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Basics

Basics
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Static vs Dynamic Type Checking

early error detection 
enforce abstractions 
checked documentation 
efficiency

flexible programming idioms 
rapid prototyping 
no spurious errors 
simplicity

Java, Scala, C#/…,  
ML, Haskell, Go, Rust, etc.

Python, JavaScript, Racket, 
Clojure, PHP, Smalltalk, etc.

Long-standing divide in programming languages

static dynamic

Basics
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why should we have to choose? 

can’t we have both?

Basics
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Static and Dynamic Checking
many languages (now) try to have both

C# 4.0
Dart

ActionScript
TypeScript

HackTyped Racket

Typed Clojure

Scala Perl 6

very different flavor & guarantees…

Python 3

Elixir

Kotlin

Basics
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Static and Dynamic Checking
many different theories too!

hybrid typing
soft typing

quasi-static typing
gradual typing

optional typing
RTTI

multi-language  
programs

manifest contracts

very different flavor & guarantees…

Basics
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Gradual Typing

• Combine both static and dynamic checking 
in a single language 

• Programmer controls which discipline is used where 

• Supports seamless evolution between static/dynamic 

• Pay-as-you-go: static regions can be safely optimized

7

[Siek & Taha, 2006]

Basics

Fully Static & Fully Dynamic

def f(x) = x + 2
def h(g) = g(1)
h(f)

def f(x) = x + 2
def h(g) = g(true)
h(f)

def f(x:int) = x + 2
def h(g:int→int) = g(1)
h(f)

def f(x:int) = x + 2
def h(g:int→int) = g(true)
h(f)

true + 23

3

Gradual as superset of static and dynamic

runtime error

static error

Basics
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Sound Interoperability

def f(x:int) = x + 2
def h(g) = g(1)
h(f)

3

def f(x:int) = x + 2
def h(g) = g(true)
h(f)

at the boundary

f(true)

Partially-typed programs

protect assumptions made in static code

runtime error

Basics
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Inside Gradual Typing

def f(x) = x + 2
def h(g) = g(true)
h(f)

def f(x:?) = x + 2
def h(g:?) = g(true)
h(f)

unknown type ?

=

Basics
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Inside Gradual Typing

type equality

T = T
T ~ ? ? ~ T

T ~ T

type consistency

S → T ~ S’ → T’
S ~ S’  T ~ T’not transitive!

int ~ ?    ? ~ bool

int ≁ bool
def f(x:int) = x + 2
f(true) static error

static semantics: consistency

Basics
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<int⇐?>true + 2

Inside Gradual Typing
dynamic semantics: casts

def f(x:?) = x + 2

f(5)

f(true)

def f(x:?) = <int⇐?>x + 2

<int⇐?>5 + 2 5 + 2 7

runtime error

check that it’s an int

Basics
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def f(x:int) = x + 2
def h(g) = g(true)
h(f)

def f(x:int) = x + 2
def h(g:?) = (<?→?⇐?>g)(<?⇐bool>true)
h(<?⇐int→int>f)

runtime error

(<?→?⇐?><?⇐int→int>f)(<?⇐bool>true)

(<?→?⇐int→int>f)(<?⇐bool>true)

fun(x:?){<?⇐int>f(<int⇐?>x)}(<?⇐bool>true)

<?⇐int>f(<int⇐?><?⇐bool>true)

<?⇐int>f(<int⇐bool>true)

body is safe!
can be compiled efficiently

check it is a functiontagged value

Basics
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Gradual Typing
Research Directions

Foundational methodologies

Metatheory & criteria

Languages features

Advanced typing disciplines

Implementation & performance
14

Beyond Simple Gradual Typing
• Subtyping (structural/nominal, records, objects, classes) 

• Parametric polymorphism 

• Type inference and gradual types 

• Union and recursive types 

• Algebraic data types 

• Delimited continuations 

• Effect handlers

[Siek&Taha’07, Ina&Igarashi’11, Takikawa+’12, etc.]

[Ahmed+’08’11’17’20, Igarashi’17, Toro+’19, etc.]

[Siek&Vachharajani’08, Garcia&Cimini’15]

[Siek&Tobin-Hochstadt’16]

[New+’23]

[Miyazaki+’16]

[Malewski+’21]

…

Languages features
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Metatheory & criteria   

Gradual Typing
Refined

16



Properties of Gradual Languages

17

equivalence for static terms

embedding of dynamic terms

[Siek & Taha, 2006]

type safety admits runtime type errors

conservative extension

expressive

<latexit sha1_base64="JF7AmR5zycBMtQcNI6uH98CC+k8="></latexit>

blah
If → t : T then either
t is a value v, or
t ↑↓↔ t→ with → t→ : T , or
t ↑↓↔ error

Metatheory & criteria   

Conservative Extension wrt Static

7 3
<latexit sha1_base64="A7cOpuv032OrzfUXy8wWM+4vP9U=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9lthQpeil48VrAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3L/O4TVZpF8tHMYuoLPJYsZASbTGoMburDcsWtugugdeLlpAI5WsPy12AUkURQaQjHWvc9NzZ+ipVhhNN5aZBoGmMyxWPat1RiQbWfLm6dowurjFAYKVvSoIX6eyLFQuuZCGynwGaiV71M/M/rJya89lMm48RQSZaLwoQjE6HscTRiihLDZ5Zgopi9FZEJVpgYG0/JhuCtvrxOOrWqV6/WHq4qzds8jiKcwTlcggcNaMI9tKANBCbwDK/w5gjnxXl3PpatBSefOYU/cD5/ACeTjac=</latexit>

“7 applied to 3???”

Static Language Gradual Language

NOPE!

static error

7 3
<latexit sha1_base64="A7cOpuv032OrzfUXy8wWM+4vP9U=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9lthQpeil48VrAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3L/O4TVZpF8tHMYuoLPJYsZASbTGoMburDcsWtugugdeLlpAI5WsPy12AUkURQaQjHWvc9NzZ+ipVhhNN5aZBoGmMyxWPat1RiQbWfLm6dowurjFAYKVvSoIX6eyLFQuuZCGynwGaiV71M/M/rJya89lMm48RQSZaLwoQjE6HscTRiihLDZ5Zgopi9FZEJVpgYG0/JhuCtvrxOOrWqV6/WHq4qzds8jiKcwTlcggcNaMI9tKANBCbwDK/w5gjnxXl3PpatBSefOYU/cD5/ACeTjac=</latexit>

`S t : T if and only if ` t : T
<latexit sha1_base64="CuG7NEcpXhOpVrrrxoDQjoE7fDc=">AAACIXicbVDLSgMxFM34tr6qLt1cLIKrMiNSXYq6cFnRVqEtJZPJaDCTDMmdahn6K278FTcuFOlO/BnTx0JbDwQO55zLzT1hKoVF3//yZmbn5hcWl5YLK6tr6xvFza261ZlhvMa01OY2pJZLoXgNBUp+mxpOk1Dym/DhbODfdLixQqtr7Ka8ldA7JWLBKDqpXTxGaJ7rR0WN0Y/tK+hAE/kT5iBioCoCrWR3wHsAv5PQaRdLftkfAqZJMCYlMka1Xew3I82yhCtkklrbCPwUWzk1KJjkvUIzszyl7IHe8YajiibctvLhhT3Yc0oEsTbuKYSh+nsip4m13SR0yYTivZ30BuJ/XiPD+LiVC5VmyBUbLYozCahhUBdEwnCGroNIUGaE+yuwe2ooQ1dqwZUQTJ48TeoH5aBSrlwelk5Ox3UskR2yS/ZJQI7ICbkgVVIjjDyTV/JOPrwX78379Pqj6Iw3ntkmf+B9/wALt6LW</latexit>

t →S v if and only if t → v

Metatheory & criteria   
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Dynamic Embedding

7 3
<latexit sha1_base64="A7cOpuv032OrzfUXy8wWM+4vP9U=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9lthQpeil48VrAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3L/O4TVZpF8tHMYuoLPJYsZASbTGoMburDcsWtugugdeLlpAI5WsPy12AUkURQaQjHWvc9NzZ+ipVhhNN5aZBoGmMyxWPat1RiQbWfLm6dowurjFAYKVvSoIX6eyLFQuuZCGynwGaiV71M/M/rJya89lMm48RQSZaLwoQjE6HscTRiihLDZ5Zgopi9FZEJVpgYG0/JhuCtvrxOOrWqV6/WHq4qzds8jiKcwTlcggcNaMI9tKANBCbwDK/w5gjnxXl3PpatBSefOYU/cD5/ACeTjac=</latexit>

“7 applied to 3???”

(7 :: ?) (3 :: ?)
<latexit sha1_base64="SwQP53qOk2UBFWRLi8GNzCQ91cg=">AAACH3icdVDLSgNBEJyN7/ha9ehlMAjxEnajqOjBoBePCiYGsiHMTnqTIbMPZnrFsORPvPgrXjwoIt7yN05iDmq0oKGo6qa7y0+k0Og4Qys3Mzs3v7C4lF9eWV1btzc2azpOFYcqj2Ws6j7TIEUEVRQooZ4oYKEv4dbvXYz82ztQWsTRDfYTaIasE4lAcIZGatmHxaOTk8xDuEcdZF6a6C5LgJ4NBnveaXH/P69lF5ySMwadJu6EFMgEVy37w2vHPA0hQi6Z1g3XSbCZMYWCSxjkvVRDwniPdaBhaMRC0M1s/N+A7hqlTYNYmYqQjtXvExkLte6HvukMGXb1b28k/uU1UgyOm5mIkhQh4l+LglRSjOkoLNoWCjjKviGMK2FupbzLFONoIs2bENzfL0+TWrnk7pfK1weFyvkkjkWyTXZIkbjkiFTIJbkiVcLJA3kiL+TVerSerTfr/as1Z01mtsgPWMNPVLmijA==</latexit>

Dynamic Language Gradual Language

YUP!
dynamic error

<latexit sha1_base64="GIPtW691CMes97LBbvl6O5GK7xE=">AAACMHicbVBNSwMxFMz6bf2qevQSLIKnsiuiHkUFPSpYW+iWks2+1WA2WZK3aln6k7z4U/SioIhXf4VpLaitA4Fh5g0vb6JMCou+/+KNjU9MTk3PzJbm5hcWl8rLKxdW54ZDjWupTSNiFqRQUEOBEhqZAZZGEurR9WHPr9+AsUKrc+xk0ErZpRKJ4Ayd1C4fIw2P9K1ixujb9hE1NES4w4KKhDIVU61kp8e7lIaSg5DUBUyf/ORcql2u+FW/DzpKggGpkAFO2+XHMNY8T0Ehl8zaZuBn2CqYQcEldEthbiFj/JpdQtNRxVKwraJ/cJduOCWmiTbuKaR99XeiYKm1nTRykynDKzvs9cT/vGaOyV6rECrLERT/XpTk7mhNe+3RWBjg6CqJBeNGuL9SfsUM4+g6LrkSguGTR8nFVjXYqe6cbVf2DwZ1zJA1sk42SUB2yT45IaekRji5J0/klbx5D96z9+59fI+OeYPMKvkD7/MLQq2ohQ==</latexit>

t →D r if and only if ↑t↓ → r
<latexit sha1_base64="T/3mTBa6JlU1FEMrbqSYpoWksYk="></latexit>

If t is closed then → ↑t↓ : ?

