T ∈ G with T ({a, b}) 6= {a, b} and T (Ã) ∩ Ã 6= ∅ (as A has to contain at
least two essential loops in different homotopy classes). this implies that we
have V0, V1 ∈ F with T (Ṽ1) ∩ Ṽ0 6= ∅ and ξ̃ ⊂ T (Ṽ1), which lifts an essential
loop ξ ⊂ V1, such that cl[ξ̃] ∩ S1 6= {a, b}. This implies since Ṽ0 is a connected
component of the complement of p−1(Mc) that ξ̃ ⊂ Ṽ0 which is impossible by
definition of Ṽ0.

Therefore we have that A is an annulus verifying the points 1 and 2 of the
Theorem. The points 3 and 4 are direct consequences of the construction.

Lemma 3.4.5. Let U ∈ A∩Π0(Mc), and F as in the previous lemma. Then,
F = {U}.

Proof. Suppose for a contradiction that F 6= {U}, and let A ∈ A be given
by the previous lemma. By item 3 in this lemma, ∂A ⊂ M. Moreover,
M∩ A 6= ∅ because F 6= {U}. Therefore there exists x ∈ ∂A and n > 0 such
that fn(x) ∈ A.

We first claim that fn(A)∞ = A∞. By item 4 in the previous lemma there
exists U0 ∈ F and z ∈ ∂U0 such that fn(z) ∈ A. Then, fn(U0) ∩ A 6= ∅,
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fn(U0) ∩ M = ∅ and so fn(U0) ⊂ A. This implies that A∞ = fn(U0)∞ =
fn(A∞).

Now, we claim that fn(∂A) = ∂A. If fn(∂A) 6= ∂A then due to the
minimality of M, the claim above, and item 4 in previous lemma, we have
necessarily that ∂A \ cl[fn(A)] 6= ∅ (otherwise ∂A would contain wandering
points). Then, due to the point 4 of the last lemma, there exists an annulus
V0 ∈ F such that A0 ⊂ A \ fn(A).

Let us fix {a, b} = S1 ∩ α̃ where α̃ is the lift of an essential loop in V0 and
a lift g of fn such that g leaves invariant {a, b}. Further let Ã be the lift of
A which contains α̃ and Ṽ0 ⊂ Ã lift of V0. Then, Ṽ0 ⊂ Ã\g̃(Ã) which implies
g̃−1(Ṽ0)∩ Ã = ∅. But f−n(V0) ∈ F , so g−1(Ṽ0) ⊂ Ã. This contradiction proves
the claim.

Therefore fn(∂A) = ∂A, which contradicts the fact that x ∈ ∂A and
fn(x) ∈ A.

Corollary 3.4.6. The number of essential annuli in Π0(Mc) is finite.

Proof. Let A ⊂ Π0(Mc) be the family of all the essential annuli. Hence to each
element U ∈ A we can associate a simple and closed geodesic γU . Furthermore,
due to the previous lemma, the set G = {γU | U ∈ A} is a pairwise disjoint
family. Therefore, since the cardinal of any family of pairwise disjoint simple
and closed geodesics is upper bounded by 3g − 3 (see [Hug05]), we have that
G is finite. Thus A is finite and its cardinal is upper bounded by 3g − 3.

The last corollary and the same arguments as in Lemma 3.4.3 lead to the
following Corollary.

Corollary 3.4.7. The number of essential components in Π0(Mc) is finite.

Proof. It is obvious that the number of components with genus in Π0(Mc) is
finite. Furthermore, as i∗ : π1(C, x0) → π1(S, x0) is injective for C ∈ Π0(Mc),
the number of genus zero components which are not annuli in Π0(Mc) is also
finite (see proof of Lemma 3.4.3). We are now done by Corollary 3.4.6.

Corollary 3.4.8. Every essential component U in Π0(Mc) is periodic. In
particular, M = ∂U ∪ ∂f(U) ∪ . . . ∪ ∂f p(U).

We finish this section with the proof of Proposition 3.4.1

Proof. The definition of type 2 minimal set (see the preliminary classifica-
tion) and the corollary 3.4.7 imply that E(M)c is a non-empty finite family
of simply connected domains. In particular, the previous corollary implies for
U ∈ E(Mc) that

M = ∂U ∪ ∂f(U) ∪ . . . ∪ ∂f p(U).
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Corollary 3.2.9 implies that F = {C ⊂ S | C ∈ Π0(∂f
i(U)) for some i =

0, ..., p} is a finite family. Hence M has finitely many connected components
{Ci}

n−1
i=0 which due to the minimality of M are permuted by f . Furthermore,

for every i = 0, . . . , n−1 we have by construction that Ci is a union of elements
in F , which implies that Ci ⊃ [∂V ]x for some V ∈ E(Mc), where [∂V ]x is some
connected component of ∂V . Moreover, the minimality of M implies that we
can consider mi ∈ N with fmi([∂V ]x) = [∂V ]x, and fmi(Ci) = Ci, hence we
have by minimality that Ci = [∂V ]x.

3.4.2 Surgery

Given a continuumK ⊂ S by means of the arguments as in the proof of Lemma
3.4.3 one can easily observe that #E(S \K) is finite. If B = {β1, . . . , βn} is a
finite family of loops in S\K, we define S∗

B to be the closure of the connected
component of S\ ∪ni=1 βi containing K.

β

(a) (b)

Figure 3.4.1: B and S∗
B

Lemma 3.4.9. Let K ⊂ S be a continuum. Further assume that if U ∈
E(S\K), then i∗ : π1(U, x0) → π1(S, x0) is injective.

Then, there exists a finite family of simple, essential and pairwise disjoint
loops in S\K, B = {β1, . . . , βn} such that:

1. the elements in Π0(S
∗
B\K) are either annuli with one boundary compo-

nent contained in ∪ni=1βi or disks with a disjoint closure of
⋃n
i=1 βi;

2. If g : U → U is a homeomorphism, where U ∈ E(S\K) , then {[β] | β ∈
B ∩ U} = {[g(β)] | β ∈ B ∩ U}2, where [γ] ∈ π1(S)/α∼α−1.

Proof. If U ∈ E(S\K), the fact that i∗ : π1(U, x0) → π1(S, x0) is injective
implies due to Corollary 3.2.8 that U is homeomorphic to a surface of finite
type, that is, U is homeomorphic to a kU -punctured surface, kU ∈ N, kU ≥ 1.

2Here a usuall abuse of notation is done in order to get the sets defined.
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For every i = 1, . . . , kU pick a simple loop βUi surrounding each puncture in
such a way that the βUi ’s are pairwise disjoint, and define BU = {βU1 , . . . , β

U
kU
}.

By the choice of the βUi ’s, for any i = 1, . . . , kU , the set U\
⋃kU
i=1 β

U
i has only one

connected component which is an annulus AUi with one boundary component
given by βUi and the other contained in K. Define

B =
⋃

U∈E(S\K)

BU .

If V ∈ E(S∗
B\K), then V = AUi for some U ∈ Π0(S\K) and i = 1, . . . , kU . On

the other hand if V ∈ Π0(S
∗
B \K) \ E(S∗

B\K) we have that it is homotopically
trivial and, due to K be connected, simply connected. This gives us 1.

Furthermore, by construction, for any U ∈ E(S\K) the set {[β] | β ∈ B∩U}
is determined by the topology of U , which gives 2.

Notice that in the last lemma we have by construction for every loop in
∂S∗

β , that they are accumulated by points in S∗
β only by one side, with respect

some fixed orientation. In particular, this implies that S ′ := S∗
β/∂ is a closed

surface. Furthermore, due to ∂S∗
β being given by essential loops of S we have

that g(S ′) < g(S).
If C ⊂ S is a continuum and type 2 minimal set for f ∈ Homeo(S), then C

verifies the hypothesis of Lemma 3.4.9 (see Proposition 3.4.1).

Lemma 3.4.10. Let C be a continuum and type 2 minimal set for f ∈ Homeo(S),
and let B be given by Lemma 3.4.9. Then, there exists n0 ∈ N and g : S → S
such that g = fn0 in C and g(β) = β for all β ∈ B.

Proof. By Corollary 3.4.8, essential components in Π0(Cc) are periodic. So,
there exists n ∈ N such that fn(U) = U for all essential component U ∈ Π0(Cc).
Furthermore, by Lemma 3.4.9, Item 2 {[β] | β ∈ B ∩ U} = {[fn(β)] | β ∈
B ∩ U}. As B is a finite family, we take a power m of fn fixing every [β],
β ∈ B. Let n0 = n+m. It is a well known fact that one can modify fn0 with
an isotopy supported in Cc to obtain g : S → S such that g(β) = β for all
β ∈ B.

Let C ⊂ S be a continuum and a type 2 minimal set of f ∈ Homeo(S).
Further, consider the family of pairwise essential loops B given by Lemma 3.4.9
and S∗ = S∗

B. Let n0 and g be given by Lemma 3.4.10. We now give a proof
for Theorem 3.4.2.

Proof. The quotient map is a homeomorphism if we restrict to
◦

S∗, and there-
fore conjugates g|C and ĝ|C′, which gives us 1. By Lemma 3.4.9, item 2, S∗\C
is a union of disks or annuli with one boundary component contained in B.
So, S ′\C′ is a union of disks. Furthermore, for each C ∈ E(Cc) there is at least
one β ∈ B ∩ C, whose projection gives a fixed point for ĝ, thus we obtain 2.
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(a) (b)

Figure 3.4.2: Proof of Theorem 3.4.2

3.5 Type 3 minimal sets.

As usual, we consider a closed hyperbolic surface S. Recall that a minimal
set M ⊂ S of f ∈ Homeo(S) is an extension of a minimal Cantor set (of a
periodic orbit) if there exists a map h : S → S homotopic to the identity such
that:

(i) h ◦ f = f̂ ◦ h for some f̂ ∈ Homeo(S);

(ii) M′ = h(M) is a minimal Cantor set (is a periodic orbit) of f̂ , and h−1(y)
contains a unique connected component of M for every y ∈ M′.

In this section we prove the following

Proposition 3.5.1. If M is a type 3 minimal set, then M is an extension of
a periodic orbit or a minimal cantor set.

The analogue result for the torus is proved in Section 2.3.3. As much of the
work is already done there, rather than repeating the proofs we give precise
references.

The topological tool needed for the proof is a classical decomposition the-
orem by Moore [Why42]. It concerns upper semi-continuous partitions of sur-
faces into continua.
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A partition G of S into closed sets is upper semi-continuous if for each g ∈ G
and each open set U containing g, there exists an open set V ⊂ U containing
g and such that every g′ ∈ G which meets V lies in U .

In our context (S is a compact metric space), G is upper semi-continuous if
and only if for every {gn}n∈N ⊂ G with a Hausdorff limit X , there exists g ∈ G
such that X ⊂ g.

We say that a set X ⊂ S is filled contractible if each open neighborhood of
X contains a disk D having X in its interior, such that D \ X has a unique
connected component.

Theorem 3.5.2. [Why42] If G is an upper semi-continuous partition of S such
that every g ∈ G is a filled contractible continuum, then S/G is homeomorphic
to S.

If a closed set X ⊂ S is contained in a bounded disk D ⊂ S, then Fill(X)
is defined as to be the union of X with the bounded components of its com-
plement (where ∂D is identify with ∞). So, Fill(X) is a filled contractible
set.

As M is a type 3 minimal set, then every C ∈ Π0(M) is contained in a
bounded disk (see Lemma 3.2.2). So, Fill(C) is defined for all C ∈ Π0(M).

Lemma 3.5.3. Let G = {Fill(C) : C ∈ Π0(M)}∪{x ∈ S : x /∈ ∪C∈Π0(MFill(C)}.
Then, G is an upper semi-continuous partition of S in filled contractible sets.

Proof. We first prove that G is a partition. It is enough to prove that Fill(C)∩
Fill(C′) = ∅ if C and C′ are different elements in Π0(M). But Fill(C)∩Fill(C′) 6=
∅ implies that Fill(C) ⊂ Fill(C′) (or the other way around). However, this is
impossible because of Lemma 3.2.6.

Let {gn}n∈N ⊂ G with a Hausdorff limitX . As every set in G is a continuum,
then X is a continuum. Furthermore, by definition of Fill(C) we have for every
point x ∈ X a sequence (yn)n∈N such that yn ∈ gn ∩M for every n ∈ N and
(yn)n∈N converges to x (see 2.3.3 for a detailed argument). Besides, as M is
closed, X ⊂ M. So, there exists g ∈ G such that X ⊂ G.

The proof of Proposition 3.5.1 follows exactly as in 2.3.3 (see Lemma 2.3.19,
and the proof of Addendum 2.3.18).

3.6 Proof of Theorem 3.1.1 and Theorem 3.1.2.

In this section we prove the main results of the chapter, which are a classifica-
tion of minimal set for surface homeomorphisms given by Theorem 3.1.1, and
the topological and dynamical characterization for type 2 minimal sets given
in Theorem 3.1.2 (see the introduction).
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Theorem 3.6.1. Let S be a closed hyperbolic surface and M ⊂ S minimal
set of f ∈ Homeo(S). Then either:

(1) the elements in Π0(Mc) are all disks, with at least one unbounded and
periodic. Moreover, any bounded disk in Π0(Mc) is wandering;

(2) E(Mc) is a finite family of locally simply connected sets, and M = C0 ∪
... ∪ Cn−1 where {Ci}

n−1
i=0 is a family of pairwise disjoint continua with

f(Ci) = Ci+1mod(n) for all i = 0, . . . , n − 1. Furthermore each element
in {Ci}

n−1
i=0 coincides with a connected component of ∂V for some V ∈

E(Mc), and there are not periodic bounded discs in Π0(M
c).

(3) M is either an extension of a periodic orbit or an extension of a minimal
cantor set.

Proof. Theorem 3.2.1 gives us three complementary cases:

1. Every U ∈ Π0(Mc) is a disk;

2. There exists an essential component U ∈ Π0(Mc), and
i∗ : π1(V, x0) → π1(S, x0) is injective for all V ∈ Π0(Mc);

3. There exists a fully essential component V ∈ Π0(Mc) and every other
component U ∈ Π0(Mc) is a bounded disk.

In the first case, Lemma 3.3.6 gives us an unbounded periodic disk in Mc,
and Lemma 3.3.5 gives us that any bounded disk in Π0(Mc) is wandering. In
the second case, Proposition 3.4.1 gives us the desired result. Finally, in the
third case we apply directly Theorem 3.5.1.

From now on we refer to a minimal set M as a type 1,2 or 3 minimal set,
whenever it is in the case 1,2 or 3 of the last theorem. The following result
can be found in subsection 2.3.2.

Lemma 3.6.2. If C ⊂ S is an essential continuum contained in a open an-
nulus which is a minimal set for f ∈ Homeo(S), then C is the boundary of a
circloid.

Before stating the main theorem of this section, we need a result which
is contained in S. Matsumoto’s and H. Nakayama’s work [MN11], concerning
continua which are minimal set of homeomorphisms in the sphere. This result
was already quoted in Chapter 2. We denote by S2 the Riemann sphere.

Theorem 3.6.3. Let C ⊂ S2 be a continuum and minimal set for a homeomor-
phism f ∈ Homeo(S2). Then, there are at most two components in Π0(S

2 \ C)
which are periodic by f .
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We recall some preliminaries before proving Theorem 3.1.2. Given a con-
tinuum and type 2 minimal set C ⊂ S of f ∈ Homeo(S), we say that it is
reducible to a type 1 minimal set in S ′, if there exists a closed surface S ′

with g(S ′) < g(S), a homeomorphism f̂ : S ′ → S ′ and C′
k a type 1 min-

imal set for f̂ such that f |Ck is conjugated to f̂ |C′
k
. Furthermore we say

that a reducible minimal set C ⊂ S is g-reducible, where g = min{g(S ′) :
C is reducible to a minimal set in S ′}.

The second result, which completes the classification, is the following:

Theorem 3.6.4. Let S be a closed hyperbolic surface and M = C0 ∪ ...∪Cn−1

a type 2 minimal set of f ∈ Homeo(S). Then, there exists N > 0 such that Ck
is reducible to a type 1 minimal set for fN . Moreover,

(2i) if it is 0-reducible, then Ck is the boundary of a circloid for every k =
0, ..., n−1 and #E(Cck) ≤ 2. Further, every disk in Π0(Mc) is wandering.

(2ii) if it is g-reducible with g > 0, then every bounded disk in Mc is wander-
ing, and there are at least #E(Cck) unbounded fixed disks in Π0(S

′\C′
k).

Proof. For a fixed k ∈ {0, ..., n− 1} we consider S∗ ⊃ Ck, g ∈ Homeo(S) and
n0 ∈ N associated to Ck and fn by Theorem 3.4.2. Let N = n+ n0. Then due
to Theorem 3.4.2 we have that Ck is reducible to a type 1 minimal set for fN .

Furthermore, we have the two following complementary cases:

(2i) Ck is 0-reducible: in this case we have that C′ is a minimal set of ĝ in S ′,
and S ′ can be identify with the sphere S2 . Furthermore C′ is a continuum

contained in q(
◦

S∗) and necessarily there are at least two different essential
loops β1, β2 in ∂S∗ (otherwise g(S ′) ≥ 1). Hence Theorem 3.4.2 implies
that there are at least two fixed disks U0, U1 ∈ Π0(C

′c) of ĝ separated
by C′. Moreover due to Theorem 3.6.3 these two are the unique loops in
∂S∗.

Consider now a neighborhood V ⊂ S2 \ {q(β1), q(β2)} of C′, which is an
essential annulus in the open annulus S2 \ {q(β1), q(β2)}. Thus due to

q :
◦

S∗→ S2 \ {q(β1), q(β2)} be a homeomorphism, we have that W =
q−1(V ) is an essential annulus containing C. This, together with Lemma
3.6.2 implies that Ck is the boundary of a circloid. Hence the same holds
for every k = 0, ..., n− 1, so we are in case (2i) of the Theorem.

(2ii) Ck is g-reducible with g > 0: in this case the point (2ii) of the Theorem
is a direct consequence of Theorem 3.4.2 and Lemma 3.3.5.
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3.7 Classification Theorem in the non-wandering

case.

We now restrict our classification to the class of non-wandering homeomor-
phisms. We denote by Homeonw(S) the class of all such homeomorphisms (see
Subsection 1.1.3).

As was done in the toral case, we make use of the result by A. Koropecki
[Kor10] which describes the topology of continua in surfaces which are f -
invariant and aperiodic (i.e it does not contain periodic orbits) for some non-
wandering homeomorphism f .

Theorem 3.7.1. Suppose that C ⊂ S is an f -invariant and aperiodic contin-
uum for f ∈ Homeonw(S). Then C is an intersection of a decreasing sequence
of annuli.

As a consequence, our classification theorem in the non-wandering setting
comes down to:

Corollary 3.7.2. Let S be a closed hyperbolic surface, and M ⊂ S a minimal
set for a non-wandering homeomorphism f ∈ Homeo(S). Then either:

(1nw) M = C0∪...∪Cn−1 where {Ci}
n−1
i=0 is a family of pairwise disjoint essential

circloids with f(Ci) = Ci+1 mod(n) for all i = 0, . . . , n− 1. Furthermore,
there are no disks in Π0(Mc).

(2nw) M is an extension of either a periodic orbit or a minimal cantor set.

Proof. We first want to see that type 1 and type 2ii minimals sets can not
occur for f ∈ Homeonw(S). If S

′ is an oriented surface and M ⊂ S ′ is a type 1
minimal set for some homeomorphism g ∈ Homeo(S ′), then M is an aperiodic
continuum which is not a decreasing intersection of annuli. Hence, due to the
result above, type 1 minimal sets can not occur for g ∈ Homeonw(S

′). This
implies that type 1 minimal sets can not occur for f ∈ Homeonw(S).

Suppose for a contradiction that M = C0 ∪ ... ∪ Cn−1 is a minimal set of
f ∈ Homeonw(S) in the case 2ii of Theorem 3.1.2. The map ĝ associated by
Theorem 3.1.2 to C0, can be considered by construction non-wandering (we do
not give a proof, but this fact is well known). On the other hand C′

0 is a type
1 minimal set for ĝ, which is absurd.