Metatheory & criteria   
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What do you mean “Gradual”?

Refined Criteria for Gradual Typing
ú

Jeremy G. Siek1, Michael M. Vitousek1, Matteo Cimini1, and
John Tang Boyland2

1 Indiana University – Bloomington, School of Informatics and Computing

150 S. Woodlawn Ave. Bloomington, IN 47405, USA

jsiek@indiana.edu
2 University of Wisconsin – Milwaukee, Department of EECS

PO Box 784, Milwaukee WI 53201, USA

boyland@cs.uwm.edu

Abstract

Siek and Taha [2006] coined the term gradual typing to describe a theory for integrating static
and dynamic typing within a single language that 1) puts the programmer in control of which
regions of code are statically or dynamically typed and 2) enables the gradual evolution of code
between the two typing disciplines. Since 2006, the term gradual typing has become quite popular
but its meaning has become diluted to encompass anything related to the integration of static
and dynamic typing. This dilution is partly the fault of the original paper, which provided an
incomplete formal characterization of what it means to be gradually typed. In this paper we
draw a crisp line in the sand that includes a new formal property, named the gradual guarantee,
that relates the behavior of programs that di�er only with respect to their type annotations. We
argue that the gradual guarantee provides important guidance for designers of gradually typed
languages. We survey the gradual typing literature, critiquing designs in light of the gradual
guarantee. We also report on a mechanized proof that the gradual guarantee holds for the
Gradually Typed Lambda Calculus.

1998 ACM Subject Classification F.3.3 Studies of Program Constructs – Type structure

Keywords and phrases gradual typing, type systems, semantics, dynamic languages

Digital Object Identifier 10.4230/LIPIcs.SNAPL.2015.274

1 Introduction

Statically and dynamically typed languages have complementary strengths. Static typing
guarantees the absence of type errors, facilitates the generation of e�cient code, and provides
machine-checked documentation. On the other hand, dynamic typing enables rapid prototyp-
ing, flexible programming idioms, and fast adaptation to changing requirements. The theory
of gradual typing provides both of these typing disciplines within a single language, puts the
programmer in control of which discipline is used for each region of code, provides seamless
interoperability, and enables the convenient evolution of code between the two disciplines.
Gradual typing touches both the static type system and the dynamic semantics of a language.
The key innovation in the static type system is the consistency relation on types, which
allows implicit casts to and from the unknown type, here written ı, while still catching static
type errors [5, 50, 27].1 The dynamic semantics for gradual typing is based on the semantics

ú This work was partially supported by NSF grant 1360694.
1 The consistency relation is also known as compatibility.

© Jeremy Siek, Michael Vitousek, Matteo Cimini, John Tang Boyland;
licensed under Creative Commons License CC-BY

1st Summit on Advances in Programming Languages (SNAPL’15).
Eds.: Thomas Ball, Rastislav Bodík, Shriram Krishnamurthi, Benjamin S. Lerner, and Greg Morrisett; pp. 274–293

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

“meaning has become diluted to encompass 
anything related to the integration of static 

and dynamic typing”

[Siek et al., 2015]

Metatheory & criteria   
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Gradual Typing, refined

21

it’s all about (im)precision

some gradual types convey more information than others

Gradual Typing
best-effort static checking  

backed by dynamic checking

Int ! Int v ?Int ! ? v? ! ?v

[Siek et al., 2015]

Metatheory & criteria   

Precision

22

type precision extends to term precision

no explicit checks
evolution is completely  

driven by type annotations

def f(x) = x + 2
def h(g) = g(1)
h(f)

v

def f(x:int) = x + 2
def h(g) = g(1)
h(f)

v

def f(x:int) = x + 2
def h(g:int→int) = g(1)
h(f)

Metatheory & criteria   
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losing precision

[Siek et al, 2015]
Properties of Gradual Languages (ctd)

2) preserves reduction

1) preserves typing

Gradual Guarantee
def f(x) = x + 2
def h(g) = g(1)
h(f)

v

def f(x:int) = x + 2
def h(g) = g(1)
h(f)

v

def f(x:int) = x + 2
def h(g:int→int) = g(1)
h(f)

v

def f(x:int) = x + 2
def h(g) = g(1)
h(f)

adding type information can only  
introduce new static/dynamic errors

Metatheory & criteria   

TS* is not “Gradual”
[Swamy et al., POPL’14]

ok

ok

runtime 
error!

the gradual guarantee avoids such hiccups

Metatheory & criteria   
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Optional or Gradual?

def f(x:int→int) = x(2)
def h(g) = g(true)
h(f)

f(true)

at the boundary
runtime error

true(2)

at the last moment (for safety)
runtime error

protect assumptions made in static code🧐

“ok” if adding gradual types to 
a safe dynamic language  

(eg. JS, Python, Elixir, Racket)

not safe otherwise! 
(eg. OCaml, Haskell)

even if safe, could be too late  
(side-effects, type for security, etc.)

Metatheory & criteria   
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Optional or Gradual or Sound Gradual or ?
“optional type systems are neither 

syntactically nor semantically required, 
and have no effect on the dynamic 

semantics of the language”

typing.python.org

Metatheory & criteria   

26

What do programmers want?
Metatheory & criteria   

27

“Our most important finding is that our 
respondents prefer a runtime semantics that 

fully enforces statically declared types”

[DLS’18]

[OOPSLA’18]

What do programmers want?
Metatheory & criteria   

are they willing to pay for it?

Gradualtalk:  
gradual or optional 

Dart:  
checked mode 

production mode 
(now fine-tunable)

28



More Criteria for Gradual Typing

• Blame assignment [ESOP’09,TOPLAS’23] 

• Open world soundness [POPL’17]  

• Complete monitoring [OOPSLA’19] 

• Graduality (semantic account of DGG) [ICFP’18] 

• Fully-abstract embedding from static to gradual [POPL’21] 

• Vigilance [OOPSLA’24] 

• Robust dynamic embedding [ICFP’25]

it’s not over yet ;)

Metatheory & criteria   
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Gradual Typing
Extended

Advanced typing disciplines

30

What are types useful for?

well-behaved correct

no exceptions X,Y,Z

no segfault

define & enforce properties about program behavior

what about richer properties?

“no leaks of information”

Advanced typing disciplines
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list → list → list

list a → list a → list a

list a n → list a m → list a (n+m)

list a → list a     list a

l1:list a n → l2:list a m → l:list a (n+m)
  {∀i i∈{0..n-1}⇒l[i]=l1[i] 
    ⋀ i∈{n..n+m}⇒l[i]=l2[i]}

n:int{n>=0} → l:list a{length l > n} → Tot a

Parametricity

Effects

Dependencies

Refinements

IO

Advanced typing disciplines

32



Rich Types: Bestiary

Parametricity
Effects

Dependencies

RefinementsSecurity types

Ownership types

Typestates

Session types

Affine types

Linear types

Energy types
Sensitivity types

Advanced typing disciplines
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Advanced Gradual Types

• Gradual typestate 
• Gradual effects 
• Gradual refinement types 
• Gradual security types
• Gradual sensitivity types
• Gradual parametricity
• Gradual dependent types

[ICFP’14, OOPSLA’15, JFP’16]

[POPL’17, OOPSLA’18]

[TOPLAS’18]

some examples

[ICFP’19, TOPLAS’22,  
ICFP’22 (x2), ICFP’24]

[POPL’19, OOPSLA’22, JACM’22]

[CSF’25]

Advanced typing disciplines
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[ECOOP’11, TOPLAS’14]

Gradual Effects

[ICFP’14, OOPSLA’15, JFP’16]

Advanced typing disciplines

35

Effects

in, out, err
alloc, read, write
raise[T]

effect privileges

…

effectful operations
println, File.read(), …
new, x[i], x[i]=y, …
throw e
…

performing an effectful operation  
requires the corresponding privilege

I/O
memory
exceptions

effect domains

…

[Marino & Millstein, 2009]

Advanced typing disciplines
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Effect Systems

37

def f(x: Int): Int @{} =
  println(“hola”)
  x + 1

def f(x: Int): Int @{io} =
  println(“hola”)
  x + 1

static error

// Int   Int
{}

// Int   Int
{io}

T1   T2
ɸ set of latent effects

Advanced typing disciplines

def f(x: Int): Int =
  println(“hola”)
  x + 1

dynamic check: 
has print privilege?

def run(callback: Int    Int) =
  v = …
  callback(v)

{}

restrict current context 
to no privileges

run(f)

def f(x: Int): Int @{¿} =
 has(print); println(“hola”)
  x + 1

run(fun(x:Int){ restrict {} f(x) })

has/restrict play the role of “effect casts”

“untyped” ≡ has unknown effect ¿

Gradual Effects

runtime error

Advanced typing disciplines
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Gradual Refinement Types

[POPL’17, OOPSLA’18]

Advanced typing disciplines

39

Refinement Types

40

type Nat = {ν:Int | ν ≥ 0}

def fib(x: Nat): Nat

def isNat(x: Int): Bool

def bar(x: Int): Int  
  if isNat(x)
  then fib(x)
  else fib(-x)

static error
static error

{ν: Bool | ⏉ }{ν: Bool | ν=true ⇒ x ≥ 0}{ν: Bool | ν=true ⇔ x ≥ 0}

Advanced typing disciplines



Gradual Refinement Types

41

type Nat = {ν:Int | ν ≥ 0}

def fib(x: Nat): Nat

def isNat(x: Int): Bool

def bar(x: Int): Int  
  if isNat(x)
  then fib(x)
  else fib(-x)

{ν: Bool | ?}

+ dynamic check
+ dynamic check

{ν: Bool | ν = true ⇒ x ≥ 0 ∧ ?}

Advanced typing disciplines

Gradual Refinement Types

42

type Nat = {ν:Int | ν ≥ 0}

def fib(x: Nat): Nat

def isNat(x: Int): Bool

def bar(x: Int): Int  
  if isNat(x)
  then fib(-x)
  else fib(x)

{ν: Bool | ?}

+ dynamic check

{ν: Bool | ν = true ⇒ x ≥ 0 ∧ ?}

static error

Advanced typing disciplines

Gradual Parametricity

[POPL’19, JACM’22, OOPSLA’22]

Advanced typing disciplines

43

Parametricity, Intuitively

44

let f : ∀X.X→X = 
…

in f [Int] 10

f ≃ id

should get back 10

strong type-based reasoning principle

[Reynolds83]
Polymorphic types dictate uniformity of behavior

[Wadler89]“free theorems”

Advanced typing disciplines



let f : ∀X.X→X = 
…

Gradual Parametricity, Intuitively

45

ΛX.λx:X.g x true 

let g : ? = 

in

✓  

“half parametric”

false is f really 
parametric?

* 10

tracking type safety at runtime is not enough

error*

d
<latexit sha1_base64="BEWKR52vyJwUnzi8unlwZk9OlwA=">AAACAHicbVDLSsNAFL3xWeur6tJNsAiuSiKCLotuXFawD2hDmUxu2rGTSZiZCCV04xe41S9wJ279Ez/A/3CSZqGtBwYO59zDvXP8hDOlHefLWlldW9/YrGxVt3d29/ZrB4cdFaeSYpvGPJY9nyjkTGBbM82xl0gkkc+x609ucr/7iFKxWNzraYJeREaChYwSbaTOgFNkfFirOw2ngL1M3JLUoURrWPseBDFNIxSacqJU33US7WVEakY5zqqDVGFC6ISMsG+oIBEqLyuundmnRgnsMJbmCW0X6u9ERiKlppFvJiOix2rRy8X/vH6qwysvYyJJNQo6XxSm3NaxnX/dDphEqvnUEEIlM7fadEwkodoUVB0UwSzAkAmWl6Nmphd3sYVl0jlvuIbfXdSb12VDFTiGEzgDFy6hCbfQgjZQeIBneIFX68l6s96tj/noilVmjuAPrM8fX5SXrQ==</latexit><latexit sha1_base64="BEWKR52vyJwUnzi8unlwZk9OlwA=">AAACAHicbVDLSsNAFL3xWeur6tJNsAiuSiKCLotuXFawD2hDmUxu2rGTSZiZCCV04xe41S9wJ279Ez/A/3CSZqGtBwYO59zDvXP8hDOlHefLWlldW9/YrGxVt3d29/ZrB4cdFaeSYpvGPJY9nyjkTGBbM82xl0gkkc+x609ucr/7iFKxWNzraYJeREaChYwSbaTOgFNkfFirOw2ngL1M3JLUoURrWPseBDFNIxSacqJU33US7WVEakY5zqqDVGFC6ISMsG+oIBEqLyuundmnRgnsMJbmCW0X6u9ERiKlppFvJiOix2rRy8X/vH6qwysvYyJJNQo6XxSm3NaxnX/dDphEqvnUEEIlM7fadEwkodoUVB0UwSzAkAmWl6Nmphd3sYVl0jlvuIbfXdSb12VDFTiGEzgDFy6hCbfQgjZQeIBneIFX68l6s96tj/noilVmjuAPrM8fX5SXrQ==</latexit><latexit sha1_base64="BEWKR52vyJwUnzi8unlwZk9OlwA=">AAACAHicbVDLSsNAFL3xWeur6tJNsAiuSiKCLotuXFawD2hDmUxu2rGTSZiZCCV04xe41S9wJ279Ez/A/3CSZqGtBwYO59zDvXP8hDOlHefLWlldW9/YrGxVt3d29/ZrB4cdFaeSYpvGPJY9nyjkTGBbM82xl0gkkc+x609ucr/7iFKxWNzraYJeREaChYwSbaTOgFNkfFirOw2ngL1M3JLUoURrWPseBDFNIxSacqJU33US7WVEakY5zqqDVGFC6ISMsG+oIBEqLyuundmnRgnsMJbmCW0X6u9ERiKlppFvJiOix2rRy8X/vH6qwysvYyJJNQo6XxSm3NaxnX/dDphEqvnUEEIlM7fadEwkodoUVB0UwSzAkAmWl6Nmphd3sYVl0jlvuIbfXdSb12VDFTiGEzgDFy6hCbfQgjZQeIBneIFX68l6s96tj/noilVmjuAPrM8fX5SXrQ==</latexit><latexit sha1_base64="BEWKR52vyJwUnzi8unlwZk9OlwA=">AAACAHicbVDLSsNAFL3xWeur6tJNsAiuSiKCLotuXFawD2hDmUxu2rGTSZiZCCV04xe41S9wJ279Ez/A/3CSZqGtBwYO59zDvXP8hDOlHefLWlldW9/YrGxVt3d29/ZrB4cdFaeSYpvGPJY9nyjkTGBbM82xl0gkkc+x609ucr/7iFKxWNzraYJeREaChYwSbaTOgFNkfFirOw2ngL1M3JLUoURrWPseBDFNIxSacqJU33US7WVEakY5zqqDVGFC6ISMsG+oIBEqLyuundmnRgnsMJbmCW0X6u9ERiKlppFvJiOix2rRy8X/vH6qwysvYyJJNQo6XxSm3NaxnX/dDphEqvnUEEIlM7fadEwkodoUVB0UwSzAkAmWl6Nmphd3sYVl0jlvuIbfXdSb12VDFTiGEzgDFy6hCbfQgjZQeIBneIFX68l6s96tj/noilVmjuAPrM8fX5SXrQ==</latexit>

e
<latexit sha1_base64="bpJhF2NnnffePwMgW1k4o4PDrJQ=">AAACAHicbVDLSsNAFL3xWeur6tJNsAiuSiKCLotuXFawD2hDmUxu2rGTSZiZCCV04xe41S9wJ279Ez/A/3CSZqGtBwYO59wzc+f4CWdKO86XtbK6tr6xWdmqbu/s7u3XDg47Kk4lxTaNeSx7PlHImcC2ZppjL5FIIp9j15/c5H73EaVisbjX0wS9iIwECxkl2kidgbmF8WGt7jScAvYycUtShxKtYe17EMQ0jVBoyolSfddJtJcRqRnlOKsOUoUJoRMywr6hgkSovKzYdmafGiWww1iaI7RdqL8TGYmUmka+mYyIHqtFLxf/8/qpDq+8jIkk1Sjo/KEw5baO7fzrdsAkUs2nhhAqmdnVpmMiCdWmoOqgCGYBhkywvBw1M724iy0sk855wzX87qLevC4bqsAxnMAZuHAJTbiFFrSBwgM8wwu8Wk/Wm/VufcxHV6wycwR/YH3+AGk2l7M=</latexit><latexit sha1_base64="bpJhF2NnnffePwMgW1k4o4PDrJQ=">AAACAHicbVDLSsNAFL3xWeur6tJNsAiuSiKCLotuXFawD2hDmUxu2rGTSZiZCCV04xe41S9wJ279Ez/A/3CSZqGtBwYO59wzc+f4CWdKO86XtbK6tr6xWdmqbu/s7u3XDg47Kk4lxTaNeSx7PlHImcC2ZppjL5FIIp9j15/c5H73EaVisbjX0wS9iIwECxkl2kidgbmF8WGt7jScAvYycUtShxKtYe17EMQ0jVBoyolSfddJtJcRqRnlOKsOUoUJoRMywr6hgkSovKzYdmafGiWww1iaI7RdqL8TGYmUmka+mYyIHqtFLxf/8/qpDq+8jIkk1Sjo/KEw5baO7fzrdsAkUs2nhhAqmdnVpmMiCdWmoOqgCGYBhkywvBw1M724iy0sk855wzX87qLevC4bqsAxnMAZuHAJTbiFFrSBwgM8wwu8Wk/Wm/VufcxHV6wycwR/YH3+AGk2l7M=</latexit><latexit sha1_base64="bpJhF2NnnffePwMgW1k4o4PDrJQ=">AAACAHicbVDLSsNAFL3xWeur6tJNsAiuSiKCLotuXFawD2hDmUxu2rGTSZiZCCV04xe41S9wJ279Ez/A/3CSZqGtBwYO59wzc+f4CWdKO86XtbK6tr6xWdmqbu/s7u3XDg47Kk4lxTaNeSx7PlHImcC2ZppjL5FIIp9j15/c5H73EaVisbjX0wS9iIwECxkl2kidgbmF8WGt7jScAvYycUtShxKtYe17EMQ0jVBoyolSfddJtJcRqRnlOKsOUoUJoRMywr6hgkSovKzYdmafGiWww1iaI7RdqL8TGYmUmka+mYyIHqtFLxf/8/qpDq+8jIkk1Sjo/KEw5baO7fzrdsAkUs2nhhAqmdnVpmMiCdWmoOqgCGYBhkywvBw1M724iy0sk855wzX87qLevC4bqsAxnMAZuHAJTbiFFrSBwgM8wwu8Wk/Wm/VufcxHV6wycwR/YH3+AGk2l7M=</latexit><latexit sha1_base64="bpJhF2NnnffePwMgW1k4o4PDrJQ=">AAACAHicbVDLSsNAFL3xWeur6tJNsAiuSiKCLotuXFawD2hDmUxu2rGTSZiZCCV04xe41S9wJ279Ez/A/3CSZqGtBwYO59wzc+f4CWdKO86XtbK6tr6xWdmqbu/s7u3XDg47Kk4lxTaNeSx7PlHImcC2ZppjL5FIIp9j15/c5H73EaVisbjX0wS9iIwECxkl2kidgbmF8WGt7jScAvYycUtShxKtYe17EMQ0jVBoyolSfddJtJcRqRnlOKsOUoUJoRMywr6hgkSovKzYdmafGiWww1iaI7RdqL8TGYmUmka+mYyIHqtFLxf/8/qpDq+8jIkk1Sjo/KEw5baO7fzrdsAkUs2nhhAqmdnVpmMiCdWmoOqgCGYBhkywvBw1M724iy0sk855wzX87qLevC4bqsAxnMAZuHAJTbiFFrSBwgM8wwu8Wk/Wm/VufcxHV6wycwR/YH3+AGk2l7M=</latexit>

need some form of runtime sealing

in f [Int] 10

λa.λb.if b then a else a+1

[Morris73]