So, now we consider M as in 2i of Theorem 3.1.2. We know that
M = ∂C0 ∪ ... ∪ ∂Cn−1 where {Ci}

N−1
i=0 is a family of pairwise disjoint circloids.

Further, by definition of circloid we know that the existence of an interior point
x for some Ci would imply the existence of a disks in Π0(Mc), which has to be
wandering due to Theorem 3.1.2. Hence due to f be non-wandering we have
that ∂Ci = Ci for every i = 0, ..., N − 1, which finishes the proof.
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We point out again the slight difference between the cases (1nw) of last
theorem and (2i) of Theorem 3.1.2. In the non-wandering case we have that
the continua are circloids, while in the general case we only know that they
are the boundary of a circloid.

3.8 Classification and Nielsen-Thurston the-

ory.

In this section we study the given classification of minimal sets in light of
Nielsen-Thurston theory (see [Thu98]). We will see that type 1 minimal sets
can only occur in the homotopy class of either periodic homeomorphisms or
reducible maps without pseudo-Anosov components. This will trivially imply
for elements in the homotopy class of pseudo-Anosov homeomorphisms, that
only type 3 minimal sets can occur (which is the analogous of the result for
the classification in the torus). Let us first introduce some notions, which are
related to the dynamics of pseudo-Anosov components (see [Boy94]).

Consider a metric d in a space X and f : X → X bijective. We say that f
is expansive with respect d if there exists α > 0 such that sup{d(fn(x), fn(y)) |
n ∈ Z} > α for any x, y ∈ X . Given now f : X → X and g : X → X bijective
functions we say that the pair (x, f) and (y, g) globally shadows with respect
to d, if there exists K > 0 such that d(fn(x), gn(y)) < K for every n ∈ Z.
Is easy to see that this defines an equivalence relation between these kind of
pairs.

Consider a hyperbolic surface S and two homeomorphisms f, φ ∈ Homeo(S)
which are homotopic. Further fix f̃ , φ̃ equivariantly homotopic lifts of f, φ. We
say for x, y ∈ S that (x, f̃) and (y, φ̃) globally shadows if (x̃, f̃) and (ỹ, φ̃) glob-
ally shadows with respect the hyperbolic metric, where p(x̃) = x and p(ỹ) = y.

We denote by Homeo+(S) the set of orientation preserving homeomor-
phisms in S and by ρ the hyperbolic metric of S. In light of the Nielsen-
Thurston theory we define:

A = {f ∈ Homeo+(S)| f ∼ g : g is either pA or reducible with pA components},

The following result can be found in [Boy99] (Theorem 3.2).

Theorem 3.8.1. Suppose S hyperbolic surface and f ∈ A. Then there exists
φ ∈ Homeo+(S) and a non-empty φ-invariant and compact surface S ′ ⊂ S
(possibly with boundary and non-connected) such that:

(1) the boundary of S ′ is either empty or union of essential curves. Further
it is empty if and only if f is homotopic to a pseudo-Anosov map;

(2) φ is homotopic to f and φ|int(S′) is expansive;
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(3) There exist a compact f -invariant set Y ⊂ S, a continuous homotopic
to the projection map α : Y → S/∂S′ (where S/∂S′ = S if ∂S ′ = ∅), and
two equivariantly homotopic lifts f̃ , φ̃ of f, φ verifying:

(3a) Im(α) = S ′/∂S′ and α ◦ f |Y = φq ◦ α, where φq : S ′/∂S′ → S ′/∂S′ is
the induced map by φ (equals to φ if ∂S ′ = ∅);

(3b) if x, x′ ∈ Y where (x, f̃) and (x′, f̃) globally shadows, then α(x) =
α(x′).

In order to prove the next fundamental lemma, we need to introduce a
result due to R. Mañé (see [Mañ79]), which in our context can be stated as
follows.

Theorem 3.8.2. If f ∈ Homeo(S) is expansive, then every minimal set of f
is either a periodic orbit or a Cantor set.

Lemma 3.8.3. Consider α : Y → S/∂S′ given by Theorem 3.8.1 and assume
that M ⊂ S is a type 1 minimal set of f . Then Y ⊂ Mc.

Proof. Suppose for a contradiction that Y ∩ M 6= ∅. Thus because of the
minimality of M we have that M ⊂ Y . This implies, since α semiconjugates
f |Y with φq, that M′ = α(M) is a minimal set of φq. We now split the proof
in the following two complementary cases:

∂S ′ = ∅: in this case we have that φ is expansive in the surface S, and
hence due to Theorem 3.8.2 M′c is given by a doubly essential compo-
nent. This is impossible since Π0(Mc) is a family of disks, and the map
α is homotopic to the inclusion (the identity restricted to M).

∂S ′ 6= ∅: due to M being a type 1 minimal set of f and point (1) in
Theorem 3.8.1, we have necessarily that M∩ ∂S ′ 6= ∅. Thus if q : S ′ →
S ′/∂S′ is the quotient map we have that M′ ⊃ {P0}, where {P0} =
q(∂S ′). Therefore since P0 is fixed by φq we have that M′ = {P0}. Now,
by Theorem 3.8.1 we have that S/∂S′ \ {P0} is a union of open surfaces
with non-trivial fundamental group, while since M is a type 1 minimal
set q(M)c is a union of disks. This is impossible due to α be homotopic
to q.

We now state the non-existence of type 1 minimal sets for elements in A.

Theorem 3.8.4. If M ⊂ S is a type 1 minimal set of f ∈ Homeo(S), then f
is not in A.
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Proof. We suppose for a contradiction that f ∈ A. Let us consider S ′, φ and
α : Y → S/∂S′ given by Theorem 3.8.1. Due to Lemma 3.8.3 we have that
Y ⊂ Mc. Then there exists a family of pairwise disjoint closed disks {Di}

N−1
i=0

and of pairwise disjoint elements in Π0(Mc), {Ui}
N−1
i=0 , such that:

(i) Di ⊂ Ui for every i = 0, ..., N − 1;

(ii) Y ⊂
⋃n−1
i=0 Di;

(iii) for every i ∈ {0, ..., N−1} there exits j ∈ {0, ..., N−1} with f(Yi) = Yj,
where Yk = Y ∩Dk for every k = 1, ..., N − 1.

Let us now consider the lifts f̃ , φ̃ of f, φ given by Theorem 3.8.1. We claim
that if x, y ∈ Y ∩ Yi for some i = 0, ..., N − 1 then (x, f̃) and (y, f̃) globally
shadows.

In fact for such x, y consider two lifts x̃, ỹ ∈ D̃i where D̃i is a connected
component of p−1(Di), and let R = max{diam(Di) | i = 0, ..., N − 1}. Then
we have that sup{d(f̃n(x̃), f̃(ỹ)) | n ∈ Z} ≤ R. Otherwise by definition of
R and the point (iii) we have for some k ∈ Z that f̃k(D̃i) ∩ D̃j 6= ∅ and
f̃k(D̃i) ∩ σ(D̃j) 6= ∅, where D̃j is a connected component of p−1(Dj) and
σ ∈ Γ \ {e}. This implies that p(D̃j ∪ f̃k(D̃i) ∪ σ(D̃j)) is contained in a
essential element of Π0(Mc) which is impossible since M is a type 1 minimal
set.

Thus, by the point (3b) in Theorem 3.8.1 we have that Im(α) has at most
N elements, which is absurd since Im(α) = S ′/∂S′.

Corollary 3.8.5. Let S be a closed and oriented hyperbolic surface and f ∈
Homeo(S) homotopic to a pseudo-Anosov map. Then every minimal set of M
is type 3.

Before giving the proof, we point out that for a pseudo-Anosov homeo-
morphism φ ∈ Homeo(S), due to the expansiveness of such a system, one can
apply the result [Mañ79] and obtain that every minimal set is either a periodic
orbit or a minimal cantor set. However, in general, elements in their homotopy
classes are not expansive.

Proof. Theorem 3.8.4 asserts that type 1 minimal set can not occur. On the
other hand, we have seen in section 3.4 that the existence of a type 2 minimal
set of f would imply that fn#([β]) = [β] for some n ∈ N and β ⊂ S essential
loop, which can not happen since f is in the homotopy class of a pseudo-Anosov
homeomorphism. Then, every minimal set of f has to be type 3.
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3.9 Examples.

In this final section we state examples for each non-trivial case of the Theorem
3.1.1 and Theorem 3.1.2.

3.9.1 Type 1 minimal sets.

We say that a flow φ : S × R → S is irreducible if:

(i) φ has a unique minimal set M ⊂ S;

(ii) M intersect any essential loop in S.

Irreducible flows can be constructed in any closed hyperbolic surface, see
for instance [ABZ96]. On the other hand given a flow φ in a surface S with
a minimal set M ⊂ S, we can consider t ∈ R such that M is a minimal set
of the time-t map ft of the flow (this is true for flows in general contexts, see
[IO07]).

Thus we can consider for any surface S an irreducible flow φ, its minimal
set M given by definition, and a time t-map f with M as minimal set. Then
due to property (ii), M is a type 1 minimal set of f in the surface S.

Although we give a reference for the existence of irreducible flows in any
closed hyperbolic surface, for the sake of completion, we give a hint below as
how to construct such examples using geodesic laminations [CB88].

One can always construct an oriented geodesic lamination Λ in the surface
S of genus g > 1 such that S\Λ is the union of two disks that lift to the
universal covering space to ideal 2g- gones with alternating orientations on
its sides. Indeed, a standard way of constructing pseudo-Anosov maps is by
lifting an Anosov diffeomorphism on T2 to a branched covering π : S → T2.
If π has exactly two ramification points where π is g − 1, then the stable (or
unstable) lamination of the corresponding pseudo-Anosov diffeomorphism has
this property.

This lamination can be completed to a flow in S with a fixed point of index
1 − g in each disk. Moreover, the lamination is a minimal set for the flow,
and hence there exists t ∈ R such that Λ is minimal for the time t of this flow
([IO07]).

Notice that by construction the map f is homotopic to the identity, which
agrees with Theorem 3.8.4.

3.9.2 Type 2 minimal sets.

Examples in this category can be constructed defining a homeomorphism of
an essential annulus A ⊂ S and then extending it to a homeomorphism f of
the whole surface S. A minimal set of the annulus homeomorphism will of
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course be a minimal set of f . The simplest example in this spirit is to take
an irrational rotation in A, obtaining simple closed curves as minimal sets.
Of course, much wilder minimal sets can be obtained with this method. The
following Theorem appears in [Cro06] but gathers together previous ideas of
Handel [Han82], Herman [Her86] and Fayad-Katok [FK04].

Theorem 3.9.1. There exists a homeomorphism of the annulus S1×R which
has a minimal invariant set Λ which is connected, not locally connected at any
point and has positive Lebesgue measure.

If one constructs examples in this way, one obtains type 2 connected min-
imal sets M. Indeed, there is an essential component U ∈ Π0(Mc) which
is a surface of genus g − 1. One may of course generalize this example by
allowing the minimal set to have more than one connected component, and
therefore different homotopy types for the essential components in Π0(Mc).
Take a symmetry ϕ : S → S taking an essential closed annulus A ⊂ S to an
essential closed annulus A′ ⊂ S, A ∩ A′ = ∅. Let f ∈ Homeo(S) supported
in a neighborhood U of A, leaving A invariant and such that the restriction
of f to A has a minimal set C. Let g = ϕ ◦ f ◦ ϕ−1(x). Then, g is supported
in ϕ(U), leaves A′ invariant, and C′ = ϕ(C) is a minimal set for g|A′. Define
h ∈ Homeo(S) by h = f ◦ g. Now, C ∪ C′ is a minimal set for the map ϕ ◦ h.

This kind of constructions give us examples of type (2i) minimal sets. The
construction of type (2ii) minimal sets is not difficult, since we have constructed
type 1 minimal sets. Indeed, one just has to consider connected sum of surfaces,
by the complement of a type 1 minimal set in a base surface S, and then extend
the dynamics.

3.9.3 Type 3 minimal sets.

Non-trivial examples of this type of minimal sets are those which are not
periodic orbits nor Cantor sets. These examples can be easily constructed
in such a way that the minimal set has finitely many connected components
which are not a singleton but periodic. In [Kwa11] non-trivial examples with
uncountable many connected components, some of them being not a singleton,
are constructed.
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Chapter 4

Rotation sets of generic
homeomorphisms and axiom A
diffeomorphisms.

4.1 Statements of the results.

We devote this chapter to the proofs of Theorems 7,8 and 9, which we first
restate. For the preliminaries definitions see Subsection 1.2.3.

Theorem 4.1.1. There exists an open and dense set D ⊂ Homeo0(T2) such
that for every f ∈ D the rotation set ρ(F ) is a rational polygon (possibly
degenerate).

This result is then extended to the family of axiom A diffeomorphisms (or
Smale’s diffeomorphisms).

Theorem 4.1.2. Let f ∈ Homeo0(T2) be an axiom A diffeomorphism. Then
ρ(F ) is a rational polygon.

Finally, we observe in general that the rotation sets on minimal sets are
continua, and then we prove the following result.

Theorem 4.1.3. There exists an open set D′ ⊂ Homeo0(T2), such that any
f ∈ D′ has a minimal set M with ρM(F ) given by a non-trivial segment.
Furthermore, D′ is dense in the set of homeomorphisms whose rotation set has
non-empty interior.

The organization of the chapter is given as follows. In Section 4.2 we study
the relation between symbolic dynamics and the displacement of orbits in the
universal cover for maps in Homeo0(T2). In Section 4.3 we construct the set D
of Theorem 4.1.1, in Section 4.4 we prove Theorem 4.1.2, and finally in Section
4.5 we prove Theorem 4.1.3.
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4.2 Symbolic representation and rotation set.

Let us consider a closed and invariant set C ⊂ T2 of f ∈ Homeo0(T2), and a
family S = {S0, ..., SM} of pairwise disjoint sets contained in T2 such that:

• Si is homeomorphic to the closed unit square for every i = 0, ...,M ;

• C ⊂
⋃M
i=0 Si.

We say that S is a finite partition of C by rectangles. In the previous
chapters we call the elements of S disks, but along this chapter we call them
rectangles since it is the appopiate geometric form when Markov partitions
are considered. For the sake of simplicity we refer to S as a partition. As
usual, for every partition S we can associate the space of sequences of symbols
ΩS ⊂ {0, ...,M}Z defined as

ΩS =
{
ξ ∈ {0, ...,M}Z | ∃ x ∈ C such that fn(x) ∈ Sξ(n)∀n ∈ Z

}
.

The space ΩS is closed and invariant under the shift σ : {0, ...,M}Z →
{0, ...,M}Z, defined by σ(ξ)(n) := ξ(n + 1) for every n ∈ Z. Furthermore,
there is a natural onto map h : C → ΩS given by the relation fn(x) ∈ Sh(x)(n)
for every n ∈ Z, which semi-conjugates f |C with σ |ΩS

(that is h ◦ f = σ ◦ h
holds in C).

4.2.1 Symbolic representation and displacement.

We say that an open, connected and bounded set D ⊂ R2 is a trivial domain
if π|D : D → π(D) is a homeomorphism. If C and S = {S1, ..., SM} are as
above, we say that S is a rotational partition if there exists a trivial domain
D such that:

(1) π(D) ⊃
⋃M
i=0 Si;

(2) if we consider S̃i := π−1(Si) ∩ D for i = 0, ...,M and a lift F of f ,
then for each i = 1, ...,M there is a unique vector si ∈ Z2 such that
F (S̃i) ⊂ D + si.

Notice that a rotational partition has the following properties: (1) S̃i :=
π−1(Si) is a rectangle for every i ∈ {0, ...,M}, and (2) for every i, j ∈ {0, ...,M}
the image of the rectangle S̃i by the lift F meets at most one integer translation
of the rectangle S̃j.

Given a surface S, A ⊂ S and x ∈ A, we denote by [A]x the connected
component of x in A. Let us consider a rotational partition S = {S0, ..., SM} of
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a closed and f -invariant set C, and a fixed n ∈ N. Then for every i ∈ {0, ...,M}
we define the following families of subsets of T2:

Ii =

{
π([K]x)

∣∣∣∣∣ K = F−n(S̃i) ∩ π
−1

(
M⋃

j=0

Sj

)
, x ∈ π−1(C) ∩K

}

and

fn∗ (S) =
N⋃

i=0

Ii.

For a partition S we define the positive number dS := max{diam(Si) | Si ∈
S}. The following two are simple observations.

Proposition 4.2.1. For every closed f -invariant set C which admits a par-
tition R, there exists ε0 > 0 such that if S is a partition of C with dS < ε0,
then it is a rotational partition.

Proof. Due to C being contained in a union of pairwise disjoint rectangles we
can consider two essential loops γ1, γ2 ⊂ Cc, with D = (γ1 ∪ γ2)

c being a
topological disk in T2. Then, by the invariance of C there exists a positive
number ε0 < d(C, ∂D), such that for every connected set X ⊂ Bε0(C) we have
f(X) ∩ ∂D = ∅.

Let S be a partition with dS < ε0. Thus if D̃ is a connected component
of π−1(D) we have for every S ∈ S that S̃ := π−1(S) ∩ D̃ is given by a
unique rectangle. Furthermore, we have that F (S̃) is contained in a unique
integer translation of D̃, otherwise F (S̃) would intersect ∂π−1(D) and hence
f(S)∩ ∂D 6= ∅ which is absurd by definition of ε0. Therefore S is a rotational
partition.

Notice that in general a partition S as in the proposition above may not
exists.

Proposition 4.2.2. If fn∗ (S) is a partition of C, then it is a rotational parti-
tion of C for fn.

Proof. Let D be a trivial domain associated to the rotational partition S. By
definition each element of fn∗ (S) is contained in some element of S. Hence
fn∗ (S) verifies the condition (1) of the definition of rotational partition, with
respect the domain D.

Let K be an element of fn∗ (S). Then by definition F n(K) ⊂ S̃, where S̃ is
a lift of some S ∈ S. Thus, there exists a unique translation of the domain D
containing F n(K). Hence fn∗ (S) is a rotational partition of C for fn.

Given a partition S we consider ΩS and the semi-conjugacy h.
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Proposition 4.2.3. Let S be a rotational partition of C. Then, for every x ∈
π−1(C) and n ∈ N we have F n(x) ∈ B2·dS (x+

∑n−1
j=0 sij ), where ij = h(π(x))(j)

for j = 0, ..., n− 1.

Proof. Let R = 2 · dS . For a fixed n > 0 and x ∈ π−1(C) we have that
f j(π(x)) ∈ Sij where ij = h(π(x))(j) for every j = 0, ..., n. Therefore for

every j = 0, ...,M we have F j(x) ∈ S̃ij + vj, for some vj ∈ Z2 (S̃i as in
the definition of the rotational partition). Moreover, for every j = 1, ...,M
we have vj = vj−1 + sij−1

and v0 = u with u ∈ Z2 such that x ∈ S̃i0 + u.

This implies by replacement that F n(x) ∈ S̃in + sin−1 + ... + si0 + u, hence

F n(x) ∈ BR(x+
∑n−1

j=0 sij ) where ij = h(π(x))(j) for j = 0, ..., n− 1.

Now we introduce some preliminary notation before stating an important
corollary. We say that α : {0, 1, ..., lα − 1} → {0, ...,M} is a finite word if for
some ξ ∈ ΩS we have α(i) = ξ(i)∀i = 0, ...., lα − 1. We define the set of finite
words ΩfS ⊂ ΩS as For α ∈ ΩfS we denote the length of α by lα. Further, we

define a function ψ : ΩfS → R2 by ψ(α) =
∑lα−1

j=0 sα(j).

Corollary 4.2.4. Let S be a rotational partition of C, then

ρC(F ) =
{
v ∈ R2 | ∃ (αi)i∈N ⊂ ΩfS with lαi ր +∞ and v = limi

ψ(αi)
lαi

}

4.2.2 Finite Markov partitions and the rotation set.

The results presented in this section and the theorem 4.2.7 can be proved by
simple adaptations of the main result in [Zie95]. Nevertheless, we present the
proofs here for the sake of convenience of the reader.

Let P(X) denote the set of all the subsets of a given set X . We call a
function τ : {0, ...,M} → P({0, ...,M}) with ∅ /∈ Im(τ) transition law. Given
a transition law we define Ωτ ⊂ {0, ...,M}Z as the set of sequences ξ such that
ξ(n+1) ∈ τ(ξ(n)) for every n ∈ Z. Let us consider a partition S = {S0, ..., SM}.
We say that S is a (finite) Markov partition if ΩS = Ωτ for some transition
law τ . In this subsection we want to prove that the convex hull of ρC(F ) is a
rational polygon whenever C admits a rotational Markov partition.

If we consider the space of finite words ΩfS for a Markov partition and
two elements α1, α2 ∈ ΩfS with lengths l1, l2 respectively such that α2(0) ∈
τ(α1(l1)), the function α1α2 : {0, ..., l1+l2−1} → {0, ...,M} given by α1α2(i) =
α1(i) if i = 0, ..., l1 − 1, and α1α2(i) = α2(i− (l1)) if i = l1, ..., l1 + l2 − 1 is an
element of ΩfS . We call α1α2 the concatenation of α1 and α2.

In particular, if ν ∈ ΩfS verifies that ν(0) ∈ τ(ν(lν − 1)) then one can
consider for each n ∈ N the word νn ∈ ΩfS given by νn = ν...ν︸︷︷︸

n−times

. We call this

kind of elements periodic words and denote by ΩPerS ⊂ ΩfS the set of periodic

words. Then is easy to see that for any ν ∈ ΩPerS the vector ψ(ν)
lν

belongs to
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ρC(F ). We also add an extra word θ to ΩfS that we call the trivial word which
verifies θα = αθ = α for every α ∈ ΩfS .

In what follows we denote by cl[A] the closure of A ⊂ R2, by conv(A) the
convex hull of A and let

ρPerC (F ) =

{
v ∈ R2 | ∃ (αi)i∈N ⊂ ΩPerS with v = lim

i

ψ(αi)

lαi

}
.

Lemma 4.2.5. Suppose that S is a rotational Markov partition of C. Then
ρC(F ) ⊂ cl[conv(ρPerC (F ))].

Proof. Let v ∈ ρC(F ). Then by Corollary 4.2.4 we have v = limi
ψ(αi)
lαi

with

αi ∈ ΩfS for every i ∈ N and lαi
strictly increasing to +∞. For a fixed ε > 0,

we want to show the existence of an element of conv(ρPerC (F )) which is ε-close
to v. We consider kε ∈ N which verifies that for every i > kε we have lαi

> M

and
∥∥ψ(αi)

lαi

− ψ(αi)−ψ(β)
lαi

−lβ

∥∥< ε
2
for every β ∈ ΩfS with lβ ≤M .

Let i > kε such that
∥∥v− ψ(αi)

lαi

∥∥< ε
2
. Since lαi

> M there exist at least two

different elements j1, j2 ∈ {0, ..., lαi
} such that αi(j1) = αi(j2). This implies

that αi = γ1ν0γ2 for some γ1, γ2 ∈ ΩfS with at least one different of θ and
ν0 ∈ ΩPerS . Moreover since ν0 is a periodic word α0 = γ1γ2 ∈ ΩfS is a well
defined non trivial word and ψ(αi) = ψ(α0) + ψ(ν0) with lν0 + lα0 = lαi

. Now
if lα0 > M we can do the same as we did with αi and produce ν1 ∈ ΩPerS ,
α1 ∈ ΩfS such that ψ(αi) = ψ(α1) + ψ(ν1) + ψ(ν0) with lν0 + lν1 + lα1 = lαi

.
If we apply this argument recursively we obtain ν0, ..., νr ∈ ΩPerS and αf ∈

ΩfS with lαf
≤M such that ψ(αi) =

∑r
k=0 ψ(νk) +ψ(αf ) and

∑r
k=0 lνk + lαf

=

lαi
. Hence by definition of kε we have that

∥∥ψ(αi)
lαi

−
∑r

k=0 ψ(νk)∑r
k=0 lνk

∥∥< ε
2
which implies

that
∥∥v −

∑r
k=0 ψ(νk)∑r
k=0 lνk

∥∥< ε. Since w =
∑r

k=0 ψ(νk)∑r
k=0 lνk

belongs to conv(ρPerC (F )), this

finishes the proof.

As we have said the goal of this subsection is prove that conv(ρC(F )) is a
rational polygon whenever C admits a rotational Markov partition S. Due to
Lemma 4.2.5 it is sufficient to prove that conv(ρPerC (F )) is a rational polygon.
The next observation is rather simple, so we do not give the proof.

Proposition 4.2.6. Suppose that there exists a constant K > 0 such that for
every w ∈ R2 the function < w, . >: ρPerC (F ) → R is maximized by ψ(ν)

lν
with

ν ∈ ΩPerS , lν ≤ K. Then, conv(ρPerC (F )) is a rational polygon with vertices in

the finite set
{
ψ(ν)
lν

| ν ∈ ΩPerS , lν ≤ K
}
.

Theorem 4.2.7. Suppose that S = {S0, ..., SM} is a rotational Markov parti-
tion for C. Then conv(ρPerC (F )) is a rational polygon with vertices in{

ψ(ν)
lν

| ν ∈ ΩPerS , lν ≤M
}
.
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Proof. By definition ρPerC (F ) is contained in the compact set ρC(F ). Hence,
for a fixed w ∈ R2 there exists

L = sup {〈w, v〉 | v ∈ ρPerC (F )} = sup

{
〈w, ψ(ν)〉

lν
| ν ∈ ΩPerS

}
.

Our goal is to prove that L = sup
{

〈w,ψ(ν)〉
lν

| ν ∈ ΩPerS , lν ≤M
}

which due to

the last proposition, implies the desired result. Hence for every ε > 0 we want
to find an element νε ∈ ΩPerS with lνε ≤ M such that L− 〈w,ψ(νε)〉

lνε
< ε.

For a fixed ε > 0 we consider ν0 ∈ ΩPerS such that L −
〈
w, ψ(ν0)

lν0

〉
< ε. If

lν0 ≤ M we are done. If lν0 > M there exists ν ′0 ∈ ΩPerS and α1, α2 ∈ ΩfS with
at least one of the two different from θ such that ν0 = α1ν

′
0α2, α1α2 ∈ ΩPerS and

lα1 + lα2 + lν′0 = lν0. Therefore
〈w,ψ(ν0)〉

lν0
=

〈w,ψ(α1α2)〉+〈w,ψ(ν′0)〉
lα1+lα2+lν′0

which implies that

either 〈w,ψ(ν0)〉
lν0

≤
〈w,ψ(ν′0)〉

lν′
0

or 〈w,ψ(ν0)〉
lν0

≤ 〈w,ψ(α1α2)〉
lα1α2

. Thus there exist ν1 ∈ ΩPerS

such that 〈w,ψ(ν0)〉
lν0

≤ 〈w,ψ(ν1)〉
lν1

and lν1 < lν0 .

Applying the above argument recursively, we eventually find a periodic
word νε ∈ ΩPerS such that lνε ≤M and L− 〈w,ψ(νε)〉

lνε
< ε.

Corollary 4.2.8. Suppose that S is a rotational Markov partition of C. Then

conv(ρC(F )) is a rational polygon with vertices in
{
ψ(ν)
lν

| ν ∈ ΩPerS , lν ≤M
}
.

4.3 Construction of the set D.

Let M be a compact manifold and f :M →M be a diffeomorphism. We say
that a compact set Λ ⊂ M is a hyperbolic set if there exist C > 0, λ ∈ (0, 1)
and a decomposition of the tangent bundle over Λ given by TxM = Es

x ⊕ Eu
x

(stable and unstable vector bundles) such that:

(1) Dxf(E
s
x) = Es

f(x), Dxf
−1(Eu

x) = Eu
f−1(x) for every x ∈ Λ.

(2) ‖Dxf
n|Es

x
‖< C · λn and ‖Dxf

−n|Eu
x
‖< C · λn for every x ∈ Λ, n ∈ N.

Further, we say that Λ is a basic piece of f if it is a compact invariant
hyperbolic set, transitive (Λ = cl[{fn(x) | n ∈ Z}] for some x ∈ Λ) and locally
maximal (there exist a neighborhood U of Λ such that

⋂
n∈Z f

n(U) = Λ).
Let f :M →M be a homeomorphism and x ∈M , Then:

• for ε > 0 the local stable set of size ε is defined as

W s
ε (x, f) = {y ∈ M | d(fn(y), fn(x)) < ε for every n ∈ N},
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and the local unstable set of size ε as

W u
ε (x, f) = {y ∈M | d(f−n(y), f−n(x)) < ε for every n ∈ N};

• the stable set is defined as

W s(x, f) = {y ∈M | lim
n→+∞

d(fn(y), fn(x)) = 0},

and the unstable set as

W u(x, f) = {y ∈M | lim
n→+∞

d(f−n(y), f−n(x)) = 0}.

For a hyperbolic set Λ of some diffeomorphism f we have the so called
Stable Manifold Theorem.

Theorem 4.3.1 (Stable Manifold Theorem, [KH97], Section 6). Let M be a
compact manifold and f :M →M a Cr diffeomorphism with hyperbolic set Λ.
Then there exists ε > 0 such that for every point x ∈ Λ we have:

(1) W s
ε (x, f) is a Cr embedded manifold such that TxW

s
ε (x, f) = Es

x and
W s
ε (x, f) varies continuously with x (as Cr sub-manifold);

(2) W s
ε (x, f) ⊂W s(x, f);

(3) W s(x, f) =
⋃
n∈N f

−n(W s
ε (x, f)) is a C

r immersed manifold.

The analogous result holds for the unstable set.
A first remark concerning this theorem is that for a basic piece the stable

and unstable bundles have constant dimension, and they vary continuously
(this can be proved directly from the definition of basic piece). This implies
that we can define the index of a basic piece as the dimension of its unstable
vector bundle. When a basic piece has index 1 we say it is a saddle piece.
Further properties for basic sets will be presented in the next section. Next
we want to define axiom A diffeomorphisms. We denote by Per(f) the set of
periodic points of f and recall that the non-wandering set of f is defined as:

Ω(f) := {x ∈M | ∀ U neighborhood of x fn(U) ∩ U 6= φ for some n ∈ N}

Let M be a compact manifold. We say that a diffeomorphism f :M → M
is axiom A if

• Ω(f) = cl[Per(f)];

• Ω(f) is hyperbolic.
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The dynamical properties of these systems are well-understood. Further,
under additional hypothesis these systems are robust in different senses and
play a crucial role in the theory of generic dynamics (see references below).
We will make use of these facts for constructing the set D.

Theorem 4.3.2 (Spectral decomposition theorem, [New72]). Let f :M → M
be an axiom A diffeomorphism. Then, there exist a finite number of pairwise
disjoint basic pieces Λ1, ...,Λn ⊂M for f such that Ω(f) = Λ1 ∪ ... ∪ Λn. Fur-
ther, for each i = 1, ..., n there exists a finite number of compact and pairwise
disjoint sets Λi,0, ...,Λi,ki−1 such that:

• for every j = 0, ..., ki − 1 we have f(Λi,j) = Λi,j+1 mod(ki);

• for every j = 0, ..., ki − 1 and x ∈ Λi,j the sets W u(x, f),W s(x, f) are
dense in Λi,j;

• for every j = 0, ..., ki − 1 we have that fki |Λi,j
is topologically mixing.

We say that an axiom A diffeomorphism satisfies the transversality con-
dition if for any two points x, y ∈ Ω(f), we have that W u(x, f) intersects
W s(y, f) transversally.

The following theorem shows the semi-stability of axiom A diffeomorphisms
with the transversality condition (for any compact manifold) and is due to Z.
Nitecki.

Theorem 4.3.3 ([Nit71]). Let f ∈ Homeo0(T2) be an axiom A diffeomor-
phism with the transversality condition. Then, there exists a neighborhood
U(f) ⊂ Homeo0(T2) of f such that any g of U(f) is semi-conjugate to f by a
semiconjugacy h homotopic to the identity.

We mention here that the fact of the map h to be homotopic to the identity
is not explicitly stated in Z. Nietecki’s article, but is a well known fact that
this kind of maps can be constructed by the Shadowing Lemma such that they
are close to the identity, and therefore homotopic to the identity. The above
theorem, together with the properties of the rotation set given in Subsection
1.2, implies the following corollary:

Corollary 4.3.4. Let f ∈ Homeo0(T2) be an axiom A diffeomorphism that
satisfies the transversality condition. Then there exists an open neighborhood
U(f) ⊂ Homeo0(T2) of f such that for every g ∈ U(f) we have ρ(G) = ρ(F )
for some lifts G,F of g, f respectively.

We say that a diffeomorphism f : M → M is a fitted axiom A diffeomor-
phism if it is axiom A, has the transversality condition and Ω(f) is totally
disconnected. For a given manifold M we denote by F the family of fitted
axiom A diffeomorphisms.

Theorem 4.3.5 ([SS75]). Let M be a compact manifold. Then F is dense in
Homeo(M) with the C0 topology.
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A nice exposition of this result in surfaces can be found in [Fra80]. We
now turn to the existence of Markov partitions for totally disconnected saddle
basic pieces of f ∈ Homeo0(T2), with some extra properties needed for further
applications in the following sections. The main result that we are going to
provide can be found for instance in [Bég99], where Markov partitions are
defined in a stronger way, verifying at once all the properties that we request.
We should say that the general idea of associating Markov partitions to basic
pieces in any dimension, is due to R. Bowen [Bow70b]. Next we introduce
some notations and remarks which will be used not in this section, but in the
last section of this article.

We say that a hyperbolic set Λ has local product structure if there exists
δ0 > 0 such that given ε0 > 0 as in the (Un)Stable Manifold Theorem and any
two points x, y ∈ Λ with d(x, y) < δ0 we have thatW

u
ε0
(x, f)∩W s

ε0
(y, f) ⊂ Λ. It

turns out that for a hyperbolic set Λ, the existence of a local product structure
is equivalent to be locally maximal. Hence every basic piece has local product
structure.

Let S be a partition of a totally disconnected saddle basic piece Λ. We
say that S ∈ S is an us-box if

• diam(S) < δ0, where δ0 is given by the local product structure;

• there exists a homeomorphism h : [0, 1]2 → S such that for every x ∈
S ∩ Λ we have that

W u
ε0
(x, f) ∩ S = h([0, 1]× {bx}), W

s
ε0
(x, f) ∩ S = h({ax} × [0, 1])

where (ax, bx) = h−1(x), and

h({(0, 0), (0, 1), (1, 0), (1, 1)})⊂ Λ.

We say that S is a us-partition if every element in S is a us-box. When S
is a also a Markov partition we say that S is a us-Markov partition. Let S be
a us-box of a partition of Λ. We say that H ⊂ S is a horizontal rectangle if
H = h([0, 1]× [c, d]). Analogously we say that V ⊂ S is a vertical rectangle if
V = h([a, b]× [0, 1]).

Given an us-partition S = {S0, ..., SN} of Λ, we say that it has the inter-
section property if for every i, j ∈ {0, ..., N}, x ∈ Λ∩Si, y ∈ Λ∩Sj and n ∈ N
with fn(x) = y we have

• V = [f−n(Sj) ∩ Si]x is a vertical rectangle;

• H = [fn(Si) ∩ Sj ]y is a horizontal rectangle.

The following is an easy observation.
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Proposition 4.3.6. Let S be an us-partition with the intersection property
and i, j ∈ {0, ..., N}. Further assume that there exists x ∈ Si and y ∈ Sj such
that fn(x) = y for some n ∈ N. Then the vertical rectangle V = [f−n(Sj)∩Si]x
and the horizontal rectangle H = [fn(Si) ∩ Sj]y verify fn(V ) = H.

We are now ready to state the theorem about Markov partitions associated
to totally disconnected saddle basic pieces with the desired properties.

Theorem 4.3.7 ([Bég99]). Let Λ be a totally disconnected saddle basic piece
of f ∈ Homeo0(T2). Then for every ε > 0 there exists a partition S of Λ such
that:

(1) S is a us-Markov partition for f with the intersection property, and
dS < ε;

(2) for every n ∈ N, fn∗ (S) is a Markov partition of Λ for fn.

The point (2) in the last Theorem is not explicit in the reference as a
property for the partitions, but it is a direct consequence of their construction
(and in general a well-known fact). Now by making use of the propositions
4.2.1 and 4.2.2 we have the following crucial consequence:

Corollary 4.3.8. Let Λ be a totally disconnected saddle basic piece of f ∈
Homeo0(T2). Then there exists a partition S such that:

(1) S is a rotational us-Markov partition for f with the intersection property,
with dS arbitrarily small;

(2) for every n ∈ N, fn∗ (S) is a rotational Markov partition of Λ for fn.

The following is an useful observation for computing the rotation set of an
axiom A diffeomorphism.

Proposition 4.3.9. Let Λ1, ...,Λn be basic pieces of f such that conv(ρΛi
(F ))

are rational polygons for i = 1, ..., n. Then, if Λ = Λ1 ∪ ... ∪ Λn we have that
conv(ρΛ(F )) is a rational polygon. Furthermore, if Λ = Ω(f) then ρ(F ) is a
rational polygon.

This observation is easily proved by making use of the properties of the
rotation set given in Subsection 1.2. Now we are able to construct the set D
in the following theorem.

Theorem 4.3.10. There exists an open and dense set D ⊂ Homeo0(T2) such
that for any f ∈ D, the rotation set ρ(F ) is a rational polygon.

Proof. Let us consider

F0 = {f ∈ Homeo0(T
2) | f is a fitted axiom A diffeomorphism}

.
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Given an element f ∈ F , we have that any basic piece Λ of f is either
a periodic orbit of index 0 or 2 or a totally disconnected saddle basic piece.
If Λ is a totally disconnected saddle basic piece then Corollary 4.3.8 implies
that we can associate a rotational Markov partition to Λ. Therefore, Corollary
4.2.8 implies that conv(ρΛ(F )) is a rational polygon for each basic piece Λ.

Hence by the last proposition, ρ(F ) is a rational polygon for every f ∈ F0.
Now, if for every f ∈ F0 we consider the neighborhood U(f) given by the

corollary 4.3.4, then we have that D =
⋃
f∈F0

U(f) is an open and dense set

in Homeo0(T2), and for every g ∈ D the set ρ(G) is a rational polygon for any
lift G of g.

4.4 Extension to any axiom A diffeomorphism.

The aim of this section is prove that the rotation set of any axiom A diffeomor-
phism in Homeo0(T2) is a rational polygon. From the last section, we know
that this is true for any fitted axiom A diffeomorphism in Homeo0(T2). Thus,
one first may ask about the existence or not of axiom A diffeomorphisms which
are not fitted in Homeo0(T2). However, is not difficult to construct, by using
the Plykin attractor, an axiom A diffeomorphism f ∈ Homeo0(T2) with a basic
piece Λ that is non-totally disconnected (see [KH97], Section 17). Further, one
can manage the construction in a way that Λ is not contained in a fordward
invariant topological disk, so we don’t have ρΛ(F ) = {v} with v rational.

In what follows we introduce some preliminary notions and results, which
are folklore of hyperbolic dynamics. As reference for these results see for
instance [KH97], Section 18. We have that every hyperbolic sets is expansive,
that is: given a hyperbolic set Λ there exists a positive constant γ (constant
of expansiveness) such that for any two points x, y ∈ Λ there exists n ∈ Z for
which d(fn(x), fn(y)) > γ.

Let M be a Riemannian manifold, f : M → M a diffeomorphism and
{xn}n∈Z ⊂ M . We say that {xn}n∈Z is a δ-pseudo orbit if d(f(xn), xn+1) <
δ for every n ∈ Z. It is said to be ε-shadowed by the orbit of y ∈ M if
d(fn(y), xn) < ε for every n ∈ Z.