Advanced typing disciplines

GSF: Gradual System F8
<latexit sha1_base64="TIAlrb1MmQWtceZnR3UYEy6tr5s=">AAACAXicbVC7TsNAEFzzDOEVoKSxiJCoIpsGOiLRUAaJPFBsRefzOjnlfLbuzkiRlYovoIUvoEO0fAkdDf/B2UkBCSOdNJrZ0e5NkHKmtON8Wiura+sbm5Wt6vbO7t5+7eCwo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPxdeF3H1Aqlog7PUnRj8lQsIhRoo3U9aJEEs4HtbrTcErYy8Sdk/rVF5RoDWrfXpjQLEahKSdK9V0n1X5OpGaU47TqZQpTQsdkiH1DBYlR+Xl57tQ+NUpom83mCW2X6u9ETmKlJnFgJmOiR2rRK8T/vH6mo0s/ZyLNNAo6WxRl3NaJXfzdDplEqvnEEEIlM7fadEQkodo0VPXKYB5ixAQr2lFT04u72MIy6Zw3XKfh3jr15v2sIKjAMZzAGbhwAU24gRa0gcIYnuAZXqxH69V6s95noyvWPHMEf2B9/ADkrJlg</latexit><latexit sha1_base64="TIAlrb1MmQWtceZnR3UYEy6tr5s=">AAACAXicbVC7TsNAEFzzDOEVoKSxiJCoIpsGOiLRUAaJPFBsRefzOjnlfLbuzkiRlYovoIUvoEO0fAkdDf/B2UkBCSOdNJrZ0e5NkHKmtON8Wiura+sbm5Wt6vbO7t5+7eCwo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPxdeF3H1Aqlog7PUnRj8lQsIhRoo3U9aJEEs4HtbrTcErYy8Sdk/rVF5RoDWrfXpjQLEahKSdK9V0n1X5OpGaU47TqZQpTQsdkiH1DBYlR+Xl57tQ+NUpom83mCW2X6u9ETmKlJnFgJmOiR2rRK8T/vH6mo0s/ZyLNNAo6WxRl3NaJXfzdDplEqvnEEEIlM7fadEQkodo0VPXKYB5ixAQr2lFT04u72MIy6Zw3XKfh3jr15v2sIKjAMZzAGbhwAU24gRa0gcIYnuAZXqxH69V6s95noyvWPHMEf2B9/ADkrJlg</latexit><latexit sha1_base64="TIAlrb1MmQWtceZnR3UYEy6tr5s=">AAACAXicbVC7TsNAEFzzDOEVoKSxiJCoIpsGOiLRUAaJPFBsRefzOjnlfLbuzkiRlYovoIUvoEO0fAkdDf/B2UkBCSOdNJrZ0e5NkHKmtON8Wiura+sbm5Wt6vbO7t5+7eCwo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPxdeF3H1Aqlog7PUnRj8lQsIhRoo3U9aJEEs4HtbrTcErYy8Sdk/rVF5RoDWrfXpjQLEahKSdK9V0n1X5OpGaU47TqZQpTQsdkiH1DBYlR+Xl57tQ+NUpom83mCW2X6u9ETmKlJnFgJmOiR2rRK8T/vH6mo0s/ZyLNNAo6WxRl3NaJXfzdDplEqvnEEEIlM7fadEQkodo0VPXKYB5ixAQr2lFT04u72MIy6Zw3XKfh3jr15v2sIKjAMZzAGbhwAU24gRa0gcIYnuAZXqxH69V6s95noyvWPHMEf2B9/ADkrJlg</latexit><latexit sha1_base64="efeLnhov6Sn3m8m4Yk5qdG8zkSQ=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSuJGlwU3LivYhzShTCY37dDJJMxMhBK68gvc6he4E7d+iR/gfzhJs9DWAwOHc+7h3jlBypnSjvNlra1vbG5t13bqu3v7B4eNo+OeSjJJsUsTnshBQBRyJrCrmeY4SCWSOODYD6Y3hd9/RKlYIu71LEU/JmPBIkaJNlLfixJJOB81mk7LKWGvErciTajQGTW+vTChWYxCU06UGrpOqv2cSM0ox3ndyxSmhE7JGIeGChKj8vPy3Ll9bpTQNpvNE9ou1d+JnMRKzeLATMZET9SyV4j/ecNMR9d+zkSaaRR0sSjKuK0Tu/i7HTKJVPOZIYRKZm616YRIQrVpqO6VwTzEiAlWtKPmphd3uYVV0rtsuU7LvXOa7YeqoRqcwhlcgAtX0IZb6EAXKEzhGV7g1Xqy3qx362MxumZVmRP4A+vzB0oMmEE=</latexit>

?
<latexit sha1_base64="2/lgRsaHE3zU485kLQD27WyA/oM=">AAAB/HicbVC7TsNAEFzzDOEVoKSxiJCoIpsGukSioQyIPFBiRefzOjnlfLbuzkiRFb6AFr6ADtHyL3Q0/AdnJwUkjHTSaGZHuzd+wpnSjvNprayurW9slrbK2zu7e/uVg8O2ilNJsUVjHsuuTxRyJrClmebYTSSSyOfY8cdXud95QKlYLO70JEEvIkPBQkaJNtJtvz6oVJ2aU8BeJu6cVOtfUKA5qHz3g5imEQpNOVGq5zqJ9jIiNaMcp+V+qjAhdEyG2DNUkAiVlxWXTu1TowR2GEvzhLYL9XciI5FSk8g3kxHRI7Xo5eJ/Xi/V4aWXMZGkGgWdLQpTbuvYzr9tB0wi1XxiCKGSmVttOiKSUG3KKfeLYBZgyATLi1FT04u72MIyaZ/XXKfm3jjVxv2sICjBMZzAGbhwAQ24hia0gEIIT/AML9aj9Wq9We+z0RVrnjmCP7A+fgCOHpbt</latexit><latexit sha1_base64="2/lgRsaHE3zU485kLQD27WyA/oM=">AAAB/HicbVC7TsNAEFzzDOEVoKSxiJCoIpsGukSioQyIPFBiRefzOjnlfLbuzkiRFb6AFr6ADtHyL3Q0/AdnJwUkjHTSaGZHuzd+wpnSjvNprayurW9slrbK2zu7e/uVg8O2ilNJsUVjHsuuTxRyJrClmebYTSSSyOfY8cdXud95QKlYLO70JEEvIkPBQkaJNtJtvz6oVJ2aU8BeJu6cVOtfUKA5qHz3g5imEQpNOVGq5zqJ9jIiNaMcp+V+qjAhdEyG2DNUkAiVlxWXTu1TowR2GEvzhLYL9XciI5FSk8g3kxHRI7Xo5eJ/Xi/V4aWXMZGkGgWdLQpTbuvYzr9tB0wi1XxiCKGSmVttOiKSUG3KKfeLYBZgyATLi1FT04u72MIyaZ/XXKfm3jjVxv2sICjBMZzAGbhwAQ24hia0gEIIT/AML9aj9Wq9We+z0RVrnjmCP7A+fgCOHpbt</latexit><latexit sha1_base64="2/lgRsaHE3zU485kLQD27WyA/oM=">AAAB/HicbVC7TsNAEFzzDOEVoKSxiJCoIpsGukSioQyIPFBiRefzOjnlfLbuzkiRFb6AFr6ADtHyL3Q0/AdnJwUkjHTSaGZHuzd+wpnSjvNprayurW9slrbK2zu7e/uVg8O2ilNJsUVjHsuuTxRyJrClmebYTSSSyOfY8cdXud95QKlYLO70JEEvIkPBQkaJNtJtvz6oVJ2aU8BeJu6cVOtfUKA5qHz3g5imEQpNOVGq5zqJ9jIiNaMcp+V+qjAhdEyG2DNUkAiVlxWXTu1TowR2GEvzhLYL9XciI5FSk8g3kxHRI7Xo5eJ/Xi/V4aWXMZGkGgWdLQpTbuvYzr9tB0wi1XxiCKGSmVttOiKSUG3KKfeLYBZgyATLi1FT04u72MIyaZ/XXKfm3jjVxv2sICjBMZzAGbhwAQ24hia0gEIIT/AML9aj9Wq9We+z0RVrnjmCP7A+fgCOHpbt</latexit><latexit sha1_base64="FTzwOe4Y/Jkuf4PWw6S104S4+QY=">AAAB/HicbVDLSsNAFL2pr1pfVZdugkVwVRI3urPgxmUV2ypNKJPpTTt0MgkzE6GE+gVu9QvciVv/xQ/wP5ykWWjrgYHDOfdw75wg4Uxpx/myKiura+sb1c3a1vbO7l59/6Cr4lRS7NCYx/I+IAo5E9jRTHO8TySSKODYCyZXud97RKlYLO70NEE/IiPBQkaJNtKtdzmoN5ymU8BeJm5JGlCiPah/e8OYphEKTTlRqu86ifYzIjWjHGc1L1WYEDohI+wbKkiEys+KS2f2iVGGdhhL84S2C/V3IiORUtMoMJMR0WO16OXif14/1eGFnzGRpBoFnS8KU27r2M6/bQ+ZRKr51BBCJTO32nRMJKHalFPzimA2xJAJlhejZqYXd7GFZdI9a7pO071xGq2HsqEqHMExnIIL59CCa2hDByiE8Awv8Go9WW/Wu/UxH61YZeYQ/sD6/AHzb5XO</latexit>