Theorem 4.4.1 (Shadowing Lemma). Let M be a Riemannian manifold, f :
M → M a diffeomorphism, Λ ⊂ M a basic piece of f and γ > 0 a constant
of expansiveness in Λ. Then, there exists a neighborhood U(Λ) of Λ such that
for every positive number ε < γ

2
, there exists δ > 0 for which every δ-pseudo

orbit is ε-shadowed by a unique orbit in Λ.

We say that a basic piece Λ is an attractor if there exists an open set U
such that f(cl[U ]) ⊂ U and Λ =

⋂
n∈N f

n(U), and it is a repeller if it is an
attractor for f−1. We say that it is a non-trivial attractor (repeller) when it is
not a periodic orbit.
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Proposition 4.4.2. If Λ is a non-trivial attractor for a diffeomorphism f ,
then Λ has index one and W u(x, f) ⊂ Λ for every x ∈ Λ. The analogous result
holds for repellers.

Proposition 4.4.3. Let Λ be a non-trivial attractor (repeller) for f ∈ Homeo0(T2).
Then Λ 6= T2.

In fact, if Λ = T2 it is known that f is conjugate to an Anosov diffeomor-
phism, which is not possible since f is homotopic to the identity.

Proposition 4.4.4. Let Λ 6= T2 be a non-trivial attractor with a fixed point
P0 of f ∈ Homeo0(T2). Then, there exists r′ > 0 such that for every positive
number r < r′ we have [Br(P0)∩Λ]P0 =W u

r (P0, f). An analogous result holds
for repellers.

Otherwise, due to the local product structure one can observe that a stable
arc is contained in Λ. This, due to Proposition 4.4.2 and the local product
structure, would imply that Λ is an open set. Hence Λ is closed and open so
Λ = T2 which contradicts the last proposition. In general, this result holds
for every point in Λ, even if they are not periodic. However, we just need the
result with the given generality.

Proposition 4.4.5. Let Λ be a non-totally disconnected basic piece of a dif-
feomorphism f in Homeo0(T2). Then, we have that either it is a non-trivial
attractor or a non-trivial repeller. Furthermore, if Λ contains a fixed point
then it is a connected set.

This is a well-known statement in hyperbolic dynamics and can be proved
by similar arguments as the remark above.

The following Lemma refers to the topological stability of hyperbolic fixed
points of saddle type. Given two continuous maps f, g defined in either R2 or
T2, we denote the C0 distance between them by d0(f, g).

Lemma 4.4.6. Let P0 be a hyperbolic fixed point of saddle type for f . Then
there exists δ0 > 0 such that given two positives numbers r ∈ (0, δ0) and η > 0
there exists ξ > 0 with the following property: if d0(f̃ , f) < ξ then there is a
compact and connected set K that verifies

• dH(K,W
u
r (P0, f)) < η, and for some n ∈ N we have that K = f̃n(K0)

where
K0 ⊂

⋂
n∈N f̃

n(Bη(P0));

• there exists a f̃ -invariant set K ′ ⊂ Bη(P0) such that K ′ ∩K 6= ∅.

(see figure 4.4.1).

Proof. Let φ : R2 → U be the Hartman-Grobman coordinates with φ([−1, 1]×
{0}) = W u

δ0
(P0, f) and φ({0} × [−1, 1]) = W s

δ0
(P0, f). For positive numbers

r < δ0 and η let us fix a box B = [a, b]× [c, d], such that:
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P0

KK ′
W u
r (P0)

W s(P0)

φ(B)
Bη(W

u
r (P0))

Figure 4.4.1: Lemma 4.4.6. The set φ(B) is constructed in the proof.

(i) 0 ∈ int(B), φ(B) ⊂ Bη(P0) ∩ U ;

(ii) f(φ(B)) ⊂ U ;

(iii) there exists n ∈ N such that for any compact and connected set L ⊂ B
which intersect the sets A1 = {a} × [c, d] and A3 = {b} × [c, d], we have
dH(φ((Df)

n
P0
(L)),W u

r (P0, f)) < η.

Is not difficult to see that this box can be constructed. In what follows we
say that a compact and connected set L ⊂ B joins A1 and A3 if it intersects A1

and A3. Further, we use the analogous definitions for the sets A2 = [a, b]×{c}
and A4 = [a, b]× {d}.

Now, we consider ξ1 > 0 such that if d0(f̃ , f) < ξ1 then g̃ = φ−1 ◦ f̃ ◦ φ
verifies:

(a) for every compact and connected set C ⊂ B which joins A1 and A3, the
set g̃(C) ∩B contains at least one connected component which joins A1

and A3;

(b) for every compact and connected set C ⊂ B which joins A2 and A4, the
set g̃−1(C) ∩ B contains at least one connected component which joins
A2 and A4;

Therefore property (a) allows us to do the following inductive definition:

K0 = B,
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F0 = {C | C connected component of g̃(K0) ∩B which joins A1 and A3};

K1 =
⋃
C∈F0

C,

F1 = {C | C connected component of g̃(K1) ∩B which joins A1 and A3};

and in general,

Kn =
⋃
C∈Fn−1

C,

Fn = {C | C connected component of g̃(Kn) ∩B which joins A1 and A3}.

We remark here that due to consider C0-perturbations of f , we can not
ensure that Kn has a unique element for every n ∈ N. Now, we define KI =⋂
n∈NKn which is a non-empty compact set, since it is a decreasing intersection

of non-empty compact set (notice that the families Fn are finite). This implies
that B+ =

⋂
n∈N g̃

n(B) is not empty since KI ⊂ B+. Moreover if we pick a
point x ∈ KI ∩ B

+, we have that [KI ]x joins A1 and A3.
In an analogous way by using the property (b), we can construct a non-

empty compact set KII with KII ⊂ B− :=
⋂
n∈N g̃

−n(B). Furthermore if we
pick now y ∈ KII , we have that [KII ]y joins A2 and A4. This implies that the
set K̃ ′ := B+ ∩ B− =: K̃ ′ is a non-empty compact and g̃-invariant set. Let
z ∈ K̃ ′ and K̃0 := [KI ]z ⊂ B+.

Due to the property (iii) in the definition of B, we can suppose the exis-
tence of ξ < ξ1 such that if d0(f̃ , f) < ξ then for K := f̃n(φ(K̃0)) we have
dH(K,W

u
r (P0, f)) < η. Furthermore, if we set φ(K̃0) =: K0 we have by def-

inition that K = f̃n(K0), and by construction that K0 ⊂
⋂
n∈N f̃

n(Bη(P0)).

Finally, if we take K ′ := φ(K̃ ′) we have that K ′ ⊂ Bη(P0) and K ∩ K ′ 6= ∅
since f̃n(φ(z)) ∈ K ∩K ′.

The following theorem is the key result for our purpose. It relates, in a
dynamical way, totally disconnected basic pieces with connected ones.

Theorem 4.4.7. Let Λ be a non-trivial attractor of a diffeomorphism f in
Homeo0(T2), P0 a fixed point in Λ, U(Λ) as in Theorem 4.4.1 and U ⊂ U(Λ)
an open and connected set such that f(cl[U ]) ⊂ U and

⋂
n∈Z f

n(U) = Λ. Then,

there exists ε0 > 0 such that if d0(f̃ , f) < ε0 we have:

(1) f̃(cl[U ]) ⊂ U and Λ̃ =
⋂
n∈N f̃

n(U) is a non-empty compact and con-
nected set;

(2) there exists a continuous and onto map h : Λ̃ → Λ such that d0(h, Id) <
1
4

and h ◦ f̃ = f ◦ h;
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(3) h lifts to a continuous and onto map H : π−1(Λ̃) → π−1(Λ) such that for
any two lifts F̃ , F of f̃ , f we have H ◦ F̃ = F ◦H + v for some v ∈ Z2,
and d0(H, id) <

1
4
.

Proof. It is easy to see that there exists ε′ > 0 such that for all f̃ ∈ Homeo0(T2)
with d0(f̃ , f) < ε′ statement (1) holds. In the following we want to achieve
point (2) in the theorem in two steps. We first find ε1 > 0 for which the
existence and continuity of the map h is guaranteed for any f̃ ∈ Homeo0(T2)
with d0(f̃ , f) < ε1 (i). The second step is find a positive number ε2 ≤ ε1, such
that if d0(f̃ , f) < ε2 then the map h is onto (ii).

i) Let α > 0 be such that α < min{γ
2
, 1
4
}, where γ is the constant of

expansiveness of f in Λ, and consider δα > 0 associated to α by Theorem
4.4.1. Consider now a positive number ε1 < min{δα, ε′}. Then for every
f̃ ∈ Homeo0(T2) with d0(f̃ , f) < ε1 we have that Λ̃ is a non-empty
invariant set of f̃ contained in U and every orbit of f̃ in Λ̃ is a δα-pseudo
orbit of f . Hence, by Theorem 4.4.1 to any point x ∈ Λ̃ we can associate
a unique point yx ∈ Bα(x) ∩ Λ such that its orbit by f α-shadows the
orbit of x by f̃ . Thus, we define h : Λ̃ → Λ by h(x) = yx.

Now we want to see that h is a continuous function. Consider a se-
quence {xn}n∈N in Λ̃ converging to x0, and {yn = h(xn)}n∈N. Sup-
pose for a contradiction that {yn}n∈N does not converge to h(x0) = y0.
Then we can consider a sequence {xnk

}k∈N converging to x0 such that
{ynk

}k∈N converges to z0 6= y0. It is not difficult to see that this implies
d(fn(z0), f̃

n(x0)) ≤
γ
2
for very n ∈ Z. On the other hand by definition of

h d(fn(y0), f̃
n(x0)) ≤

γ
2
for very n ∈ Z. Therefore d(fn(z0), fn(y0)) ≤ γ

for very n ∈ Z which is absurd since γ is the constant of expansiveness
of f in Λ. So we have for every f̃ ∈ Homeo0(T2) with d0(f̃ , f) < ε1 a
continuous map h : Λ̃ → Λ such that d0(h, id) <

1
4
and h ◦ f̃ = f ◦ h.

Moreover, we have that d0(h, id) ≤ d0(f̃ , f).

ii) Now we want to find a positive number ε2 ≤ ε1, such that for every f̃ ∈
Homeo0(T2) with d0(f̃ , f) < ε2 the map h is onto. Consider δ0 > 0 given
by Lemma 4.4.6 for P0. Define a positive number r0 < min{δ0,

γ
2
, r′},

where r′ is given by Remark 4.4.4, such that Br0(P0) ⊂ U . Let W =
W u
r0(P0, f), r1 = r0

2
, and W ′ = W u

r1(P0, f). Given a parametrization
with some orientation for W we can make use of standard notation for
defining arcs [c, d] in W . In particular W itself is an arc [a, b] such that
P0 ∈ (a, b) and W ′ is an arc [a′, b′] with a < a′ < P0 < b′ < b (see figure
4.4.2).

Now, let us consider η > 0 such that

min{d(a, a′), d(b′, b), d(a′, [P0, b]), d([a, P0], b
′), d(W ′, ∂Br0(P0))} > 2η
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P0W ′

W

W s(P0)

a ba′ b′

Br0(P0)

Figure 4.4.2:

and take ξ′ > 0 associated to r1 and η by Lemma 4.4.6. Thus, if we con-
sider ξ = min{ξ′, ε1} by Lemma 4.4.6 we have for any f̃ ∈ Homeo0(T2)
with d0(f̃ , f) < ξ, the existence of a non-empty compact and connected
set K such that:

– K is contained in Λ̃, sinceK = f̃n(K0) withK0 ⊂
⋂
n∈N f̃

n(Bη(P0));

– K intersects a compact and f̃ -invariant set K ′ with K ′ ⊂ Bη(P0).

(see figure 4.4.3).

Due to the fact that r0 <
γ
2
we have necessarily that h(z) = P0 for every

z ∈ K ′, thus h(K) contains P0. Let ε2 = min{ξ, η}. Then for every
f̃ ∈ Homeo0(T2) with d0(f̃ , f) < ε2 we have that h(K) ⊂ B2η(W

′) ⊂
Br0(P0) is a compact and connected set containing P0. Thus, by Remark
4.4.4 h(K) ⊂ W . Furthermore if we choose x′ ∈ K ∩ Bη(a

′) and y′ ∈
K ∩ Bη(b

′), then for any f̃ ∈ Homeo0(T2) with d0(f̃ , f) < ε2, we have
that d(h(x′), a′) < 2η and d(h(y′), b′) < 2η. Hence by definition of η we
have that c := h(x′) ∈ [a, P0) and d := h(y′) ∈ (P0, b]. By connectedness
of K and continuity of h we have that [c, d] ⊂ h(K).

Due to the properties of the semi-conjugacy, the set D =
⋃
n∈N f

n([c, d])

is contained in h(Λ̃). On the other hand D =W u(P0, f), which is dense
in Λ (see Theorem 4.3.2). Thus h(Λ̃) = Λ which means that h is onto
for every f̃ ∈ Homeo0(T2) with d0(f̃ , f) < ε2.

We have already shown the existence of ε0 = min{ε′, ε1, ε2} such that for
any f̃ ∈ Homeo0(T2) with d0(f̃ , f) < ε0 (1) and (2) in the theorem are verified.

86



P0W ′

W

W s(P0)

a ba′ b′

Br0(P0)

Bη(W
′)

K

Figure 4.4.3:

Finally, we want to see that if d0(f̃ , f) < ε0 then the map h lift to a map H
with the properties given in the point (3).

For this, consider a map f̃ ∈ Homeo0(T2) with d0(f̃ , f) < ε0 and for
x̃ ∈ π−1(Λ̃) the point h(π(x̃)) = y ∈ Λ. Then since d0(h, Id) <

1
4
, there is a

unique point in B 1
4
(x̃)∩π−1(y) that we call ỹx. We define H : π−1(Λ̃) → π−1(Λ)

by H(x̃) = ỹx. It is not difficult to see that this function is continuous, onto,
and d0(H, Id) <

1
4
. Furthermore if we consider x ∈ π−1(Λ̃) and v ∈ Z2, then

H(x+ v) = H(x) + v. So H lifts h.
Further, for fixed lifts F̃ , F of f̃ , f and any point x ∈ π−1(Λ̃) we have by the

definition of H that H ◦ F̃ (x) = F ◦H(x)+ v(x) with v(x) ∈ Z2. Therefore we
have that v(x) = H ◦ F̃ (x)−F ◦H(x) defines a continuous and integer-valued
function over the set Λ ⊂ T2, which is compact and connected. Hence there
exists v ∈ Z2 such that v(x) = v for every x ∈ π−1(Λ̃). This completes the
proof.

In the following we make use of the above theorem to compute the rotation
set on basic pieces which are either a non-trivial attractor or a non-trivial
repeller.

Theorem 4.4.8. Let f ∈ Homeo0(T2) be a diffeomorphism, Λ be a non-trivial
attractor of f and P0 a fixed point in Λ. Then conv(ρΛ(F )) is a rational
polygon. An analogous result holds for repellers.

Proof. Let U be an open and connected set such that f(cl[U ]) ⊂ U and⋂
n∈Z f

n(U) = Λ. Let ε0 > 0 be given by the Theorem 4.4.7. Due to Theorem
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4.3.5 we can consider a fitted axiom A diffeomorphism f̃ ∈ Homeo0(T2) that
d0(f̃ , f) < ε0. Therefore we have:

• f̃(cl[U ]) ⊂ U and Λ̃ =
⋂
n∈Z f̃(U) is a non-empty compact and connected

set;

• there exists a continuous and onto H : π−1(Λ̃) → π−1(Λ) such that for
any two lifts F̃ , F of f̃ , f we have H ◦ F̃ = F ◦H+v for some v ∈ Z2, and
d0(H, id) <

1
4
. Further H(x)+v = H(x+v) for every x ∈ π−1(Λ̃), v ∈ Z2.

This implies on one hand that for every x ∈ π−1(Λ̃) if y = H(x) then
H◦F̃ n(x) = F n(y)+v. Therefore, for every x ∈ π−1(Λ̃) there exists y ∈ π−1(Λ)
such that d(F n(y), F̃ n(x)) < 1

4
+ ‖v‖ for every n ∈ Z. On the other hand for

every y ∈ π−1(Λ) one can consider x ∈ H−1(y) and have that H ◦ F̃ n(x) =
F n(y) + v, so we have for every y ∈ π−1(Λ) a point x ∈ π−1(Λ̃) such that
d(F n(y), F̃ n(x)) < 1

4
+ ‖v‖ for every n ∈ Z.

Is not difficult to see that the last observation implies ρΛ(F ) = ρΛ̃(F̃ ). Due
to the fact that f̃(cl[U ]) ⊂ U , and that f̃ is a fitted axiom A diffeomorphism,
we have that Λ̃ ∩ Ω(f̃) = Λ1 ∪ ... ∪ Λm with Λi totally disconnected basic
pieces of f̃ for i = 1, ..., m. This implies by Remark 4.3.9 that conv(ρΛ̃(F̃ )) is
a rational polygon, so it is conv(ρΛ(F )).

Corollary 4.4.9. Let f ∈ Homeo0(T2) be an axiom A diffeomorphism. Then
ρ(F ) is a rational polygon.

Proof. Due to Theorem 4.3.2 there exists n ∈ N for which fn is an axiom A
diffeomorphism with basic pieces Λ1, ...,Λm, such that for each i = 1, ..., m the
piece Λi contains a fixed point Pi of f

m. Whenever Λi is a totally disconnected
basic piece of f we have seen in section 4.3 that conv(ρΛi

(F )) is a rational
polygon. On the other hand when it is not totally disconnected due to Remark
4.4.5 it is either a fixed point or a non-trivial attractor or a non-trivial repeller.
Thus, by Theorem 4.4.8 we have that conv(ρΛi

(Fm)) is a rational polygon in
any case. Therefore Proposition 4.3.9 implies that ρ(Fm) is a rational polygon,
and since ρ(F ) = 1

m
ρ(Fm) we have that ρ(F ) is a rational polygon.

4.5 Minimal sets with rotation set given by a

non trivial continuum.

In this section we observe the existence of minimal sets M ⊂ T2 for some
f ∈ Homeo0(T2), such that ρM(F ) is a non trivial segment. We also observe
that this phenomena is abundant in Homeo0(T2) (it occurs on an open set of
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the space). Let us start by proving that the rotation sets associated to minimal
sets are always continua (compact and connected sets).

Given F lift of f ∈ Homeo0(T2) we define for any n ∈ N the function

ϕn : T2 → R2 by ϕn(x) :=
Fn(x̃)−x̃

n
, where x̃ is some lift of the point x. As an

easy observation we have the following.

Proposition 4.5.1. Let f ∈ Homeo0(T2). Then there exists K > 0 such that
‖ ϕn+1(x)− ϕn(x) ‖<

K
n
for every x ∈ R2, F lift of f and n ∈ N.

Theorem 4.5.2. Let f ∈ Homeo0(T2) and assume that M is a minimal set
of f and F is a lift of f . Then ρM(F ) is a continuum.

Proof. Suppose for a contradiction that ρM(F ) = A1 ∪ A2, where A1, A2 are
non-empty disjoint closed sets. Let δ = 1

3
d(A1, A2). Definition of the rotation

set implies that there exists n0 ∈ N such that ϕn(M) ⊂ Bδ(A1) ∪ Bδ(A2)
for every n ≥ n0. Due to Proposition 4.5.1 we can assume at the same time
that ‖ϕn+1(x) − ϕn(x)‖ < δ for all n ≥ n0 and x ∈ M. As a consequence,
ϕn0(x) ∈ Bδ(Ai) implies ϕn(x) ∈ Bδ(Ai) for every n ≥ n0, x ∈ M and i = 1, 2.
This directly yields that M decomposes into two disjoint sets:

Ci = {x ∈ M | ρx(F ) ⊂ Ai} = {x ∈ M | ϕn0(x) ∈ cl[Bδ(Ai)]}; i = 1, 2.

From the first characterization of Ci we see that they are f -invariant,
whereas the second characterization implies that they are closed. Further none
of them can be empty, since this would mean that M = Ci for some Ci, and
therefore ϕn(M) ⊂ cl[Bδ(Ai)] for all n > n0, which implies that ρM(F ) = Ai
in contradiction to the definition of A1 and A2.

Hence, we have decomposed M in two non-empty closed and f -invariant
sets, contradicting minimality.

Let us now consider a space of sequences of finite symbols Ω = {0, ..., N}Z.
Let ξ′ : {0, ..., n1} → {0, ..., N} be a finite word and ξ : {0, ..., n2} → {0, ..., N}
either be a finite or infinite (n2 = ∞) word, with n2 ≥ n1. We say that ξ′ is a
sub-word of ξ if there exist t ∈ N, 0 ≤ t ≤ n2 −n1 such that ξ(i+ t) = ξ′(i) for
every i = 0, ..., n1. We say that ξ ∈ Ω is an almost periodic word if for every
sub-word ξ′ of ξ there exist Tξ′ ∈ N, such that for every sub-word α of ξ with
length Tξ′ , we have that ξ′ is a sub-word of α.

Proposition 4.5.3. Let σ : Ω → Ω be the shift, that is σ(ξ)(i) = ξ(i + 1).
Then for any almost periodic sequence ξ ∈ Ω the set M = cl[{σn(ξ) : n ∈ Z}]
is a minimal set.

In the following lemma some special almost periodic sequences are con-

structed. Given ξ ∈ Ω we define Sn(ξ) =
∑n−1

i=0 ξ(i)

n
.
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Lemma 4.5.4 (Communicated by Tobias Jäger). For every δ > 0 there ex-
ists an almost periodic sequence ξ ∈ {0, 1}Z, such that lim inf Sn(ξ) < δ and
lim supSn(ξ) > 1− δ.

Proof. Let us fix δ > 0 and consider t ∈ N such that 2−t < δ. We define
recursively the sequence {an}n∈N by an+1 = 2t+nan and a0 = 1. Further we
consider the following family of subsets of the positive integers:

• An = [0, ..., an], B0 = A0;

• Bn = (An + an+1N) \
⋃n−1
i=0 Bi for every n > 0. Note that

⊎∞
n=0Bn = N.

We consider now ξ ∈ Ω defined by

ξ(i) =





0 :| i |∈ Bn, n even

1 :| i |∈ Bn, n odd

Given a finite sub-word ξ′ of ξ we have by construction a sub-word w
of ξ, which is the restriction of ξ to some An0 , such that ξ′ is a sub-word
of w. Furthermore again by construction, we have that every sub-word of ξ
with length an0 + 2t+n0an0 contains w as a sub-word. This implies the almost
periodicity for ξ.

Now, if we consider n ∈ N \ {0} then:

• if n is even we have by construction that San ≤ 1
an

·
∑n−1

i=0 #Ai ·
an
ai+1

=∑n−1
i=0

ai
ai+1

, which tends to 2−t = δ when n goes to infinity.

• it n is odd we have that San ≥ 1
an

·
(
an −

∑n−1
i=0 #Ai ·

an
ai+1

)
= 1 −

∑n−1
i=0

ai
ai+1

, which tends to 1− δ when n goes to infinity.

So, lim inf Sn(ξ) < δ and lim supSn(ξ) > 1− δ.

An important corollary of the last lemma is the following:

Corollary 4.5.5. Let C be an invariant set of f ∈ Homeo0(T2) which admits
a rotational Markov partition S = {S0, S1}. Further, let F be a lift of f and
assume that τ(0) = {0, 1}, τ(1) = {0, 1} and s0 6= s1. Then there exists a
minimal set M of f such that ρM(F ) is a non-trivial segment.

Proof. Let us first assume that s0 = (0, 0) and s1 = (1, 0). Consider δ ∈ (0, 1
2
),

and ξ ∈ ΩS given by Lemma 4.5.4. By Proposition 4.5.3 we have that M′ =
cl[{σn(ξ) : n ∈ Z}] is a minimal set for the shift σ : ΩS → ΩS .

Let M be a minimal set of f contained in h−1
S (M′). Since M′ is a minimal

set of σ, we have that hS(M) = M′, and in particular ξ ∈ hS(M). Then, by
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defining
ξn : {0, ..., n−1} → {0, 1} as ξn(i) = ξ(i) for every i ∈ Z, we have that ξn ∈ ΩfS
and ψ(ξn)

n
= Sn for every n ∈ N. Thus, by Corollary 4.2.4 lim inf Sn(ξ) and

lim supSn(ξ) are two different points in ρM(F ). Further, by construction we
know that ρM(F ) ⊂ conv({(0, 0), (1, 0)}). Then by Theorem 4.5.2 we have
that ρM(F ) is a non trivial segment.

Now, let L : R2 → R2 be a affine linear isomorphism with L(Z2) ⊃ Z2

and denote by AL the induced torus automorphism. Then if C is a closed
f -invariant set and g := AL ◦ f ◦ A−1

L , we have ρA−1
L (C)(g) = L(ρC(f)) (see

[Kwa92]). Hence by considering L taking s0 to (0, 0) and s1 to (1, 0) and
applying the argument above to g, we get the result in full generality.

In what follows, we want to see that the existence of minimal sets with
non-trivial segments as rotation sets is abundant in the C0 topology. In fact,
we will prove first that for any axiom A diffeomorphism whose rotaion set has
non-empty interior this kind of minimal sets exists, and then we extend its
existence to an open set in Homeo0(T2). Given any basic piece Λ ⊂ T2 we
write Λ̃ = π−1(Λ).

Lemma 4.5.6. Let Λ be a totally disconnected saddle basic piece of f ∈
Homeo0(T2) with a fixed point P0 ∈ Λ. Further consider a rotational Markov
partition S = {S0, ..., SN} of Λ such that P0 ∈ S0 and assume that conv(ρΛ(F ))
is not a singleton. Then, for a lift F of f and P̃0 ∈ π−1(P0) with F (P̃0) = P̃0,
we have that W u(P̃0, F )∩ Λ̃ has non-empty intersection with at least two con-
nected components of π−1(S0). Moreover, there exits a heteroclinic orbit of F
joining P̃0 with P̃0 + v for some v ∈ Z2 \ {0}.

Proof. To prove this it is sufficient to do it for some particular P̃0 and F with
F (P̃0) = P̃0. Let D be a trivial domain such that P̃0 ∈ D, π(D) ⊃

⋃N
i=0 Si and

let S̃i = D∩π−1(Si). We affirm first that there exists i0 ∈ {0, ..., N} such that
W u(P̃0, F )∩Λ̃∩S̃i0+v0 6= ∅ andW u(P̃0, F )∩Λ̃∩S̃i0+v1 6= ∅ for some v0, v1 ∈ Z2

with v0 6= v1. Otherwise we have necessarily that cl[W u(P̃0, F )]∩ Λ̃ =: Λ̃0 is a
bounded F -invariant set with π(Λ̃0) = Λ. Hence ρΛ(F ) = {0} which is absurd.

Now, we can consider two points x̃0, x̃1 ∈ S̃0∩Λ̃ such that F n(x̃0) ∈ S̃i0+v0
and F n(x̃1) ∈ S̃i0 + v1. For x0 = π(x̃0) and x1 = π(x̃1) we consider the finite
words
α0 : {0, ..., n} → {0, ..., N} and α1 : {0, ..., n} → {0, ..., N} such that α0(i) =
hS(x0)(i) and α1(i) = hS(x1)(i) for every i ∈ {0, ..., n}. Further since Λ is
transitive we can consider a finite word β : {0, ..., m} → {0, ..., N} such that
β(0) = i0 and β(m) = 0.

As we have seen in the section 4.2.2 we can take now ξ0, ξ1 ∈ ΩS defined
as:
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ξ0(i) =





0 : i ≤ 0, i ≥ n+m

α0β(i) : 0 ≤ i ≤ n +m

, ξ1(i) =





0 : i ≤ 0, i ≥ n+m

α1β(i) : 0 ≤ i ≤ n+m

Let y0 ∈ h−1
S (ξ0), y1 ∈ h−1

S (ξ1). Then we have that f−n(y0), f
−n(y1) ∈

W u(P0, f)∩S0 for every n ∈ N, since by construction h(y0), h(y1) ∈ W u(θ, σ),
where θ(i) = 0 for all i ∈ Z and W u(θ, σ) is the unstable set of θ. This implies
that ỹ0 := π−1(y0) ∩ S̃0 and ỹ1 := π−1(y1) ∩ S̃0 are contained in W u(P̃0, F ).

Due to the fact that S is a rotational Markov partition, we have on the
one hand that F i(ỹ0) and F

i(x̃0) belong to the same connected component of
π−1(

⋃N
i=0 Si) for every i = 0, ..., n, and the same holds for F i(ỹ1) and F

i(x̃1).
Otherwise we necessarily have that F (Si∗) intersects Sj∗+u0 and Sj∗+u1, for
some i∗, j∗ ∈ {0, ..., N} and u0 6= u1 ∈ Z2.

On the other hand, by the same reason, for every j ∈ {0, ..., m} we have
the following:

if F n+j(ỹ0) ∈ S̃ij + wj, wj ∈ Z2, then F n+j(ỹ1) ∈ S̃ij + wj + v, where
v = v1 − v0.

Hence F n+m(ỹ0) ∈ S̃0+wm and F n+m(ỹ1) ∈ S̃0+wm+v with v 6= 0, which
implies the first part of the statement. Furthermore, we have by construction
that ỹ0, ỹ1 are heteroclininc orbits joining P̃0 with P̃0 + wm and P̃0 + wm + v
respectively, with v ∈ Z2 \ {0}. This implies the final part of the statement.

Theorem 4.5.7. Let Λ be a totally disconnected saddle basic piece of f ∈
Homeo0(T2) with a fixed point P0 ∈ Λ. Further assume that conv(ρΛ(F )) is
not a singleton for some F lift of f . Then Λ contains a minimal set M such
that ρM(F ) is a non-trivial segment.

Proof. Let us first fix P̃0 ∈ π−1(P0) and a lift F of f with F (P̃0) = P̃0. We
consider a rotational us-Markov partition S = {S0, ..., SN} given by Corollary
4.3.8 with P0 ∈ S0. Further we consider a trivial domain D such that π(D) ⊃⋃N
i=0 Si and S̃i = D ∩ π−1(Si) for all i = 0, . . . , N . Thus we know by Lemma

4.5.6 that there exists n ∈ N and x̃ ∈ S̃0 ∩ Λ̃ such that F n(x̃) ∈ S̃0 + v ∩ Λ̃
with v ∈ Z2 \ {0}. Set π(x̃) = x.

We now define g = fn. Due to the choice of S we know that g∗(S) is a
rotational
us-Markov partition of Λ for g. Furthermore the sets S ′

0 := [f−n(S0)∩S0]P0 =
π([F−n(S̃0)∩ S̃0]P̃0

) and S ′
1 := [f−n(S0)∩S0]x = π([F−n(S̃0+v)∩ S̃0]x̃) are two

elements in g∗(S), which are vertical rectangles of S0, and the sets T ′
0 = fn(S ′

0),
T ′
1 = fn(S ′

1) are horizontal rectangles in S0.
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Due to the local product structure of Λ and the fact that S is a us-partition,
we have that
S ′
0 ∩ T

′
0 ∩ Λ 6= ∅, S ′

0 ∩ T
′
1 ∩ Λ 6= ∅, S ′

1 ∩ T
′
0 ∩ Λ 6= ∅ and S ′

1 ∩ T
′
1 ∩ Λ 6= ∅. Hence

we have that τg(0) ⊃ {0, 1} and τg(1) ⊃ {0, 1}. Further by definition we have
s′0 = 0 and s′1 = v for F n.

Let us now consider C = h−1
g∗(S)

({ξ ∈ Ωg∗(S) : ξ(i) ∈ {0, 1} for every i ∈ Z}).
The above argument implies that C is a a non-empty g-invariant closed set.
Furthermore by construction S ′ = {S ′

0, S
′
1} is a rotational Markov partition of

C for g = fn with s′0 = 0 and s′1 = v for F n. Therefore due to Corollary 4.5.5
there exists a minimal set M′ of g such that ρM′(F n) is a non-trivial segment.
Hence, defining M = M′ ∪ ...∪ fn−1(M′) we have that M is a minimal set of
f contained in Λ with ρM(F ) = 1

n
ρM′(F n).

We have thus obtained a criterion to ensure the existence of minimal sets
with non-trivial segments as rotation sets. Using this result we can now show
that this phenomena is abundant in Homeo0(T2).

Corollary 4.5.8. Let f ∈ Homeo0(T2) be a fitted axiom A diffeomorphism
with int(ρ(F )) non-empty. Then, there exists a minimal set M of f such that
ρM(F ) is a non-trivial segment.

Proof. By the same argument as in the final part of the previous proof, is
sufficient to show the existence of a minimal set with the rotation set given by
a non-trivial segment for some power of f . Let us consider n ∈ N such that
each basic piece of g := fn has a fixed point of g. Due to a result by Franks
[Fra95], we have for any vector v ∈ Q2∩ int(ρ(G)) a periodic point x ∈ T2 such

that limn
Gn(x̃)−x̃

n
= v, where G = F n. Therefore, if Λ1, ...,Λm are the basic

pieces of g, there exists i0 ∈ {1, ..., m} such that Λi0 contains two periodic

points x1, x2 with limn
Gn(x̃1)−x̃1

n
= v1 and limn

Gn(x̃2)−x̃2
n

= v2 for two different
vectors v1 and v2. Thus conv(ρΛ(G)) is not a singleton.

Furthermore Λ has to be a saddle, otherwise it is a periodic orbit and hence
has a unique rotation vector. Then due to f be a fitted axiom A diffeomorphism
we have that Λ is a totally disconnected saddle basic piece, which by definition
of g contains some fixed point. Thus, by Theorem 4.5.7 we obtain the existence
of a minimal set of g with a non-trivial segment as rotation set.

The same techniques used in the proof of Theorem 4.4.8, one can achieve
the generalization of the last corollary to any axiom A diffeomorphism in
Homeo0(T2).

Corollary 4.5.9. Let f ∈ Homeo0(T2) be a axiom A diffeomorphism with
int(ρ(F )) 6= ∅. Then, there exists M minimal set of f such that ρM(F ) is a
non-trivial segment.
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Let A ⊂ Homeo0(T2) be defined as

A = {f ∈ Homeo0(T
2) | int(ρ(F )) 6= φ for some F lift of f}.

As shown in [MZ91] this set is open in Homeo0(T2).

Corollary 4.5.10. There exists an open and dense set D′ ⊂ A, such that any
f ∈ D′ has a minimal set M with ρM(F ) given by a non trivial segment.

Proof. Let D be the set constructed in Section 4.3.10, and D′ := D∩A. Thus
by construction of D for any element f ∈ D′ there exist a fitted axiom A
diffeomorphism g ∈ D′ and a homotopic to the identity map h : T2 → T2 such
that h semi-conjugates f with g (h ◦ f = g ◦ h).

Due to the corollary 4.5.8 we have the existence of a minimal set M′ of g
such that ρM′(G) is a non trivial segment for some lift G of g. Let us define
the f -invariant set M′′ = h−1(M′), and consider a minimal set M ⊂ M′′ of f .
Hence, since M′ is a minimal set of g we have necessarily that h(M) = M′.
Thus by the properties of the rotation set we have that ρM(F ) is a non-trivial
segment.

Finally, inspired by the results given in [MZ91] and [LM91] we pose the
following question:

Question 4.5.11. Given f ∈ A and a continuum C ⊂ int(ρ(F )), does there
exists a minimal set M of f such that ρM(F ) = C?
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Chapter 5

Toral homeomorphisms
semiconjugate to irrational
rotations.

5.1 Statements of the results.

In this chapter we prove the theorems 10, 11, 12 and the propositions 1, 2,
which were presented in Subsection 1.2.4. We establish in what follows, the
statements for these results.

Theorem 5.1.1. Suppose f ∈ Homeo0(Td). Then the following statements
are equivalent.

(i) f is semiconjugate to an irrational rotation R of the circle;

(ii) there exists a wandering essential circloid with irrational combina-
torics;

(iii) there exists a wandering essential continuum with irrational combi-
natorics;

(iv) there exists a semiconjugacy h from f to R such that for all ξ ∈ T1

the fiber h−1{ξ} is an essential annular continuum.

The second result gives a sufficient condition in order to toral extensions
of irrational rotations, have a singleton rotation set. The condition is related
with the characterization above.

Theorem 5.1.2. Suppose f ∈ Homeo0(T2) is semiconjugate to an irrational
rotation of the circle. Further, assume that the semiconjugacy h is chosen such
that its fibres h−1(ξ) are all essential annular continua and there exists a set
Ω ⊆ T1 of positive Lebesgue measure such that h−1{ξ} is compactly generated
for all ξ ∈ Ω. Then f has a unique rotation vector.

As by product of the last theorem we obtain the following result, related
to rotation theory for invariant thin essential annular continua.
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Theorem 5.1.3. Suppose f ∈ Homeo0(T2) and A is a thin annular continuum
that is compactly generated and f -invariant. Then f|A has a unique rotation
vector, that is, there exists a vector ρ ∈ R2 such that limn→∞ F n(z)− z/n = ρ
for all z ∈ R2 with π(z) ∈ A. Moreover, the convergence is uniform in z.

Related to Theorem 5.1.1 arise the question about whether the semiconju-
gacy is “unique” or not. In this direction we obtain the following result.

Proposition 5.1.4. Let f ∈ Homeo(T2) be a totally irrational pseudo-rotation
which is seminconjugate to the respective rigid translation of T2. Then the
semiconjugacy is unique up to composing with rigid translations of T2.

The following result describes different kinds of thin essential annular con-
tinua, which try to place the family of those with compact generator.

Proposition 5.1.5. Let A ⊂ A be an essential thin annular continuum. Then
the following holds.

(1) If A has no generator either:

(1a) CA has no generator, or

(1b) CA has generator and A contains an infinite spike.

(2) If A has generator, then CA has generator.

Finally we give a finial results which complements Theorem 5.1.3, in order
to relate Rotation Theory to our topological observation.

Proposition 5.1.6. Given any segment I ⊂ R, there exists a map f ∈
Homeo(A) which leaves invariant an essential thin annular continuum A ⊂ A
such that CA has compact generator, A has an infinite spike, and ρA(f) = I.

In the next section we give the preliminaries definition and results. In
Section 5.3 we give the proof of Theorem 5.1.1, in Section 5.5 the proof of the
theorems 5.1.3 and 5.1.2, and in Section 5.4 the proof of 5.1.4. Finally, in the
last section we prove the propositions 5.1.5 and 5.1.6.

5.2 Notation and preliminaries

Some of the following notations and results were already used in the study
of dynamics on the two-dimensional torus in Chapter 2. For convenience, we
stick to the same terminology also in higher dimensions. We let T1 = R/Z
and denote by Ad = Td−1 × R the d-dimensional annulus. If d = 2, we simply
write A instead of A2. We will often compactify A by adding two points −∞
and +∞, thus making it a sphere. As long as no ambiguities can arise, we
will always denote canonical quotient maps like R → T1, Rd → Td, Rd → Ad

by π. Likewise, on any product space πi denotes the projection to the i-th
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coordinate. We call a subset A ⊆ Ad or A ⊆ Rd bounded from above (from
below) if πd(A) is bounded from above (from below).

We say a continuum (that is, a compact and connected set) E ⊆ Ad is
essential if Ad\E contains two unbounded connected components. In this case,
one of these components will be unbounded above and bounded below, and we
denote it by U+(A) . The second unbounded component will be bounded above
and unbounded below, and we denote it by U−(A). A is called an essential
annular continuum if Ad \ A = U+(A) ∪ U−(A). Note that in dimension two,
one can show by using the Riemann Mapping Theorem that both unbounded
components are homeomorphic to A and A is the intersection of a decreasing
sequence of topological annuli. This is not true anymore in higher dimensions,
but at least we have the following.