Advanced typing disciplines

46

GSF in Action

47

(f [Int] 1) + 1 error error

let f : ? = ΛX.λx:X.x in
f [Int] true true true

GSF

2

error

λB

let f : ∀X.X→? = ΛX.λx:X.x in

FG

⇠<latexit sha1_base64="D/kFR88p6QUMnAOmcB6I0Rf1woU=">AAAB/3icdVDLSgMxFL1TX3V8VV26CRbBVZnp24VYdOOygm2FtpRMmmlDM5khyQhlKOgXuNUvcCdu/QK/wQ/wP0xbBRU9EDiccw+593gRZ0o7zpuVWlhcWl5Jr9pr6xubW5ntnaYKY0log4Q8lFceVpQzQRuaaU6vIklx4HHa8kZnU791TaViobjU44h2AzwQzGcEayM1OooFdi+TdXJuqewUy8iQglvKVwwpFYrVoyJyc84M2ZNX+/gGAOq9zHunH5I4oEITjpVqu06kuwmWmhFOJ3YnVjTCZIQHtG2owAFV3WS27AQdGKWP/FCaJzSaqd8TCQ6UGgeemQywHqrf3lT8y2vH2q92EyaiWFNB5h/5MUc6RNPLUZ9JSjQfG4KJZGZXRIZYYqJNP3ZnFkz61GeCTbtRE9PL1/Hof9LM51zDL5xs7RTmSMMe7MMhuFCBGpxDHRpAgMEd3MODdWs9Wk/W83w0ZX1mduEHrJcPF66ZAA==</latexit><latexit sha1_base64="rdg25UJy59ItxmBD106oMPkrP9s=">AAAB/3icdVDLSgMxFM3UVx1fVZdugkVwVWb6diEW3bisYB/QGUomzbShmcyQZIQydOEXuNW1C3fi1i/wE8QP8D9MpwoqeiBwOOcecu/xIkalsqw3I7OwuLS8kl0119Y3Nrdy2zttGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6Xjjs5nfuSJC0pBfqklE3AANOfUpRkpLLUfSwOzn8lbBrlStchVqUrIrxZomlVK5flSGdsFKkT95MY+j+1ez2c+9O4MQxwHhCjMkZc+2IuUmSCiKGZmaTixJhPAYDUlPU44CIt0kXXYKD7QygH4o9OMKpur3RIICKSeBpycDpEbytzcT//J6sfLrbkJ5FCvC8fwjP2ZQhXB2ORxQQbBiE00QFlTvCvEICYSV7sd00mAyID7ldNaNnOpevo6H/5N2sWBrfmHlG6dgjizYA/vgENigBhrgHDRBC2BAwQ24BXfGtfFgPBpP89GM8ZnZBT9gPH8AJNmadA==</latexit><latexit sha1_base64="rdg25UJy59ItxmBD106oMPkrP9s=">AAAB/3icdVDLSgMxFM3UVx1fVZdugkVwVWb6diEW3bisYB/QGUomzbShmcyQZIQydOEXuNW1C3fi1i/wE8QP8D9MpwoqeiBwOOcecu/xIkalsqw3I7OwuLS8kl0119Y3Nrdy2zttGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6Xjjs5nfuSJC0pBfqklE3AANOfUpRkpLLUfSwOzn8lbBrlStchVqUrIrxZomlVK5flSGdsFKkT95MY+j+1ez2c+9O4MQxwHhCjMkZc+2IuUmSCiKGZmaTixJhPAYDUlPU44CIt0kXXYKD7QygH4o9OMKpur3RIICKSeBpycDpEbytzcT//J6sfLrbkJ5FCvC8fwjP2ZQhXB2ORxQQbBiE00QFlTvCvEICYSV7sd00mAyID7ldNaNnOpevo6H/5N2sWBrfmHlG6dgjizYA/vgENigBhrgHDRBC2BAwQ24BXfGtfFgPBpP89GM8ZnZBT9gPH8AJNmadA==</latexit><latexit sha1_base64="pcAJBWDy76IEpQvGjrGazhEa0qk=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmmSGJCOUoS/g1idwJ76RD+B7mJl2oa0HAodzcsnNF+eCGxsEX15jZ3dv/6B56B+1/OOT03ZrYLJCM+yzTGT6OaYGBVfYt9wKfM41UhkLHMbz+6ofvqA2PFNPdpFjJOlU8ZQzal3Um7Q7QTeoRbZNuDYdWGvS/h4nGSskKssENWYUBrmNSqotZwKX/rgwmFM2p1McOauoRBOV9ZpLcumShKSZdkdZUqe/J0oqjVnI2N2U1M7MZleF/3Wjwqa3UclVXlhUbPVQWghiM1L9mSRcI7Ni4QxlmrtdCZtRTZl1ZPxxPVgmmHLFKypm6bCEmxC2zeC6Gzr/GEATzuECriCEG7iDB+hBHxgk8ApvXum9ex8rfA1vzfEM/sj7/AFl7JK3</latexit><latexit sha1_base64="SIT3CU+KZwoEI+YCKvN7bUAezqM=">AAAB9HicbZBPS8MwGMbfzn+zTp1evQSH4Gm0XvQoePE4wW6DtYw0TbewJC1JKoyyg5/Aq34Cb+LX8QP4PUy7HXTzgcDD8+Qlb35xzpk2nvflNLa2d3b3mvvuQevw6Lh90urrrFCEBiTjmRrGWFPOJA0MM5wOc0WxiDkdxLO7qh88UaVZJh/NPKeRwBPJUkawsVEQaibccbvjdb1aaNP4K9OBlXrj9neYZKQQVBrCsdYj38tNVGJlGOF04YaFpjkmMzyhI2slFlRHZb3sAl3YJEFppuyRBtXp74kSC63nIrY3BTZTvd5V4X/dqDDpTVQymReGSrJ8KC04Mhmqfo4SpigxfG4NJorZXRGZYoWJsXzcsB4sE5oyySo2emG5+OsUNk3/qutb/+BBE87gHC7Bh2u4hXvoQQAEGLzAK7w5z86787Ek2HBWKE/hj5zPH5bClYM=</latexit><latexit sha1_base64="hiFTx2mSQg0V6xM775t0jZw50wU=">AAAB9HicdZDNSgMxFIXv+Ftr1erWTbAIrspM/90JblxWcNpCW0omzbShSWZIMkIZuvAJ3OoTuBNfxwfwPcy0FVT0QODj3FzuvSeIOdPGdd+djc2t7Z3d3F5+v3BweFQ8LnR0lChCfRLxSPUCrClnkvqGGU57saJYBJx2g9l1Vu/eU6VZJO/MPKZDgSeShYxgYy1/oJnIj4olt+zVG26tgSxUvXqlaaFerbUua8gru0uVYK32qPgxGEckEVQawrHWfc+NzTDFyjDC6SI/SDSNMZnhCe1blFhQPUyXyy7QuXXGKIyUfdKgpfu9I8VC67kI7E+BzVT/rmXmX7V+YsLWMGUyTgyVZDUoTDgyEcouR2OmKDF8bgETxeyuiEyxwsTYfPKDZWM6piGTLMtGL2wuX8ej/6FTKXuWb13IwSmcwQV40IQruIE2+ECAwSM8wbPz4Lw4r6sEN5x1lCfwQ87bJwO3lc0=</latexit><latexit sha1_base64="nEoRmwjZv4Blv/oUIr92eHqeB5s=">AAAB/3icdVDLSsNAFJ3UV42vqks3g0VwVZK+3RXduKxg2kITymQ6aYdOJmFmIpTQhV/gVr/Anbj1U/wA/8NJWkFFDwwczrmHuff4MaNSWda7UVhb39jcKm6bO7t7+welw6OejBKBiYMjFomBjyRhlBNHUcXIIBYEhT4jfX92lfn9OyIkjfitmsfEC9GE04BipLTkuJKG5qhUtip2o2nVm1CTmt2otjRp1Ortizq0K1aOMlihOyp9uOMIJyHhCjMk5dC2YuWlSCiKGVmYbiJJjPAMTchQU45CIr00X3YBz7QyhkEk9OMK5ur3RIpCKeehrydDpKbyt5eJf3nDRAVtL6U8ThThePlRkDCoIphdDsdUEKzYXBOEBdW7QjxFAmGl+zHdPJiOSUA5zbqRC93L1/Hwf9KrVmzNb6xy53LVUBGcgFNwDmzQAh1wDbrAARhQ8AAewZNxbzwbL8brcrRgrDLH4AeMt0+GMJcz</latexit><latexit sha1_base64="nEoRmwjZv4Blv/oUIr92eHqeB5s=">AAAB/3icdVDLSsNAFJ3UV42vqks3g0VwVZK+3RXduKxg2kITymQ6aYdOJmFmIpTQhV/gVr/Anbj1U/wA/8NJWkFFDwwczrmHuff4MaNSWda7UVhb39jcKm6bO7t7+welw6OejBKBiYMjFomBjyRhlBNHUcXIIBYEhT4jfX92lfn9OyIkjfitmsfEC9GE04BipLTkuJKG5qhUtip2o2nVm1CTmt2otjRp1Ortizq0K1aOMlihOyp9uOMIJyHhCjMk5dC2YuWlSCiKGVmYbiJJjPAMTchQU45CIr00X3YBz7QyhkEk9OMK5ur3RIpCKeehrydDpKbyt5eJf3nDRAVtL6U8ThThePlRkDCoIphdDsdUEKzYXBOEBdW7QjxFAmGl+zHdPJiOSUA5zbqRC93L1/Hwf9KrVmzNb6xy53LVUBGcgFNwDmzQAh1wDbrAARhQ8AAewZNxbzwbL8brcrRgrDLH4AeMt0+GMJcz</latexit><latexit sha1_base64="rdg25UJy59ItxmBD106oMPkrP9s=">AAAB/3icdVDLSgMxFM3UVx1fVZdugkVwVWb6diEW3bisYB/QGUomzbShmcyQZIQydOEXuNW1C3fi1i/wE8QP8D9MpwoqeiBwOOcecu/xIkalsqw3I7OwuLS8kl0119Y3Nrdy2zttGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6Xjjs5nfuSJC0pBfqklE3AANOfUpRkpLLUfSwOzn8lbBrlStchVqUrIrxZomlVK5flSGdsFKkT95MY+j+1ez2c+9O4MQxwHhCjMkZc+2IuUmSCiKGZmaTixJhPAYDUlPU44CIt0kXXYKD7QygH4o9OMKpur3RIICKSeBpycDpEbytzcT//J6sfLrbkJ5FCvC8fwjP2ZQhXB2ORxQQbBiE00QFlTvCvEICYSV7sd00mAyID7ldNaNnOpevo6H/5N2sWBrfmHlG6dgjizYA/vgENigBhrgHDRBC2BAwQ24BXfGtfFgPBpP89GM8ZnZBT9gPH8AJNmadA==</latexit><latexit sha1_base64="rdg25UJy59ItxmBD106oMPkrP9s=">AAAB/3icdVDLSgMxFM3UVx1fVZdugkVwVWb6diEW3bisYB/QGUomzbShmcyQZIQydOEXuNW1C3fi1i/wE8QP8D9MpwoqeiBwOOcecu/xIkalsqw3I7OwuLS8kl0119Y3Nrdy2zttGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6Xjjs5nfuSJC0pBfqklE3AANOfUpRkpLLUfSwOzn8lbBrlStchVqUrIrxZomlVK5flSGdsFKkT95MY+j+1ez2c+9O4MQxwHhCjMkZc+2IuUmSCiKGZmaTixJhPAYDUlPU44CIt0kXXYKD7QygH4o9OMKpur3RIICKSeBpycDpEbytzcT//J6sfLrbkJ5FCvC8fwjP2ZQhXB2ORxQQbBiE00QFlTvCvEICYSV7sd00mAyID7ldNaNnOpevo6H/5N2sWBrfmHlG6dgjizYA/vgENigBhrgHDRBC2BAwQ24BXfGtfFgPBpP89GM8ZnZBT9gPH8AJNmadA==</latexit><latexit sha1_base64="rdg25UJy59ItxmBD106oMPkrP9s=">AAAB/3icdVDLSgMxFM3UVx1fVZdugkVwVWb6diEW3bisYB/QGUomzbShmcyQZIQydOEXuNW1C3fi1i/wE8QP8D9MpwoqeiBwOOcecu/xIkalsqw3I7OwuLS8kl0119Y3Nrdy2zttGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6Xjjs5nfuSJC0pBfqklE3AANOfUpRkpLLUfSwOzn8lbBrlStchVqUrIrxZomlVK5flSGdsFKkT95MY+j+1ez2c+9O4MQxwHhCjMkZc+2IuUmSCiKGZmaTixJhPAYDUlPU44CIt0kXXYKD7QygH4o9OMKpur3RIICKSeBpycDpEbytzcT//J6sfLrbkJ5FCvC8fwjP2ZQhXB2ORxQQbBiE00QFlTvCvEICYSV7sd00mAyID7ldNaNnOpevo6H/5N2sWBrfmHlG6dgjizYA/vgENigBhrgHDRBC2BAwQ24BXfGtfFgPBpP89GM8ZnZBT9gPH8AJNmadA==</latexit><latexit sha1_base64="rdg25UJy59ItxmBD106oMPkrP9s=">AAAB/3icdVDLSgMxFM3UVx1fVZdugkVwVWb6diEW3bisYB/QGUomzbShmcyQZIQydOEXuNW1C3fi1i/wE8QP8D9MpwoqeiBwOOcecu/xIkalsqw3I7OwuLS8kl0119Y3Nrdy2zttGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6Xjjs5nfuSJC0pBfqklE3AANOfUpRkpLLUfSwOzn8lbBrlStchVqUrIrxZomlVK5flSGdsFKkT95MY+j+1ez2c+9O4MQxwHhCjMkZc+2IuUmSCiKGZmaTixJhPAYDUlPU44CIt0kXXYKD7QygH4o9OMKpur3RIICKSeBpycDpEbytzcT//J6sfLrbkJ5FCvC8fwjP2ZQhXB2ORxQQbBiE00QFlTvCvEICYSV7sd00mAyID7ldNaNnOpevo6H/5N2sWBrfmHlG6dgjizYA/vgENigBhrgHDRBC2BAwQ24BXfGtfFgPBpP89GM8ZnZBT9gPH8AJNmadA==</latexit><latexit sha1_base64="nEoRmwjZv4Blv/oUIr92eHqeB5s=">AAAB/3icdVDLSsNAFJ3UV42vqks3g0VwVZK+3RXduKxg2kITymQ6aYdOJmFmIpTQhV/gVr/Anbj1U/wA/8NJWkFFDwwczrmHuff4MaNSWda7UVhb39jcKm6bO7t7+welw6OejBKBiYMjFomBjyRhlBNHUcXIIBYEhT4jfX92lfn9OyIkjfitmsfEC9GE04BipLTkuJKG5qhUtip2o2nVm1CTmt2otjRp1Ortizq0K1aOMlihOyp9uOMIJyHhCjMk5dC2YuWlSCiKGVmYbiJJjPAMTchQU45CIr00X3YBz7QyhkEk9OMK5ur3RIpCKeehrydDpKbyt5eJf3nDRAVtL6U8ThThePlRkDCoIphdDsdUEKzYXBOEBdW7QjxFAmGl+zHdPJiOSUA5zbqRC93L1/Hwf9KrVmzNb6xy53LVUBGcgFNwDmzQAh1wDbrAARhQ8AAewZNxbzwbL8brcrRgrDLH4AeMt0+GMJcz</latexit> X✓
X✓

∀X.X→X

∀X.X→?

Int→Bool X
✓

conservative extension of System F

natural precision & consistency

respect explicit type instantiations

type-driven sealing

Advanced typing disciplines

let f : ∀X.X→? = ΛX.λx:X.(x::?) in …

let f : ∀X.X→? = ΛX.λx:X.x in

let p = ΛX.<λx:X.(x::?),λx:?.(x::X)> in …

GSF: Type-Driven Sealing

48

→ justifies both sealing and unsealing

→ only justifies sealing

→ pair of seal and unseal functions à la λseal! 
[Sumii&Pierce’04]

X → X

X → ?

X → ? ? → X

…

Advanced typing disciplines



Dynamic Sealing in GSF
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⇤X. h�x:X.(x :: ?),�x:?.(x :: X)i
<latexit sha1_base64="84RTqoRYfptHS5BI/sFyyDXajNc="></latexit><latexit sha1_base64="84RTqoRYfptHS5BI/sFyyDXajNc="></latexit><latexit sha1_base64="84RTqoRYfptHS5BI/sFyyDXajNc="></latexit><latexit sha1_base64="84RTqoRYfptHS5BI/sFyyDXajNc="></latexit>

let hs, ui = gen-seal [Int] in
<latexit sha1_base64="I++KOJcXU2txkUEipAaozY9j8cA="></latexit><latexit sha1_base64="noJeky9COKUOpQjhEzBr9C2pzSw="></latexit><latexit sha1_base64="noJeky9COKUOpQjhEzBr9C2pzSw="></latexit><latexit sha1_base64="0/mJPiCR5fuiKol4YJPubB8u3j0="></latexit> let hs, ui = gen-seal [Int] in
let v:? = s(10) in

let r:? = . . . (v) . . . in

let w:Int = u(r)
<latexit sha1_base64="Ym6Q9VMrXUREvy1YUzFDpW6DKng="></latexit><latexit sha1_base64="/MUaUfBhDjKReoOx2/tvksDwqMA="></latexit><latexit sha1_base64="/MUaUfBhDjKReoOx2/tvksDwqMA="></latexit><latexit sha1_base64="mRXrg8BzJA+UJNuQCP3Yevwrs/I="></latexit>

value is sealed

any use of v will fail

unsealing succeeds
only for values sealed with s

gen-seal =
<latexit sha1_base64="OXabj3oBsMPA+dqCt9M5tI9JBKo=">AAACD3icbZDNSgMxFIUz9a/Wv2qXboJFcGOZEUE3QtGNywr2B9pSMumdNjSTGZI7Yhn6ED6BW30Cd+LWR/ABfA8zbRfaeiBwOOdecvn8WAqDrvvl5FZW19Y38puFre2d3b3i/kHDRInmUOeRjHTLZwakUFBHgRJasQYW+hKa/ugm65sPoI2I1D2OY+iGbKBEIDhDG/WKpQ7CI5ogHYA6NcDkhF71imW34k5Fl403N2UyV61X/O70I56EoJBLZkzbc2Pspkyj4BImhU5iIGZ8xAbQtlaxEEw3nR4/occ26dMg0vYppNP090bKQmPGoW8nQ4ZDs9hl4X9dO8HgspsKFScIis8+ChJJMaIZCdoXGjjKsTWMa2FvpXzINONoeRU608W0D4FQImNlJpaLt0hh2TTOKp5b8e7Oy9XrOaE8OSRH5IR45IJUyS2pkTrhZEyeyQt5dZ6cN+fd+ZiN5pz5Ton8kfP5A+AgnVY=</latexit><latexit sha1_base64="OXabj3oBsMPA+dqCt9M5tI9JBKo=">AAACD3icbZDNSgMxFIUz9a/Wv2qXboJFcGOZEUE3QtGNywr2B9pSMumdNjSTGZI7Yhn6ED6BW30Cd+LWR/ABfA8zbRfaeiBwOOdecvn8WAqDrvvl5FZW19Y38puFre2d3b3i/kHDRInmUOeRjHTLZwakUFBHgRJasQYW+hKa/ugm65sPoI2I1D2OY+iGbKBEIDhDG/WKpQ7CI5ogHYA6NcDkhF71imW34k5Fl403N2UyV61X/O70I56EoJBLZkzbc2Pspkyj4BImhU5iIGZ8xAbQtlaxEEw3nR4/occ26dMg0vYppNP090bKQmPGoW8nQ4ZDs9hl4X9dO8HgspsKFScIis8+ChJJMaIZCdoXGjjKsTWMa2FvpXzINONoeRU608W0D4FQImNlJpaLt0hh2TTOKp5b8e7Oy9XrOaE8OSRH5IR45IJUyS2pkTrhZEyeyQt5dZ6cN+fd+ZiN5pz5Ton8kfP5A+AgnVY=</latexit><latexit sha1_base64="OXabj3oBsMPA+dqCt9M5tI9JBKo=">AAACD3icbZDNSgMxFIUz9a/Wv2qXboJFcGOZEUE3QtGNywr2B9pSMumdNjSTGZI7Yhn6ED6BW30Cd+LWR/ABfA8zbRfaeiBwOOdecvn8WAqDrvvl5FZW19Y38puFre2d3b3i/kHDRInmUOeRjHTLZwakUFBHgRJasQYW+hKa/ugm65sPoI2I1D2OY+iGbKBEIDhDG/WKpQ7CI5ogHYA6NcDkhF71imW34k5Fl403N2UyV61X/O70I56EoJBLZkzbc2Pspkyj4BImhU5iIGZ8xAbQtlaxEEw3nR4/occ26dMg0vYppNP090bKQmPGoW8nQ4ZDs9hl4X9dO8HgspsKFScIis8+ChJJMaIZCdoXGjjKsTWMa2FvpXzINONoeRU608W0D4FQImNlJpaLt0hh2TTOKp5b8e7Oy9XrOaE8OSRH5IR45IJUyS2pkTrhZEyeyQt5dZ6cN+fd+ZiN5pz5Ton8kfP5A+AgnVY=</latexit><latexit sha1_base64="OXabj3oBsMPA+dqCt9M5tI9JBKo=">AAACD3icbZDNSgMxFIUz9a/Wv2qXboJFcGOZEUE3QtGNywr2B9pSMumdNjSTGZI7Yhn6ED6BW30Cd+LWR/ABfA8zbRfaeiBwOOdecvn8WAqDrvvl5FZW19Y38puFre2d3b3i/kHDRInmUOeRjHTLZwakUFBHgRJasQYW+hKa/ugm65sPoI2I1D2OY+iGbKBEIDhDG/WKpQ7CI5ogHYA6NcDkhF71imW34k5Fl403N2UyV61X/O70I56EoJBLZkzbc2Pspkyj4BImhU5iIGZ8xAbQtlaxEEw3nR4/occ26dMg0vYppNP090bKQmPGoW8nQ4ZDs9hl4X9dO8HgspsKFScIis8+ChJJMaIZCdoXGjjKsTWMa2FvpXzINONoeRU608W0D4FQImNlJpaLt0hh2TTOKp5b8e7Oy9XrOaE8OSRH5IR45IJUyS2pkTrhZEyeyQt5dZ6cN+fd+ZiN5pz5Ton8kfP5A+AgnVY=</latexit>