Lemma 5.2.1. If (An)n∈N is a decreasing sequence of essential annular con-
tinua, then A =

⋂
n∈NAn is an essential annular continuum as well.

Proof. As a decreasing intersection of essential continua, A is an essential
continuum. Further, we have that Td \ A =

⋃
n∈N T

d \ An is the union of the
two sets

U+ =
⋃

n∈N

U+(An) and U− =
⋃

n∈N

U−(An) .

As the union of an increasing sequence of open connected sets is connected,
both these sets are connected. Hence, Td \A consists of exactly two connected
components U+(A) = U+ and U−(A) = U−, both of which are unbounded.

Given S ⊆ Rd, we say S is horizontal if πd(S) is bounded and Rd\S contains
two different connected components U+(S) and U−(S) whose image under πd
is unbounded. Note that in this case one of the two components, which we
always denote by U+(S), is bounded below whereas the other component,
denoted by U−(S), is bounded above. Similarly, given any subset B ⊆ Ad

bounded above (below) we denote by U+(B) (U−(B)) the unique connected
component of Ad \ B which is unbounded above (below). The same notation
is used on Rd. A horizontal connected closed set S is called a horizontal strip,
if Rd \ S = U+(S) ∪ U−(S). Note that thus the lift of an essential annular
continuum A ⊆ Ad to Rd is a horizontal strip.

In any d-dimensional manifold M , we say A is an annular continuum if it
is contained in a topological annulus A ≃ Ad and it is an essential annular
continuum in the above sense when viewed as a subset of A. In this situation,
we say A is essential if essential loops in A are also essential in M . We call
C ⊆ Ad an essential circloid if it is an essential annular continuum and does
not contain any other essential annular continuum as a strict subset. Circloids
in general manifolds are then defined in the same way as annular continua.
Finally, we call a horizontal strip S minimal if it is a minimal element of the
set of horizontal strips with the partial ordering by inclusion. Note that thus
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an annular essential continuum in Ad is a circloid if and only if its lift to Rd is
a minimal strip. Finally, we call a closed set thin, if it has empty interior.

Lemma 5.2.2 ([Jäg09b], Lemma 3.4). Every thin annular continuum A con-
tains a unique circloid CA, which is given by

(5.2.1) CA = cl[U+(A)] ∩ cl[U−(A)] .

The same statement applies to thin horizontal strips.

The proof in [Jäg09b] is given for essential annular continua and for d = 2,
but it literally goes through in higher dimensions and for strips. The same is
true for the following result, which describes an explicit construction to obtain
essential circloids from arbitrary essential continua. Given an essential set
A ⊆ Rd which is bounded above, we write U+−(A) instead of U−(cl[U+(A)])
and use analogous notation for other concatenations of these procedures.

Lemma 5.2.3 ([Jäg09b], Lemma 3.2). If A ⊆ Ad is an essential continuum,
then

C+(A) = Td\
(
U+−(A) ∪ U+−+(A)

)
and C−(A) = Td\

(
U−+(A) ∪ U−+−(A)

)

are circloids. Further, we have ∂C±(A) ⊆ A.

It is not true in general that in the above situation C±(A) ⊆ A. One
can construct an example in which the the essential continuum A has empty
interior but C±(A) contains a disk.

Given two horizontal essential continua A1, A2 ⊆ Td, we say Âi ⊆ Ad is a
lift of Ai if it is a connected component of π−1(Ai). We write Â1 4 Â2 if Â2 ⊆
U+(Â1). Given two lifts Â1 4 Â2 we say they are adjacent, if if the compact

region Ad \
(
U−(Â1) ∪ U+(Â2)

)
does not contain any integer translates of Â1

and Â2. In this situation, we let
[
Â1, Â2

]
= Ad \

(
U−(Â1) ∪ U+(Â2)

)
and

(
Â1, Â2

)
= U+(Â1) ∩ U−(Â2). Then we let [A1, A2] = π

([
Â1, Â2

])
and

(A1, A2) = π
((
Â1, Â2

))
. With these notions, we define a circular order on

pairwise disjoint essential continua A1, A2, A3 ⊆ Td by

A1 4 A2 4 A3 ⇔ A2 ∈ [A1, A3] .

The strict relation ≺ is defined by replacing closed intervals with open ones.
Using these notions, we now say a sequence (An)n∈N of pairwise disjoint essen-
tial continua in Td has irrational combinatorics if there exists ρ ∈ R \Q such
that for arbitrary y0 ∈ T1 the sequence yn = y0 + nρ mod 1 satisfies

Ak ≺ Am ≺ An ⇔ yk < ym < yn

for all k,m, n ∈ Z.
We finish the topological preliminaries with the following proposition.
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Proposition 5.2.4. Let A,B be compact subsets of An such that:

• A ∩ B = ∅

• An \ A has exactly one unbounded component.

• An \B has exactly one unbounded component.

Then An \ A ∪B has one exactly unbounded component.

Proof. Let Π0,b(A
c),Π0,b(B

c) be the sets of bounded connected components of
Ac, Bc respectively. We define

Fill(A) = A ∪
[⋃

U∈Π0,b(Ac) U
]
, Fill(B) = B ∪

[⋃
U∈Π0,b(Bc) U

]

Hence A ⊂ Fill(A), B ⊂ Fill(B) and Fill(A)c,Fill(B)c have each only one
connected component which is unbounded. Furthermore, we may choose sets
C,D ⊆ An such that Fill(A) ∪ Fill(B) = C ∪D and we have that

• C,D are compact;

• C ∩D = ∅;

• Cc, Dc has each only one connected component.

Notice that one of the two sets C or D could be empty.
Now, it suffices to show that (C ∪D)c has only one connected component.

For this we consider the usual compactification of the annulus by the sphere Sn,
and the unreduced Mayer-Vietoris long sequence (see [Hat02]) for (Sn, Cc, Dc)
starting from H1(Sn):

H1(Sn)
∂∗→ H0(C

c ∩Dc)
θ∗→ H0(C

c)⊕H0(D
c)

ξ∗
→ H0(Sn) → 0

Then, we obtain that

0
∂∗→ H0(C

c ∩Dc)
θ∗→ Z⊕ Z

ξ∗
→ Z → 0

Thus we have thatH0(C
c∩Dc) is isomorphic to ker(ξ∗), soH0(C

c∩Dc) ∼= Z.
This implies that there is only one connected component in Cc ∩Dc.

Finally, we will frequently use the following Uniform Ergodic Theorem (e.g.
[KH97, SS00]).

Theorem 5.2.5. Suppose X is a compact metric space and f : X → X and
ϕ : X → R are continuous. Further, assume that there exists ρ ∈ R such that

∫

X

ϕ dµ = ρ
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for all f -invariant ergodic probability measures µ on X. Then

lim
n→∞

1

n

(
n−1∑

i=0

ϕ ◦ f i(x)

)
= ρ for all x ∈ X .

Furthermore, the convergence is uniform on X.

5.3 Semiconjugacy to an irrational rotation

We now turn to the proof of Theorem 5.1.1. The implications (ii)⇒(iii) and
(iv)⇒(i) in Theorem 5.1.1 are obvious. Hence, in order to prove all the equiva-
lences, it suffices to prove (iii)⇒(ii), (i)⇒(iii) and (ii)⇒(iv). We do so in three
separate lemmas and start by treating the easiest of the three implications,
which is (iii)⇒(ii).

Lemma 5.3.1. Let f ∈ Homeo0(Td) and suppose E is a wandering essential
continuum. Then C+(E) is a wandering essential circloid and the circular
ordering of the orbits of E and C+(E) are the same.

Proof. Suppose f ∈ Homeo0(Td) and E is a wandering essential continuum
with irrational combinatorics. Let En = fn(E) and Cn = C+(En) = fn(C+(E)).
Assume for a contradiction that the Cn are not pairwise disjoint, that is,
Ci ∩ Cj 6= ∅ for some integers i 6= j. Since ∂Cn ⊆ En for all n ∈ Z, Ci must
intersect the interior of Cj or vice versa. Assuming the first case, by connected-
ness Ci has to be contained in a single connected component of Td \∂Cj , since
otherwise it would have to intersect ∂Cj . As Ci is not contained in Td \ Cj,
it has to be contained in the interior of Cj. However, this contradicts the
minimality of circloids with respect to inclusion. Hence C0 is wandering.

The fact that the circular ordering is preserved when going from (En)n∈N
to (Cn)n∈N is now obvious.

The next lemma shows (ii)⇒(iv).

Lemma 5.3.2. Let f ∈ Homeo0(Td) and suppose C is a wandering essential
circloid with irrational combinatorics of type ρ. Then there exists a semicon-
jugacy h : Td → T1 to Rρ such that the fibres h−1{ξ} are all essential annular
continua.

Proof. We let Cn := fn(C) and denote the connected components of the lifts
of these circloid by Ĉn,m, where the indices are chosen such that for all integers
n,m we have

• π(Ĉn,m) = Cn;

• F (Ĉn,m) = Ĉn+1,m;

• T (Ĉn,m) = Ĉn,m+1.
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We claim that

H(z) = sup
{
nρ+m | z ∈ U+(Ĉn,m)

}

is a lift of a semiconjugacy h with the required properties. Note that due to the
irrational combinatorics we have nρ+m ≤ ñρ+ m̃ if and only if Ĉn,m 4 Ĉñ,m̃,
such that in particular H(z) is well-defined and finite for all z ∈ Ad. Further,
for any z ∈ Ad we have

H ◦ F (z) = sup
{
nρ+m | F (z) ∈ U+(Ĉn,m)

}

= sup
{
nρ+m | z ∈ U+(Ĉn−1,m)

}
= H(z) + ρ .

In a similar way one can see that H ◦ T (z) = H(z) + 1, such that H projects
to a map h : Td → T1 which satisfies h ◦ f = Rρ ◦ h.

In order to check the continuity of H , suppose U ⊆ R is an open interval
and let z ∈ H−1(U). Choose r = nρ+m < H(z) < ñρ+ m̃ = s with r, s ∈ U .
Then z ∈ U+(Cn,m) ∩ U−(Cm̃,ñ) =: V . From the definition of H we see
that H(V ) ⊆ [r, s] ⊆ U , and thus H−1(U) contains an open neighbourhood
of z. Since U and z ∈ H−1(U) were arbitrary, H is continuous. The fact
that h is onto follows easily from the minimality of Rρ, so that h is indeed a
semiconjugacy from f to Rρ.

It remains to prove the fact that the fibres h−1{ξ} are annular continua.
In order to do so, note that for ξ ∈ T1

H−1{ξ} =
⋂

nρ+m<ξ

U+(Ĉn,m) ∩
⋂

ñ+ρm̃>ξ

U−(Ĉñ,m̃)

=
⋂

nρ+m<ξ

Ad \ U−(Ĉn,m) ∩
⋂

ñρ+m̃>ξ

Ad \ U+(Ĉñ,m̃) .
(5.3.1)

Note here that for all n,m, n′, m′ with nρ+m < n′ρ+m′ we have

U+(Ĉn′,m′) ⊆ Ad \ U−(Ĉn′,m′) ⊆ U+(Ĉn,m)

and similar inclusions hold in the opposite direction. This explains
the second equality in (5.3.1). Choosing sequences ni, mi, ñi, m̃i with niρ+

mi ր ξ and ñiρ+ m̃i ց ξ, we can rewrite (5.3.1) as

H−1{ξ} =
⋂

i∈N

Ad \
(
U−(Ĉni,mi

) ∪ U+(Ĉñi,m̃i
)
)
.

Since the sets of the intersection are all essential annular continua, so isH−1{ξ}
by Lemma 5.2.1.

It remains to prove the implication (i)⇒(iii).
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Lemma 5.3.3. Suppose h : Td → T1 is a semiconjugacy from f ∈ Homeo0(Td)
to an irrational rotation Rρ. Then every fibre h−1{ξ} contains a wandering
essential continuum with irrational combinatorics.

Proof. We first show that the action h∗ : π1(Td) → π1(T1) of h on the funda-
mental groups is non-trivial. Suppose for a contradiction that h∗ = 0. Then
any lift H : Rd → R of h is bounded since in this case supz∈Rd ‖H(z)‖ =
supz∈[0,1]d ‖H(z)‖. However, this contradicts the unboundedness of

H ◦ F n(z) = Rn
ρ ◦H(z) .

Consequently, h∗ is non-trivial, and by composing h with a linear torus auto-
morphism we may assume that h∗ is just the projection to the last coordinate.
We then obtain a lift ĥ : Ad → R which satisfies ĥ(z) → ±∞ if z → ±∞.

As a consequence, the Intermediate Value Theorem implies that every prop-
erly embedded line Γ = {γ(t) | t ∈ R} intersects all level sets Êx = ĥ−1{x}.

Hence, all Êx are essential.
If Êx is not connected, we consider the family of all compact and essential

subsets of Êx and choose and element Ê which is minimal with respect to
the inclusion. Note that such minimal elements exist by the Lemma of Zorn.
By Proposition 5.2.4 Ê is connected. Further, E = π(Ê) is wandering since

Ê ⊆ h−1{x}. Hence, E is the wandering essential continuum we are looking
for. The fact that E has irrational combinatorics can be seen from the semi-
conjugacy equation.

5.4 On the uniqueness of the semiconjugacy.

In the light of the preceding section, it is an obvious question to ask to what
extent a semiconjugacy between f ∈ Homeo(T2) and an irrational rotation
Rρ of the circle is unique. It is easy to check that for every rigid rotation
R : T1 → T1 the map R◦h is a semiconjugacy between f and Rρ as well. Hence
there is non-uniqueness of the semiconjugacy in general. Nevertheless, one
could ask whether there is uniqueness up to post-composition with rotations.
In brief, we will speak of uniqueness modulo rotations.

Consider f ∈ Homeo0(T2) given by f(x, y) = (x + ρ1, y) with ρ1 ∈ Qc.
For any continuous function α : T1 → T1, we have that hα(x, y) = x + α(y)
is a semiconjugacy from f to Rρ1 . Thus we do not have uniqueness of the
semiconjugacy even modulo rotations. However, it is not difficult to see that
all the possibles semiconjugacies between f and Rρ1 are given by hα for some
continuous function α. This implies in particular that on every minimal set
Yr = {(x, y) ∈ T2| y = r}, r ∈ T1, given any two semiconjugacies h1 and h2 we
have that h1|Yr = (R ◦ h2)|Yr for some rigid rotation R. This, as we will see, is
a general fact.
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We say that an f -invariant set Ω is externally transitive if for every x, y ∈ Ω
and neighbourhoods Ux, Uy of x and y, respectively, there exists n ∈ N such
that fn(Ux) ∩ Uy 6= ∅. Notice that fn(Ux) and Uy do not need to intersect in
Ω as in the usual definition of topological transitivity. In the above example
the sets Yr are transitive, hence externally transitive.

Given f ∈ Homeo0(T2) semiconjugate to a rigid rotation Rρ and an f -
invariant set Ω ⊆ T2, we say the semiconjugacy is unique modulo rotations on
Ω if for all semiconjugacies h1, h2 from f to Rρ we have h1|Ω = (R ◦ h2)|Ω for
some rigid rotation R.

Proposition 5.4.1. Let f ∈ Homeo(T2) be semiconjugate to a rigid rotation
of T1. Further, assume that Ω ⊂ T2 is an externally transitive set of f . Then
the semiconjugacy is unique modulo rotations on Ω.

Proof. Let h1, h2 be two semiconjugacies between f andRρ. By post-composing
with a rigid rotation, we may assume that h1(x) = h2(x) for some x ∈ Ω. Sup-
pose for a contradiction that h1(y) 6= h2(y) for some y ∈ Ω.

Let ε = 1
2
· d(h1(y), h2(y)) and δ > 0 such that d(h1(x

′), h2(x
′)) < ε if

x′ ∈ Bδ(x) and d(h1(y
′), h2(y

′)) > ε if y′ ∈ Bδ(y). Due to Ω being ex-
ternally transitive, there exists z ∈ Bδ(x) and n ∈ N such that fn(z) ∈
Bδ(y). However, at the same time we have that ε < d(h1(f

n(z)), h2(f
n(z))) =

d(Rn
ρ (h1(z)), R

n
ρ (h2(z))) = d(h1(z), h2(z)) < ε, which is absurd.

As a consequence, we obtain the uniqueness of the semiconjugacy modulo
rotations whenever the non-wandering set of f is externally transitive. The
reason is the following simple observation.

Lemma 5.4.2. If h1(x) = h2(x) for two semiconjugacies between f ∈ Homeo(T2)
and a rigid rotation of T1, then h1(y) = h2(y) for all y with x ∈ cl[O(y, f)].

Proof. Suppose for a contradiction that x ∈ cl[O(y, f)] but h1(y) 6= h2(y). Let
ε = d(h1(y), h2(y))/2 and δ > 0 such that if x′ ∈ Bδ(x) then h1(x

′), h2(x
′) ∈

Bε(h1(x)). Further, let n ∈ N be such that z := fn(y) ∈ Bδ(x). Then on
one hand h1(z), h2(z) ∈ Bε(h1(x)), and on the other hand d(h1(z), h2(z)) =
d(h1(y), h2(y)) = 2ε, which is absurd.

Given f ∈ Homeo(T2) we denote its non-wandering set by Ω(f). Since
any orbit accumulates in the non-wandering set, the combination of Proposi-
tion 5.4.1 and Lemma 5.4.2 immediately yields

Corollary 5.4.3. Suppose that f ∈ Homeo(T2) is semiconjugate to a rigid
rotation of T1. Further assume that Ω(f) is externally transitive. Then the
semiconjugacy is unique modulo rotations.

For irrational pseudorotations of the torus,1 external transitivity of the

1That is, torus homeomorphisms homotopic to the identity with unique and totally irra-
tional rotation vector.
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non-wandering set was proved by R. Potrie in [Pot12]. Hence, applying Corol-
lary 5.4.3 in both coordinates yields

Corollary 5.4.4. Let f ∈ Homeo(T2) be an irrational pseudo-rotation which
is seminconjugate to the respective rigid translation of T2. Then the semicon-
jugacy is unique up to composing with rigid translations of T2.

Finally, one may ask the following.

Question 5.4.5. Does every semiconjugacy between f ∈ Homeo0(T2) and a
rigid rotation on T1 have essential annular continua as fibres?

We note that in the example f(x, y) = (x + ρ1, y) discussed above this is
true, since the fibres of the semiconjugacy hα are the essential circles {(x −
α(y), y) | y ∈ T1}, x ∈ T1. By Theorem 5.1.1 it is also true whenever the
semiconjugacy is unique modulo rotations, since there always exists one semi-
conjugacy with this property and the topological structure of the fibres is
certainly preserved by post-composition with rotations.

5.5 Fibred rotation number for foliations of

circloids

The aim of this section is to prove Theorem 5.1.2. In order to do so, we need
some further preliminary results. Given two open connected subsets U, V of a
manifold M , we say that K ⊆M \ (U ∪ V ) separates U and V if U and V are
contained in different connected components of M \K.

Lemma 5.5.1. Suppose S ⊆ Rd is a thin horizontal strip and K ⊆ S is a
connected closed set that separates U+(S) and U−(S). Then CS ⊆ K.

Proof. Suppose CS * K and let z ∈ CS \K. Then Bε(z) ⊆ Rd \K. However,
as Bε(z) intersects both U+(S) and U−(S) by Lemma 5.2.2, this means that
U+(S)∪Bε(z)∪U−(S) is contained in a single connected component of Rd\K,
contradicting the fact that K separates U+(S) and U−(S).

Given an essential thin annular continuum A ⊆ A, we denote its lift to R2

by Â = π−1(A). Let T : R2 → R2, (x, y) 7→ (x + 1, y). Then we say A has a

compact generator, if there exists a compact connected set G0 ⊆ Â such that⋃
n∈ZGn = Â, where Gn = T n(G0).

Lemma 5.5.2. If A ⊆ A is a thin annular continuum with generator G0, then
Gn ∩Gn+1 6= ∅ for all n ∈ N.