Advanced typing disciplines

GSF8
<latexit sha1_base64="TIAlrb1MmQWtceZnR3UYEy6tr5s=">AAACAXicbVC7TsNAEFzzDOEVoKSxiJCoIpsGOiLRUAaJPFBsRefzOjnlfLbuzkiRlYovoIUvoEO0fAkdDf/B2UkBCSOdNJrZ0e5NkHKmtON8Wiura+sbm5Wt6vbO7t5+7eCwo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPxdeF3H1Aqlog7PUnRj8lQsIhRoo3U9aJEEs4HtbrTcErYy8Sdk/rVF5RoDWrfXpjQLEahKSdK9V0n1X5OpGaU47TqZQpTQsdkiH1DBYlR+Xl57tQ+NUpom83mCW2X6u9ETmKlJnFgJmOiR2rRK8T/vH6mo0s/ZyLNNAo6WxRl3NaJXfzdDplEqvnEEEIlM7fadEQkodo0VPXKYB5ixAQr2lFT04u72MIy6Zw3XKfh3jr15v2sIKjAMZzAGbhwAU24gRa0gcIYnuAZXqxH69V6s95noyvWPHMEf2B9/ADkrJlg</latexit><latexit sha1_base64="TIAlrb1MmQWtceZnR3UYEy6tr5s=">AAACAXicbVC7TsNAEFzzDOEVoKSxiJCoIpsGOiLRUAaJPFBsRefzOjnlfLbuzkiRlYovoIUvoEO0fAkdDf/B2UkBCSOdNJrZ0e5NkHKmtON8Wiura+sbm5Wt6vbO7t5+7eCwo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPxdeF3H1Aqlog7PUnRj8lQsIhRoo3U9aJEEs4HtbrTcErYy8Sdk/rVF5RoDWrfXpjQLEahKSdK9V0n1X5OpGaU47TqZQpTQsdkiH1DBYlR+Xl57tQ+NUpom83mCW2X6u9ETmKlJnFgJmOiR2rRK8T/vH6mo0s/ZyLNNAo6WxRl3NaJXfzdDplEqvnEEEIlM7fadEQkodo0VPXKYB5ixAQr2lFT04u72MIy6Zw3XKfh3jr15v2sIKjAMZzAGbhwAU24gRa0gcIYnuAZXqxH69V6s95noyvWPHMEf2B9/ADkrJlg</latexit><latexit sha1_base64="TIAlrb1MmQWtceZnR3UYEy6tr5s=">AAACAXicbVC7TsNAEFzzDOEVoKSxiJCoIpsGOiLRUAaJPFBsRefzOjnlfLbuzkiRlYovoIUvoEO0fAkdDf/B2UkBCSOdNJrZ0e5NkHKmtON8Wiura+sbm5Wt6vbO7t5+7eCwo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPxdeF3H1Aqlog7PUnRj8lQsIhRoo3U9aJEEs4HtbrTcErYy8Sdk/rVF5RoDWrfXpjQLEahKSdK9V0n1X5OpGaU47TqZQpTQsdkiH1DBYlR+Xl57tQ+NUpom83mCW2X6u9ETmKlJnFgJmOiR2rRK8T/vH6mo0s/ZyLNNAo6WxRl3NaJXfzdDplEqvnEEEIlM7fadEQkodo0VPXKYB5ixAQr2lFT04u72MIy6Zw3XKfh3jr15v2sIKjAMZzAGbhwAU24gRa0gcIYnuAZXqxH69V6s95noyvWPHMEf2B9/ADkrJlg</latexit><latexit sha1_base64="efeLnhov6Sn3m8m4Yk5qdG8zkSQ=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSuJGlwU3LivYhzShTCY37dDJJMxMhBK68gvc6he4E7d+iR/gfzhJs9DWAwOHc+7h3jlBypnSjvNlra1vbG5t13bqu3v7B4eNo+OeSjJJsUsTnshBQBRyJrCrmeY4SCWSOODYD6Y3hd9/RKlYIu71LEU/JmPBIkaJNlLfixJJOB81mk7LKWGvErciTajQGTW+vTChWYxCU06UGrpOqv2cSM0ox3ndyxSmhE7JGIeGChKj8vPy3Ll9bpTQNpvNE9ou1d+JnMRKzeLATMZET9SyV4j/ecNMR9d+zkSaaRR0sSjKuK0Tu/i7HTKJVPOZIYRKZm616YRIQrVpqO6VwTzEiAlWtKPmphd3uYVV0rtsuU7LvXOa7YeqoRqcwhlcgAtX0IZb6EAXKEzhGV7g1Xqy3qx362MxumZVmRP4A+vzB0oMmEE=</latexit>

?
<latexit sha1_base64="2/lgRsaHE3zU485kLQD27WyA/oM=">AAAB/HicbVC7TsNAEFzzDOEVoKSxiJCoIpsGukSioQyIPFBiRefzOjnlfLbuzkiRFb6AFr6ADtHyL3Q0/AdnJwUkjHTSaGZHuzd+wpnSjvNprayurW9slrbK2zu7e/uVg8O2ilNJsUVjHsuuTxRyJrClmebYTSSSyOfY8cdXud95QKlYLO70JEEvIkPBQkaJNtJtvz6oVJ2aU8BeJu6cVOtfUKA5qHz3g5imEQpNOVGq5zqJ9jIiNaMcp+V+qjAhdEyG2DNUkAiVlxWXTu1TowR2GEvzhLYL9XciI5FSk8g3kxHRI7Xo5eJ/Xi/V4aWXMZGkGgWdLQpTbuvYzr9tB0wi1XxiCKGSmVttOiKSUG3KKfeLYBZgyATLi1FT04u72MIyaZ/XXKfm3jjVxv2sICjBMZzAGbhwAQ24hia0gEIIT/AML9aj9Wq9We+z0RVrnjmCP7A+fgCOHpbt</latexit><latexit sha1_base64="2/lgRsaHE3zU485kLQD27WyA/oM=">AAAB/HicbVC7TsNAEFzzDOEVoKSxiJCoIpsGukSioQyIPFBiRefzOjnlfLbuzkiRFb6AFr6ADtHyL3Q0/AdnJwUkjHTSaGZHuzd+wpnSjvNprayurW9slrbK2zu7e/uVg8O2ilNJsUVjHsuuTxRyJrClmebYTSSSyOfY8cdXud95QKlYLO70JEEvIkPBQkaJNtJtvz6oVJ2aU8BeJu6cVOtfUKA5qHz3g5imEQpNOVGq5zqJ9jIiNaMcp+V+qjAhdEyG2DNUkAiVlxWXTu1TowR2GEvzhLYL9XciI5FSk8g3kxHRI7Xo5eJ/Xi/V4aWXMZGkGgWdLQpTbuvYzr9tB0wi1XxiCKGSmVttOiKSUG3KKfeLYBZgyATLi1FT04u72MIyaZ/XXKfm3jjVxv2sICjBMZzAGbhwAQ24hia0gEIIT/AML9aj9Wq9We+z0RVrnjmCP7A+fgCOHpbt</latexit><latexit sha1_base64="2/lgRsaHE3zU485kLQD27WyA/oM=">AAAB/HicbVC7TsNAEFzzDOEVoKSxiJCoIpsGukSioQyIPFBiRefzOjnlfLbuzkiRFb6AFr6ADtHyL3Q0/AdnJwUkjHTSaGZHuzd+wpnSjvNprayurW9slrbK2zu7e/uVg8O2ilNJsUVjHsuuTxRyJrClmebYTSSSyOfY8cdXud95QKlYLO70JEEvIkPBQkaJNtJtvz6oVJ2aU8BeJu6cVOtfUKA5qHz3g5imEQpNOVGq5zqJ9jIiNaMcp+V+qjAhdEyG2DNUkAiVlxWXTu1TowR2GEvzhLYL9XciI5FSk8g3kxHRI7Xo5eJ/Xi/V4aWXMZGkGgWdLQpTbuvYzr9tB0wi1XxiCKGSmVttOiKSUG3KKfeLYBZgyATLi1FT04u72MIyaZ/XXKfm3jjVxv2sICjBMZzAGbhwAQ24hia0gEIIT/AML9aj9Wq9We+z0RVrnjmCP7A+fgCOHpbt</latexit><latexit sha1_base64="FTzwOe4Y/Jkuf4PWw6S104S4+QY=">AAAB/HicbVDLSsNAFL2pr1pfVZdugkVwVRI3urPgxmUV2ypNKJPpTTt0MgkzE6GE+gVu9QvciVv/xQ/wP5ykWWjrgYHDOfdw75wg4Uxpx/myKiura+sb1c3a1vbO7l59/6Cr4lRS7NCYx/I+IAo5E9jRTHO8TySSKODYCyZXud97RKlYLO70NEE/IiPBQkaJNtKtdzmoN5ymU8BeJm5JGlCiPah/e8OYphEKTTlRqu86ifYzIjWjHGc1L1WYEDohI+wbKkiEys+KS2f2iVGGdhhL84S2C/V3IiORUtMoMJMR0WO16OXif14/1eGFnzGRpBoFnS8KU27r2M6/bQ+ZRKr51BBCJTO32nRMJKHalFPzimA2xJAJlhejZqYXd7GFZdI9a7pO071xGq2HsqEqHMExnIIL59CCa2hDByiE8Awv8Go9WW/Wu/UxH61YZeYQ/sD6/AHzb5XO</latexit>

λSystem F
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Advanced typing disciplines

Gradual Security Types

[TOPLAS’18]

Advanced typing disciplines
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Security Typing

private salary 
goes to public channel

H

L

α α 

static error

L

L

Advanced typing disciplines

52



Gradual Security Typing

H

L

? ?