Proof. It suffices to prove that G0∩G1 6= ∅. As CÂ =
⋃
n∈ZGn∩CÂ and CÂ is

connected, the compact sets Gn ∩ CÂ cannot be pairwise disjoint. Hence, for
some k ∈ N we have G0 ∩ Gk ∩ CÂ 6= ∅ and we can therefore choose a point
z0 ∈ G0∩CÂ with zk = T k(z0) ∈ G0∩Gk. If k = 1, then z1 = T (z0) ∈ G0∩G1,
and we are finished in this case.

104



Hence, suppose for a contradiction that k > 1 and z1 = T (z0) /∈ G0.

Then Bε(z1) ∩ G0 = ∅ for some ε > 0. Since Bε(z1) intersects both U+(Â)

and U−(Â) by Lemma 5.2.2, this means that we can choose a proper curve

Γ ⊆ U+(Â) ∪ Bε(z1) ∪ U−(Â) passing through z1 such that π1(Γ) is bounded
and π2(Γ) = R. In addition, by choosing Γ as the lift of a proper curve
γ ⊆ U+(A) ∪ Bε(π(z1)) ∪ U−(A) ⊆ A joining −∞ and +∞, we can assume
that T (Γ) ∩ Γ = ∅.

Γ separates R2 into two open connected components D− unbounded to
the left and D+ unbounded to the right. As T (Γ) is disjoint from Γ we have
T (cl[D+]) ⊆ D+. This implies that z0 ∈ D−, otherwise we would have z1 =
T (z0) ∈ T (cl[D+]) ⊆ D+, contradicting z1 ∈ Γ. At the same time, we have
zk = T k−1(z1) ∈ T k−1 (cl[D+]) ⊆ D+. However, this means that z0 and zk are
in different connected components of R2 \ Γ, contradicting the connectedness
of G0.

Given any bounded set B ⊆ R2, we let

νB = max{n ∈ N | ∃z ∈ B : T n(z) ∈ B} .

Lemma 5.5.3. Suppose A,A′ ⊆ A are thin essential annular continua with
compact generators G0, G

′
0. Further, assume f ∈ Homeo0(A) maps A to A′.

Then for any lift F of f the set F (G0) intersects at most νG0 + νG′
0
+1 integer

translates of G′
0.

Proof. Suppose F (G0) intersects G′
n and G′

m for some m > n. Then due to
Lemma 5.5.2, the set

⋃

k≤n

G′
k ∪ F (G0) ∪

⋃

k≥m

G′
k ⊆ Â′

is connected and therefore separates U+(Â′) and U−(Â′). Hence, by Lemma 5.5.1

it contains CÂ′ = Ĉ ′
A. Let z0 ∈ G′

0∩CÂ′ and assume without loss of generality
that zj /∈ G′

0 for all j ≥ 1. Then zn ∈ G′
n and zj /∈

⋃
k≤nG

′
k for all j > n.

Furthermore, since zm ∈ G′
m we have that zj /∈

⋃
k≥mG

′
k for all j < m − νG′

0
.

Thus, we must have

{zn+1, . . . , zm−νG′
0
−1} ⊆ F (G0) .

However, since F (G0) contains at most νG0 integer translates of z0, this implies
m− n ≤ νG0 + νG′

0
+ 1.

As a first consequence, this yields the following.

Corollary 5.5.4. Let f ∈ Homeo0(A) with lift F : R2 → R2 and suppose A
is a thin essential annular continuum which is compactly generated. Then f|A
has a unique rotation number, that is,

ρA(F ) = lim
n→∞

π1 ◦ (F
n(z)− z)/n
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exists for all z ∈ π−1(A) and is independent of z. Moreover, the convergence
is uniform in z.

Proof. As ρ(F, z) = limn→∞ π1 ◦ (F n(z)− z)/n = limn→∞
1
n

∑n−1
i=0 ϕ ◦ f i(π(z))

is an ergodic sum with observable ϕ(z) = π2(F (z)− z), we have that ρ(f, z) =∫
A
ϕ dµ =: ρ(µ) µ-a.s. for every f -invariant probability measure supported

on A. Note here that ϕ is well-defined as a function A → R. Assume for
a contradiction that the rotation number is not unique on A. Then The-
orem 5.2.5 implies the existence of two f -invariant ergodic measures µ1, µ2

supported on A with ρ(µ1) 6= ρ(µ2). Consequently, we can choose z1, z2 ∈ A
with ρ(F, z1) = ρ(µ1) 6= ρ(F, z2) = ρ(µ2). However, at the same time we
may choose lifts ẑ1, ẑ2 ∈ GA of z1, z2, where GA is a compact generator
of A. Then Lemma 5.5.3 implies that F n(ẑ1) and F n(ẑ2) are contained in
the union of 2νGA

+ 1 adjacent copies of GA. Consequently, we have that
d(F n(ẑ1), F

n(ẑ2)) ≤ diam(GA) + 2νGA
+ 1 for all n ∈ N, a contradiction. The

uniform convergence follows from the same argument.

The following result is a complement of the corollary above.

Corollary 5.5.5. Let f ∈ Homeo0(A) with lift F : R2 → R2. Further, sup-
pose A is a f -invariant thin essential annular continuum which is compactly
generated and ρA(F ) = {0}. Then F has a fixed point in π−1(A).

Proof. Let G0 be a compact generator of A, and for every k ∈ Z the set
Gk := T k(G0). We first claim that F n(G0)∩G0 6= ∅ for all n ∈ Z. Otherwise we
have n0 ∈ N with either F n0(G0) ⊂

⋃
k≥1Gk or F n0(G0) ⊂

⋃
k≤−1Gk. Let us

consider the first situation, for the complementary one a symmetric argument
gives the contradiction. Then, for every j ∈ N we have that F jn0(G0) ⊂⋃
k≥j Gk. This, however, implies that the rotation number of A is strictly

positive, a contradiction.
Consider now C := cl[

(⋃
k∈Z F

k(G0)
)
]. Thus Lemma 5.5.3 implies that C

is a compact and invariant set. Moreover, as A is thin, C is a non-separating
continuum. Then, the Cartwright and Littlewood Theorem [CL51] implies the
existence of a fixed point of F in C.

Remark 5.5.6. We note that as a special case, Corollary 5.5.4 applies to de-
composable essential thin circloids. In order to see this, recall that a continuum
C is called decomposable if it can be written as the union of two non-empty
continua C1 and C2. If C is a thin circloid, then due to the minimality of
circloids C1 and C2 have to be non-essential. Hence, connected components Ĉi
of π−1(Ci) ⊆ R2, i = 1, 2, are bounded. If these lifts are chosen such that their

intersection is non-empty, then G = Ĉ1 ∪ Ĉ2 is a compact generator of C.
For this special case, Corollary 5.5.4 was already proved in [Cal] by using

Caratheodory’s Prime End Theory. Examples of (hereditarily) non-decomposable
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circloids were constructed by Bing [Bin48] and may occur as minimal sets of
smooth surface diffeomorphisms [Han82, Her86].

As Lemma 5.5.3 works for any combination of two compactly generated
thin annular continua, we can prove Theorem 5.1.2 in a similar way as the
above Corollary 5.5.4. However, what we need as a technical prerequisite is
the measurable dependence of the size of the generators of fibres h−1(ξ) under
the assumptions of the theorem. We obtain this in several steps. We place
ourselves in the situation of Theorem 5.1.2 and assume again without loss of
generality that the action h∗ : π1(T2) → π1(T1) on the fundamental group is
the projection to the second coordinate. This implies that the annular continua
Aξ = h−1{ξ} are all of homotopy type (1, 0). We denote by f̂ the lift of f to

A and by F the lift to R2. Further, we denote by ĥ : A → R the lift of h to A
and by H : R2 → R the lift to R2.

Let Ω0 = {ξ ∈ T1 | Aξ is thin}, Ω = π−1(Ω0) ⊂ R and Aξ = ĥ−1{ξ} (ξ ∈
R). Then all Aξ are essential annular continua in A, and Aξ is thin if and only
if ξ ∈ Ω. Further, define A+

ξ = ∂U+(Aξ) and A−
ξ = ∂U−(Aξ). Then for all

ξ ∈ Ω we have Aξ = A+
ξ ∪ A−

ξ and, by Lemma (5.2.1), A+
ξ ∩ A−

ξ = CAξ
=: Cξ.

Lemma 5.5.7. If Aξ is thin, then limH
ξ′րξ A

−
ξ′ = limH

ξ′րξ Aξ′ = A−
ξ and limH

ξ′ցξ A
+
ξ′ =

limH
ξ′ցξ Aξ′ = A+

ξ .

Proof. We prove limH
ξ′րξ A

−
ξ′ = limH

ξ′րξ Aξ′ = A−
ξ , the opposite case follows by

symmetry. Since A−
ξn

⊆ Aξn , it suffices to show that for all ε > 0 there exists
δ > 0 such for all ξ′ ∈ (ξ − δ, ξ) we have

(5.5.1) Aξ′ ⊆ Bε(A
−
ξ ) and A−

ξ ⊆ Bε(A
−
ξ′) .

We start by showing the first inclusion. Fix ε > 0. Assume for a contradiction
that there exists a sequence ξn ր ξ such that Aξn ( Bε(A

−
ξ ) for all n ∈ N.

Let zn ∈ Aξn \ Bε(A
−
ξ ) and z = limn→∞ zn. Then z /∈ Bε(A

−
ξ ) and thus,

since all the zn are below Aξ, we have z /∈ Aξ. However, at the same time
h(z) = limn→∞ h(zn) = limn→∞ ξn = ξ, a contradiction.

Conversely, in order to show the second inclusion in (5.5.1), assume for a
contradiction that there exists a sequence ξn ր ξ such that A−

ξ ( Bε(A
−
ξn
) for

all n ∈ N. Let Kn = A−
ξ \ Bε(A

−
ξn
). Then (Kn)n∈N is a decreasing sequence

of non-empty compact sets, such that K =
⋂
n∈NKn 6= ∅. Note here that

A−
ξ ∩ Bε(A

−
ξn
) = A−

ξ ∩ Bε(U−(A−
ξn
)), which is increasing in n. Let z ∈ K.

Then Bε(z) ∩ A
−
ξn

= ∅ and thus Bε(z) ⊆ U+(A−
ξn
) for all n ∈ N. This implies

h(z′) ≥ ξ for all z′ ∈ Bε(z), contradicting the fact that Bε(z) intersects U−(Aξ)
and h < ξ on U−(Aξ).

Given a compactly generated thin annular continuum A, we let

τ(A) = inf{diam(G) | G is a compact generator of A} .
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Lemma 5.5.8. ξ 7→ τ(A−
ξ ) is lower semi-continuous from the left on Ω, that

is,

lim inf
ξ′րξ

τ(A−
ξ′) ≥ τ(A−

ξ ) for all ξ ∈ Ω .

Similarly, ξ 7→ τ(A+
ξ ) is lower semi-continuous from the right on Ω.

Proof. Let ξn ր ξ and assume without lose of generality that τ := limn→∞ τ(A−
ξn
)

exists and is finite. Choose generators Gξn of Aξn of diameter smaller than
τ(A−

ξn
) + 1

n
. Then, using Lemma 5.5.7, it is straightforward to verify that any

limit point G of (Gξn)n∈N in the Hausdorff metric is a compact generator of
A−
ξ of diameter smaller than τ .

It is easy to check that real-valued functions which are lower semi-continuous
from one side are also measurable. Consequently, since τ(Aξ) ≤ η(ξ) :=
τ(A−

ξ ) + τ(A+
ξ ), the function η provides a measurable majorant for the mini-

mal diameter of the generators of Aξ. Further, A
±
ξ are compactly generated if

and only if Aξ is compactly generated, a fact which follows from the topolog-
ical considerations on thin annular continua exposed in the next section, see
Lemma 5.6.8(iv). Altogether, this yields

Corollary 5.5.9. Assume that Aξ has compact generator for almost every
ξ ∈ T1. Then the map ξ 7→ τ(Aξ) has a measurable finite-valued majorant.

We are now in the position to complete the

Proof of Theorem 5.1.2. Let f ∈ Homeo0(T2) and suppose h : T2 → T1 is
a semiconjugacy to the irrational rotation Rρ. We assume again that h∗ = π∗

2,

such that there exist a continuous lift ĥ : A → R of h and a lift f̂ : A → A of
f which satisfy

ĥ ◦ f̂ = Rρ ◦ ĥ .

Let F : R2 → R2 be a lift of f . Assume for a contradiction that f has no
unique rotation number. As in the proof of Corollary 5.5.4, this implies the
existence of two f -invariant ergodic probability measures µ1 and µ2 with

ρ1 =

∫

T2

π2(F (z)− z) dµ1(z) 6=

∫

T2

π2(F (z)− z) dµ2(z) = ρ2 .

As h−1{ξ} is compactly generated for Lebesgue-a.e. ξ ∈ T1, Corollary 5.5.9
yields the existence of a finite-valued measurable majorant of ξ 7→ τ(h−1{ξ}).
Hence, we can find a constant C > 0 and a set ΩC ⊆ T1 of positive measure
such that for all ξ ∈ ΩC the annular continuum h−1{ξ} has a compact generator
Gξ with diam(Gξ) ≤ C.

Both µ1 and µ2 must be mapped to the Lebesgue measure on T1 by h, since
this is the only invariant probability measure of Rρ. Hence, for almost every
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ξ ∈ T1 there exist points z1, z2 ∈ h−1{ξ} which are generic with respect to µ1

and µ2, respectively. In particular, for any lift ẑi ∈ R2 of zi we have that

(5.5.2) lim
n→∞

π2(F
n(ẑi)− ẑi)/n = ρi (i = 1, 2) .

Without loss of generality, we may assume that h−1{ξ} has compact gener-
ator Gξ and Rn

ρ (ξ) visits ΩC infinitely many times, say, rni
ρ (ξ) ∈ ΩC for a

strictly increasing sequence (ni)i∈N of integers. Given lifts ẑ1, ẑ2 ∈ Gξ of z1, z2,
Lemma 5.5.3 implies that

π2(F
ni(ẑ1))−π2(F

ni(ẑ2) ≤ diam(Gr
ni
ρ (ξ))+νGξ

+νG
r
ni
ρ (ξ)

+1 ≤ νGξ
+2C+1

for all i ∈ N. As ρ1 6= ρ2, this contradicts (5.5.2).

5.6 Comments on the Topology and Rotation

Sets of thin annular continua.

Given X ⊂ R2 we denote by [X ]y the connected component of y in X and
define h(X) = sup{x1 − x2 | (x1, y1), (x2, y2) ∈ X}. For an essential annular
continuum A ⊂ A, we define the set of spikes of A as

SA := {[(Â \ CÂ)]x | x ∈ Â \ CÂ}

and say that A has an infinite spike if there exists S ∈ SA with h(S) = ∞.
Further we let HSA

:= sup{h(S) | S ∈ SA}. The main result of this section is
the following.

Theorem 5.6.1. Let A ⊂ A be an essential thin annular continuum. Then
the following holds.

(1) If A is not compactly generated then either

(1a) CA is not compactly generated, or

(1b) CA is compactly generated and A contains an infinite spike.

(2) If A compactly generated, then so is CA.

The proof is given in Section 5.6.1 below. As a example in the class of
continua given in (1a), we can regard the Birkhoff attractor. This is an essential
thin circloid which has a segment as a rotation set for some map that leaves
it invariant (see e.g. [LC88]). Hence, due to Corollary 5.5.4 the Birkhoff
attractor cannot have a compact generator. For the class given in (1b) we can
consider the continuum given by A = π

(
R× {0} ∪

{(
x, 1

x

)
∈ R2 | x ≥ 1

})
,

which contains the infinite spike S =
{(
x, 1

x

)
∈ R2 | x ≥ 1

}
.
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Note that Theorem 5.6.1 does not rule out the coexistence of an infinite
spike and a compact generator. In fact, this may happen, and a way to con-
struct such examples is the following. Let I = [0, 1]×{0} and J = {0}× [0, 1].
We consider K = J ∪ I ∪ T (J). Fix x0 ∈ J \ I and x1 = T (x0) and and
let γ : [0,+∞) → {(x, y) ∈ R2|0 < x < 1, y > 0} be an injective curve that
verifies

(i) γ([n,+∞)) ⊂ B 1
n
(K) for every n ∈ N;

(ii) limi γ(ti) = x0, limj γ(tj) = x1 for two strictly increasing sequences of
positive integers (ti)i∈N, (tj)j∈N.

Now let A = π(Ã) where Ã :=
⋃
n∈Z T

n(K ∪ γ). It is easy to see that A is a
thin essential annular continuum. Furthermore the set G = K ∪ γ is compact
and connected, and hence a generator of A. Finally the set S := Ã\ (R× {0})
is connected since S =

⋃
n∈Z T

n((J ∪ T (J) \ I) ∪ γ). Hence A has compact
generator G and at the same time contains the infinite spike S. What is not
clear to us is whether similar examples can be produced with an infinite spike
that is not T -invariant.

Question 5.6.2. Suppose A is a thin annular continuum which contains an
infinite spike S with T n(S) ∩ S = ∅ for all n ∈ N. Does this imply that A has
no compact generator?

As seen in Corollary 5.5.4, an invariant compactly generated thin annular
continuum has a unique rotation vector. As the Birkhoff attractor shows, this
is not true if CA has no generator. For the case of thin annular continua which
are not compactly generated, but have a compactly generated circloid, the
situation is similar.

Proposition 5.6.3. Given any segment I ⊂ R, there exists a map f ∈
Homeo(A) which leaves invariant an essential thin annular continuum A ⊂ A
such that CA has compact generator, A has an infinite spike, and ρA(f) = I.

The proof, which is similar to a construction by Walker [Wal91] of some
examples in the context of prime end rotation, is given in Section 5.6.2.

5.6.1 Topology of thin annular continua: Proof of The-

orem 5.6.1.

The proof of Theorem 5.6.1 mainly hinges on a number of purely plane-
topological lemmas. In order to state and prove them, we need to introduce
further notation. Given a Jordan curve γ ⊂ R2 we denote its Jordan domain
by Dγ . Further, for two curves α, β in the plane with α(0) = β(1), we denote
their concatenation by α ·β. We say an arc is an injective curve α : [0, 1] → R2

and define
◦
α:= α \ {α(0), α(1)}. We will sometimes abuse terminology by

identifying the function defining a curve and its image. The diameter of a
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set X ⊂ R2 is denoted by diam(X). As before, given two sets A,B ⊂ R2 we
denote the Hausdorff distance by dH(A,B). Our first step is to prove that the
existence of a generator for an essential thin annular continuum A implies the
existence of a generator for the circloid CA. We divide the proof into several
lemmas.

Lemma 5.6.4. Given a bounded set X ⊂ R2 and two positive numbers δ1 < δ2,
there exists a neighborhood Uδ1δ2(X) of X which verifies

(i) Bδ1(X) ⊂ Uδ1δ2(X) ⊂ Bδ2(X);

(ii) Uδ1δ2(X) =
⋃n
i=1Di where {cl[Di]}

n
i=1 is a family of pairwise disjoint

topological closed disks with C1-boundaries ∂Di.

Proof. Let ∆ : R2 → R be given by ∆(y) = d(y, cl[X ]). Let ε1 = min
{
δ1
10
, δ2−δ1

10

}
,

such that a := δ1 + ε1 < δ2 − ε2 =: b. Further, let Ψ : R2 → R be a C∞

function such that d0(Ψ,∆) < ε1. Then Ψ−1((−∞, a)) ⊃ Bδ1(cl[X ]) and
Ψ−1((−∞, b)) ⊂ Bδ2(cl[X ]).

Consider now a regular value 2 r ∈ (a, b) of Ψ which exists due to Sard’s
Theorem [GP74, Chapter 1, Section 7]. Then we have that Ψ−1(r) is a
union of pairwise disjoint C1 Jordan curves {Cj}mj=1. Hence, Uδ1δ2(X) :=
Ψ−1((−∞, r)) has all the desired properties. Note here thatX ⊆ Ψ−1((−∞, r))
and ∂Ψ−1((−∞, r)) ⊆ Ψ−1({r}).

Lemma 5.6.5. Let B1, B2 be two open sets in R2 with d(B1, B2) = ε0 > 0
and fix ε1 > 0. Then there exists ξ = ξ(ε0, ε1) > 0 such that given any pair of
arcs α and β which verify

(i) α(0) = β(1) ∈ B1, α(1) = β(0) ∈ B2 and α · β is a Jordan curve,

(ii) d(α \ (cl[B1 ∪ B2]) , β \ (cl[B1 ∪B2])) ≥ ε1,

there exists z ∈ Dα·β for which Bξ(z) ⊂ Dα·β \ (cl[B1 ∪ B2]). (See Figure
5.6.1).

Proof. Let δ1 = ε0
10

and δ2 = ε0
5
. We consider U1 := Uδ1δ2(B1) and U2 :=

Uδ1δ2(B2) given by the previous lemma. Due to the fact that continuous arcs
can be approximated by C1 arcs, we may assume that the arcs α, β are C1.
Furthermore, for similar reasons we may assume that the curves α, β are trans-
verse to each Jordan curve in ∂U1 ∪ ∂U2.

Due to U1 being disjoint of U2, we have a C1 loop θ ⊂ ∂U1 that separates
α(0) from α(1). We claim that there exists a subarc J ⊆ θ such that

(a) J(0) ∈ α ∩ θ and J(1) ∈ β ∩ θ;

(b)
◦

J⊂ Dα·β.

2That is, a value r such that for all y ∈ Ψ−1(r) the derivative matrix DΨ(y) is surjective.
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B1

B1

B2

B2

α

βα(0) = β(1)
α(1) = β(0)

Bξ(z)

Figure 5.6.1:

In order to see this, fix a point x0 ∈ θ outside of cl[Dα·β] and assume, by
reparametrising if necessary, that θ(0) = x0. Then, if J with the above prop-
erties does not exist, this means that every time that θ goes into Dα·β by
passing through α, it goes out of Dα·β through α as well. Consequently, the
algebraic intersection number [α] ∧ [θ] between the homotopy classes [α], [θ]
relative to the points x0, α(0), α(1), is zero. However, this is a contradiction
since θ separates α(0) and α(1), so [α]∧ [θ] = 1 (compare [GP74, Chapter 3]).

Therefore, we can consider an arc J with the above properties. Let ξ :=
min{ ε0

10
, ε1

2
} and consider a bijective parametrisation γ : [0, 1] → J with γ(0) =

z0 ∈ α and γ(1) = z1 ∈ β (see Figure 5.6.2).

I1

U1

I2

∂U1

J

α

α(0) = β(1)

β

z0
z1

Figure 5.6.2:

Let λ := sup{t ∈ [0, 1] | d(γ(t), α) < ξ} which exists since 1 is an upper
bound of {t ∈ [0, 1] | d(γ(t), α) < ξ}. Otherwise we would have that d(α, β) <
ε1 in (B1 ∪ B2)

c.
Then, we have for z := γ(λ) that Bξ(z) ∩ α = ∅ and Bξ+δ(z) ∩ α 6= ∅

for any positive number δ. Thus we have Bξ(z) ∩ β = ∅, otherwise d(α, β) <
ε1 in (cl[B1 ∪B2])

c which is impossible. This implies that Bξ(z) ⊂ Dα·β \
(cl[B1 ∪ B2]).

We say that a compact and connected set L ⊂ R2 separates R2 if R2 \ L
has at least two connected components.
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Lemma 5.6.6. Suppose (αn)n∈N and (βn)n∈N are two sequences of arcs in R2

with the following properties:

(i) αn, βn ⊂ BR(0) and αn ∩ βn = ∅ for every n ∈ N and some R ∈ R;

(ii) limH
n→∞ αn = L1, lim

H
n→∞ βn = L2;

(iii) (αn(0))n∈N and (βn(0))n∈N converge to x0 ∈ R2, (αn(1))n∈N and (βn(1))n∈N
converges to x1 ∈ R2 with x0 6= x1.

Then we have that either [L1 ∩L2]x0 = [L1∩L2]x1 or ∂(L1 ∪L2) separates R2.

Proof. Suppose [L1 ∩ L2]x0 6= [L1 ∩ L2]x1. We claim that for some δ > 0 there
exist two different connected components B′

1, B
′
2 of Bδ(L1 ∩ L2), such that

x0 ∈ B1, x1 ∈ B2. Otherwise for every ε > 0 the points x0 and x1 would be
in the same connected component of Bε(L1 ∩ L2). However, this would imply
that K :=

⋂
n∈N[B 1

n
(L1 ∩ L2)]x0 ⊂ L1 ∩ L2 is a connected set containing x0

and x1, contradicting [L1 ∩ L2]x0 6= [L1 ∩ L2]x1.
We take now B1 = B δ

2
(L1 ∩ L2) ∩ (B′

2)
c and B2 = B δ

2
(L1 ∩ L2) ∩ B′

2. We

have then:

• d(B1, B2) = ε0 > 0;

• L1 ∩ L2 ⊂ B1 ∪B2;

• x0 ∈ B1 and x1 ∈ B2.

For every n ∈ N we consider small arcs an, bn, cn and dn such that an joins
αn(1) with x1, bn joins x1 with βn(1), cn joins βn(0) with x0 and dn joins x0
with αn(0). Further we may request that γn := αn · an · bn · β

−1
n · cn · dn is a C1

Jordan curve, and that limH
n→∞ an · bn = x1, lim

H
n→∞ cn · dn = x0 (See Figure

5.6.3).

B1
B2

αn

βn

an

bn
cn

dn

x0 x1

Figure 5.6.3:

Let ωn := dn ·αn ·an and θn := bn ·βn ·cn, Dn := Dωn·θn = Dγn . Since L1∩L2

is contained in B1 ∪ B2 and we have limH
n→∞ ωn = L1 and limH

n→∞ θn = L2,
there exists ε1 > 0 such that for every n ∈ N

d(ωn \ (cl[B1 ∪B2]) , θn \ (cl[B1 ∪B2])) ≥ ε1
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Consequently, due to Lemma 5.6.5 there exists a positive number ξ and
a sequence of points (zn)n∈N such that Bξ(zn) ⊂ Dn \ (cl[B1 ∪ B2]) for every
n ∈ N. Therefore, if we consider a subsequence (Dni

)i∈N which converges toD0,
we have the existence of some z0 ∈ D0 such that Bξ(z0) ⊂ D0 \ (cl[B1 ∪ B2]).
By construction, every curve joining z ∈ Bξ(z0) with ∞ intersects ∂D0 ⊂
∂ (L1 ∪ L2). Hence ∂ (L1 ∪ L2) separates R2 into at least two components.

Lemma 5.6.7. Let D ⊂ R2 be a smooth disk such that int(D)∩int(T (D)) 6= ∅.
Further consider the embedding of the real line Γ1 = ∂U−

(⋃
n∈Z T

n(cl[D])
)
.

Then, for every x ∈ Γ1 and arc γx ⊆ Γ1 with end points x, T (x), we have
h(γx) < 4 · diam(D) + 4. The analogous statement holds for
Γ2 = ∂U+

(⋃
n∈Z T

n(cl[D])
)
.

Proof. We first fix x ∈ Γ1 with the property that π2(x) = max π2(Γ1). Let
Dk := T k(D). Suppose for a contradiction that h(γx) ≥ 2 · diam(D) + 2 . Let
z ∈ γx maximize the function |π1(.)− π1(x)| : γx → R. Then |π1(z)− π1(x)| ≥
diam(D) + 1. Further, due to the T -invariance of Γ1 and the choice of x we
have that γx verifies γx ∩ (R× {π2(x)}) = γx ∩ sx, where sx is the interval
joining x with T (x).

Let ∆x ⊂ γx be an arc containing z, such that ∆x(0) = x0,∆x(1) = x1 ∈ sx
and ∆x(t) /∈ sx for all t ∈ (0, 1). Further, let Ix be the segment joining x1 with

x0 and αx := ∆x · Ix. Then Dαx ⊂ U+(Γ1) since
◦

Ix⊂ U+(Γ1). This implies

for Dk with z ∈ ∂Dk that Dk ⊂ Dαx . Otherwise we would have Dk∩
◦

Ix 6= ∅
which implies that diam(Dk) > diam(D). On the other hand, we have by
construction that T (Dαx)∩Dαx = ∅. Hence T (Dk)∩Dk = ∅, which is absurd.

Given now any point y ∈ Γ1 we find v = (n, 0) with n ∈ Z such that
y ∈ γx+v. Thus T (y) ∈ γx+v+(1,0), and γy is an arc contained in γx+v∪γx+v+(1,0).
This implies that h(γy) < 2 · h(γx) < 4 · diam(D) + 4.

Lemma 5.6.8. Let A ⊂ A be an essential thin annular continuum with com-
pact generator. Then, there exist two sequences of arcs (αn)n∈N and (βn)n∈N
which verify:

(i) αn ⊂ U−(Â) and βn ⊂ U+(Â) for every n ∈ N;

(ii) (αn(0))n∈N, (βn(0))n∈N converges to x0 ∈ CÂ and (αn(1))n∈N, (βn(1))n∈N
converges to x1 = T (x0);

(iii) limH
n→∞ αn = L1 and limH

n→∞ βn = L2 exist;

(iv) L1 and L2 are generators of A− = ∂U−(A) and A+ = ∂U+(A), respec-
tively, and G := L1 ∪ L2 is a generator of A.

Proof. Let G′ be a generator of A. Due to the Riemann Mapping Theorem
applied in R2∪{∞}\G′, we can consider a sequence of smooth Jordan curves
(γn)n∈N such that
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(1) γn ⊂ R2 \G′ for every n ∈ N;

(2) limH
n→∞ γn = G′;

(3) Dn+1 ⊂ Dn, where Dn = Dγn for every n ∈ N.

Due to (2) we have diam(Dn) < K0 for some K0 ∈ R and all n ∈ N. For
every n ∈ N, m ∈ Z we define Dn,m = Tm(Dn), Dn =

⋃
m∈ZDn,m, and Γ−

n =
∂U− (Dn) ,Γ

+
n = ∂U+ (Dn). Notice that the curves Γ−

n ,Γ
+
n are embeddings of

the real line of the same form as in the previous lemma. Let x0 ∈ G′ ∩ CÂ.
Given n ∈ N we consider two arcs α′

n ⊂ Γ−
n and β ′

n ⊂ Γ+
n such that

α′
n(1) = T (α′

n(0)), β
′
n(1) = T (β ′

n(0)) and (α′
n(0))n∈N, (β

′
n(0))n∈N converge to

x0. Due to Lemma 5.6.7 we know that α′
n, β

′
n are contained in a ball BR(x0)

where

R = 8(K0 + 1) + max{d(α′
n(0), β

′
n(0)) | n ∈ N} .

Then by choosing subsequences of (α′
n)n∈N, (β

′
n)n∈N we obtain two sequences

(αn)n∈N, (βn)n∈N that verify statements (i) and (ii) of the theorem and the
limits L1 and L2 exist. This implies in particular that G = L1 ∪ L2 is a
subcontinuum of Â. Moreover, as αn, βn are generators of Γ

−
kn
,Γ+

kn
for a suitable

sequence (kn)n∈N and
(
limH

n→∞ Γ−
kn

∪ limH
n→∞ Γ+

kn

)
= Â since A is thin, we have

that L1 is a generator of ∂U−(A), L2 is a generator of ∂U+(A) and G is a
generator of A.

As consequence of the above results, we obtain the following.

Corollary 5.6.9. If an essential thin annular continuum A has generator,
then the circloid CA has generator.

Proof. Let G = ∂ (L1 ∪ L2) be the generator of A given by Lemma 5.6.8. Due
to Lemma 5.6.6 we have G′ := [L1 ∩ L2]x0 = [L1 ∩ L2]T (x0). Further, since
L1 ⊆ ∂U+(A) and L2 ⊆ ∂U−(A) we have that L1 ∩L2 ⊆ CA by Lemma 5.2.2.
This implies that C := π

(⋃
n∈N T

n(G′)
)
is an essential annular continuum

contained CA, and hence C = CA since CA is a circloid. Thus G′ is a generator
for CA.

We now consider the family A of all the essential thin annular continua,
and let A1 be the family of all those A ∈ A such that CA has no generator
and A2 = A \ A1. Then due to the last corollary A2 contains those A ∈ A
which admit compact generator. In order to finish the proof of Theorem 5.6.1,
it remains to show that whenever A ∈ A2 has no generator then A contains an
infinite spike. We proceed in two steps and start by showing that every finite
spike has at least one ‘base point’ in CA.

Lemma 5.6.10. If A is a thin annular continuum and S is a spike of A with
h(S) <∞, then cl[S] ∩ CÂ 6= ∅.
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Proof. Fix x ∈ S. For each n ∈ N we define Yn as the family of all curves
α : [0, 1] → R2 which verify:

(i) α(0) ∈ B 1
n
(x);

(ii) α(1) ∈ B 1
n
(CÂ);

(iii) α ⊂ B 1
n
(Â).

Let R2 ∪ {∞} be the compactification of R2 by the sphere. Then, we can
consider a sequence of curves (αn)n∈N with αn ∈ Ykn such that:

• kn ր ∞;

• L = limH
n→∞ αn exists in R2 ∪ {∞} (the compactification).

Let Lx := [L \ (CÂ ∪ {∞})]x. Then Lx ⊂ S, and hence ∞ /∈ cl[Lx] since
h(S) < ∞, so cl[Lx] is compact. By property (ii) of the curves αn we have
Lx ∩ B 1

n
(CÂ) 6= ∅ for all n ∈ N, and hence cl[Lx] ∩ CÂ 6= ∅.

Corollary 5.6.11. If A ∈ A2 and HSA
<∞, then A has generator.

Proof. Let G′ be a generator of CA. For every spike S choose n ∈ N such that
S ′ := T n(S) intersects G′. Note that this is possible due to Lemma 5.6.10.
Since HSA

<∞ we have that G := cl[
(
G′ ∪

⋃
S∈SA

S ′
)
] is a compact generator

of A.

Finally, we show that for every A ∈ A2 with HSA
= ∞, there exists an

infinite spike contained in A.

Proposition 5.6.12. Let A ∈ A2 with HSA
= ∞. Then, there exists an

infinite spike S ∈ SA.

Proof. We assume that the supremum HSA
is obtained by spikes in U−(CÂ),

the other case is symmetric. Suppose for a contradiction that h(S) < ∞ for
every S ∈ SA.

Let x0 ∈ Â \ U+(CÂ) =
(
Â ∩ U−(CÂ)

)
∪ CÂ such that

π2(x0) = min

{
π2(x)

∣∣∣∣∣ x ∈
⋃

S∈SA

S ∩ U−(CÂ)

}
.

By changing coordinates if necessary, we may assume that x0 /∈ CÂ.
Let γx0(t) = x0 + t · (1, 0) and S0 ∈ SA such that x0 ∈ S0. Then due to

Lemma 5.6.10 and the fact that CA has generator, we can consider a generator
L of CA that verifies L ∩ cl[S0] 6= ∅ and L ∩ cl[T (S0)] 6= ∅ (see Figure 5.6.4).

Given now any spike S ⊂ U−(CÂ) different of S0, due to the definition of
x0 we have:
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T (S0)S0

L

S

γS0

Figure 5.6.4:

S ⊂

(
cl[U+(γx0)] ∩ U−

(⋃

n∈Z

T n(L)

))
\
⋃

n∈Z

T n(S0).

Therefore we have that h(S) < 2 · h(S0) + h(L). This contradicts HSA
=

∞.

This last proposition finishes the proof of Theorem 5.6.1.

5.6.2 Rotation sets for thin annular continua.

Let D ⊂ Diffeo+(T1) be the set of orientation-preserving circle diffeomorphisms
with a totally disconnected non-wandering set. Note that this means that
f ∈ D has either rational rotation number and a totally disconnected set of
periodic points, or f is a Denjoy example (with irrational rotation number).

The aim of this section is to construct a family of examples of homeomor-
phisms fg,α of A, parametrized by g ∈ D and α ∈ R such that

• fg,α leaves invariant some annular continuum Ag,α ∈ A2 containing at
least one infinite spike, and

• ρAg,α(F ) = conv({α, ρ(g)}).3

This will prove Proposition 5.6.3.

For any t ∈ R+, let Rt = R× {t} and define i : (0,+∞) → R by i(x) = 1
x
.

Further, let G = {Lp}p∈R be the C∞-foliation of R× (0,+∞] whose leaves are
given by Lp = gr(i) + (p, 0) for every p ∈ R, where gr(i) = {(x, i(x))|x > 0}.
Notice that for (x, y) ∈ R× (0,+∞) the leave l(x,y) through (x, y) is given by
l(x,y) = Lp(x,y) with p(x, y) = x− 1

y
.

Given g ∈ D, we choose a lift G : R → R. Then, we consider F1 : R×R+ →
R×R+ given by F1(x, y) = (x+v(x, y), y) where v(x, y) = G(p(x, y))−p(x, y).

3Where conv(X) denotes the convex hull of X , and ρ(g) is the rotation number of g.
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Notice that F1(Lp(x,y)) = Lp(x,y)+v(x,y) for every (x, y) ∈ R × R+. Hence, F1

preserves the set

T :=
⋃

p∈π−1(Ω(g))

Lp ∩ (R× [0, 1]) .

Further, F1 is a C1 diffeomorphism since p is C∞ and G is C1.
Denote by T(x,y)Lp the tangent space of the curve Lp at the point (x, y).

Let X : R× R+ → R× R+ be the C1 vector field given by

X(x, y) = λ(y)(α− v(F−1
1 (x, y)), t(x, y)),

where:

• t(x, y) is uniquely defined in order to have X(x, y) ∈ T(x,y)l(x,y);

• λ : [0,+∞) → [0,+∞) is a decreasing C∞ function which equals 1 in
[0, 1

2
] and 0 in [1,+∞).

Let H be the time one map of the flow associated to the vector field X .
Then H preserves each leaf of the foliation G and the set T , and π1(H(x, y)) =
π1(x, y) + α− v(F−1

1 (x, y)) for all (x, y) ∈ R2.

Define now Fg,α : R2 → R2 as follows:

Fg,α(x, y) =

{
H ◦ F1(x, y) if y ∈ R+

(x, y) + (α, 0) if y /∈ R+

R0

R1

Lp(x,y)

F1(x, y)
Fg,α(x, y)

Lp(x,y)+v(x,y)=G(p(x,y))

α

(x, y)

Figure 5.6.5: As the leaves of G becomes horizontal as y tends to zero, we have
that t(x, y) tends to zero as y goes to zero. Hence, so it does π2(Fg,α(x, y) −
(x, y)).

In order to see that Fg,α is a homeomorphism, we have to check that it is
continuous for a point (x, 0) ∈ R2. However, due to the construction, for any
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sequence (wn)n∈N converging to (x, 0) we have that Fg,α(wn) − wn = (α, dn)
with limn dn = 0. Thus limn Fg,α(wn) = (x+ α, 0) (see figure 5.6.5).

Hence, Fg,α is a T -invariant homeomorphism and thus defines a homeo-
morphism fg,α : A → A. Furthermore fg,α leaves invariant the essential thin
annular continuum given by Ag,α := π(R0 ∪ T ), which has infinite spikes and
whose circloid CAg,α = π(R0) = T1 × {0} is compactly generated.

Finally, it follows from the definition of fg,α that points in A ∩ π(R1)
have a unique rotation vector (ρ(G), 0), and points in CA have rotation vector
(α, 0). Hence ρA(F ) ⊃ I = conv(α, ρ(g)). Furthermore, given any point
z ∈ A \ (CA ∪ π(R1)), we have by construction that π1(F

n
g,α(z)− z) ∈ conv(n ·

α, [Gn(p(z))− p(z)]). This implies that ρA(Fg,α) = I.
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