+ dynamic check  
(runtime error)

?

?

Advanced typing disciplines
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Security Types & Free Theorems

let foo :                          =  
  fun f => … f x y … 

…

theorem 
result does not leak 2nd argument

can assume theorem is not violated

Advanced typing disciplines

54

Gradual Security Typing, with Theorems

if pub < priv

if pub < priv
?

mix’ 1 2

mix pub priv
’

mix 1 2LL

LL

H the types tell
the theorems!

static error

runtime error

runtime error

Advanced typing disciplines
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Ranges of Precision

56

gradual effects

gradual refinements

fully 
precise

fully 
imprecise

gradual security                         
(IntH v Int?)

A
{ io,alloc }������! B v A

{ io,? }����! B v A
{ ? }��! B

{ Int | 0 < ⌫ < 10 } v { Int | 0 < ⌫ ^ ? } v { Int | ? }

Advanced typing disciplines



Many different soundness properties

• Gradual typestate: respect resource protocols 
• Gradual effects: no unauthorized effectful operations 
• Gradual refinement types: result satisfies predicate  
• Gradual parametricity: relational parametricity 
• Gradual security types: noninterference
• Gradual sensitivity types: metric preservation

Advanced typing disciplines

57

it’s not all about type safety!

Gradual Typing
Designed

Foundational methodologies

58

59
eg. equality, subtyping, containment, implication, etc.

gradual language cast calculus
translation

TYPE 
SYSTEM’

RUNTIME 
SEMANTICS

TYPE 
SYSTEM

where does it 
come from?

is it unique?
is it “right”?

how to deal with 
imprecision?

can’t we define runtime 
semantics directly?

… gradual 
guarantees?

what’s the connection to the 
static language?

RUNTIME 
SEMANTICS

what are the 
“right” definitions? 

Foundational methodologies

high cost
renegotiation of foundations 

ingenious “tricks” 
ad hoc justifications

60

AGTAbstracting Gradual Typing

[POPL’16]

Designing Gradual Languages
without the guesswork

Foundational methodologies
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static type system
& type safety proof

syntax & interpretation 
of gradual types

AGT

gradual language

n1 + n2 �! n3

(�x : T.t)v �! t[v/x]
if true then t2 else t3 �! t2
if false then t2 else t3 �! t3
. . .

TYPE 
SYSTEM

RUNTIME 
SEMANTICS

GType P(Type)

↵

�

by construction

systematic, 
not automatic

Foundational methodologies

I - Static Semantics

AGT

Foundational methodologies
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explicit 
side conditions

partial 
functions

(T+)
� ` t1 : T1 � ` t2 : T2 T1 = Int T2 = Int

� ` t1 + t2 : Int

(Tapp)
� ` t1 : T1 � ` t2 : T2 T2 = dom(T1)

� ` t1 t2 : cod(T1)

(T if)
� ` t1 : T1 � ` t2 : T2 � ` t3 : T3 T1 = Bool

� ` if t1 then t2 else t3 : equate(T2, T3)cod : Type * Type
cod(T1 ! T2) = T2

cod(T ) undefined otherwise

AGT
syntax-directed 

rules

[Garcia & Cimini, 2015]

Foundational methodologies
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(eT+)
� ` et1 : eT1 � ` et2 : eT2

eT1 ⇠ Int eT2 ⇠ Int

� ` et1 + et2 : Int

(eTapp)
� ` et1 : eT1 � ` et2 : eT2

eT2 ⇠ fidom( eT1)

� ` et1 et2 : gcod( eT1)

(eT if)
� ` et1 : eT1 � ` et2 : eT2 � ` et3 : eT3

eT1 ⇠ Bool

� ` if et1 then et2 else et3 : eT2 u eT3

we now need to define and justify all of this!

compositional
lifting

consistent
side conditions

lifted partial 
functions gradual meet

Foundational methodologies
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Syntax of Gradual Types

65

eT ::= Int | Bool | eT ! eT | ?

T ::= Int | Bool | T ! T

static types

gradual types

Type

GType

“represents”

Foundational methodologies

�(Int) = { Int }
�(Bool) = {Bool }

�( eT1 ! eT2) = {T1 ! T2 | T1 2 �( eT1), T2 2 �( eT2) }
�(?) = Type

Concretization

66

� : GType ! P(Type)

�(Int ! ?) = { Int ! T | T 2 Type }
e.g.

Foundational methodologies

Type Precision

67

eT1
eT2v

✓

�( eT1) �( eT2)
x

x

x

x
x

x
x

x

directly induced by concretization

Int ! Int v ?Int ! ? v? ! ?v

Foundational methodologies

Consistency

68

fT1 ⇠ fT2

x
x

x
x

x

�( eT1)

x x

x

x

�( eT2)

=
=

=

coincides with [Siek & Taha, 2006]

lifting equality
existential lifting

captures plausibility

not transitive!

Foundational methodologies



Consistent Subtyping

69

x
x

x
x

x

�( eT1)

x x

x

x

�( eT2)

fT1 . fT2

<:

<:
<:

<:

coincides with [Siek & Taha, 2007]

lifting subtyping

Foundational methodologies
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x
x

x
x

x

x x

x

x

�

x
x
x

x

x
x

x

x
x

x
x

x

x
x x

x
xx

�

↵

eT

Galois connection
(sound & optimal)eT1

e

<
: eT2

T1 <
:

T2

Consistent Join

↵({ Int }) = Int

↵({Bool }) = Bool

↵({Ti1 ! Ti2 }) = ↵({Ti1 }) ! ↵({Ti2 })
↵(;) is undefined

↵( ÛT ) = ? otherwise

Foundational methodologies

Galois Connection

71

P(Type)
concrete domain

✓GType
abstract domain

v

�

eT 0

eT

v

soundoptimal

↵

x x

x
x

x
x

h↵, �i

Reminder

Foundational methodologies

II - Dynamic Semantics

AGT

Foundational methodologies
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Curry-Howard

Logic PL

Propositions Types

Proofs Programs

Proof reduction Program evaluation

Foundational methodologies
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Type Safety as Proof Reduction

74

` t : T ` t0 : T

t 7�! t0

D D0=)
relies on transitivity 

of type relations

P (T1, T2)

P (T2, T3)

P (T1, T3)

Reminder

P (T1, T2) ^ P (T2, T3) ) P (T1, T3)

Foundational methodologies

Evidence

75

↵ ↵

h eT 0
1, eT 0

2i

holds… 
but why?

fT1 . fT2

x
x

x
x

x

x x

x

x

� �

<:

<:

<:
<:

local justification
(sound & optimal)

, "

hInt ! Bool, Int ! Booli ` ? ! Bool . Int ! ?

generalization of the 
Threesome middle type

[Siek & Wadler, POPL’10]

Foundational methodologies

Reduction: Combining Evidence

76

D0

` et0 : eT 0

‹P ( eT1, eT3)

=)?D

` et : eT

"23 ` ‹P ( eT2, eT3)

"12 ` ‹P ( eT1, eT2)

refutation
(“cast error”)

"13 ` ‹P ( eT1, eT3)

"12

"23

"13 = "12 �P "23

. . .

typing derivations  
with evidence

"13 = "12 �P "23

consistent transitivity

Foundational methodologies



Consistent Transitivity
"13 = "12 �P "23h eT1, eT21i �P h eT22, eT3i

x x

x
x

x

x x

x
x

x
x

x
x

x

x x

x

x

h eT 0
1, eT 0

3i

↵

↵2({hT1, T3i 2 �2( eT1, eT3) | 9T2 2 �( eT21) \ �( eT22). P (T1, T2) ^ P (T2, T3)})

undefined if empty↵
refutation / “cast error”

��

Foundational methodologies
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⊢ (λ x:?. x + 1) false

⊢ false : Bool 
x:? ⊢ x + 1 : Int

x:? ⊢ x : ? x:? ⊢ 1 : Int
<Int> ⊢ ? ~ Int

<Bool> ⊢ Bool ~ ?⊢ (λ x:?. x + 1) : ? → Int

: Int

=)? ⊢ false + 1 : Int

⊢ false : Bool ⊢ 1 : Int
??? ⊢ Bool ~ Int

<Int> ⊢ ? ~ Int

<Bool> ⊢ Bool ~ ?

<Bool> ◦ <Int> ⊢ Bool ~ Int
undefined

⇒ runtime error

Foundational methodologies

78

Gredex: AGT in Action

AGT

Foundational methodologies

https://pleiad.cl/gredex
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Designing Gradual Languages

• Galois connection
• defining    is the central design decision

•    is uniquely determined by    (“just” find it!) 

• given the Galois connection, lifting the statics is direct

• Galois connection also central in the dynamics

80

GType P(Type)

↵

�

↵ �

�

Foundational methodologies



Designing Gradual Languages

• AGT also pays off for the runtime semantics 
• justifies runtime errors, threesomes 

• dynamic gradual guarantee “for free”  
(monotonicity of consistent transitivity) 

• Direct evidence-based semantics: canonical 
• not a cast calculus 

• can prove translation+cc equivalent [SAS’17]

81

GType P(Type)

↵

�

Foundational methodologies

Perspectives

• Dynamics driven by type safety argument 
• can involve more operators (eg. substitution [POPL’17]) 

• ensures type safety (+ gradual guarantee) 

• type soundness ≠ type safety 
• eg. parametricity, noninterference, metric preservation, etc. 

• can need a more precise GC for dynamics than for statics 

• tension with gradual guarantee [TOPLAS’18, POPL’19, etc.]

82

programming 
flexibility

semantic property 
enforcement

Foundational methodologies

Applications of AGT (so far…)

• records with subtyping 

• gradual rows 

• effect typing 

• refinement types 

• set-theoretic types 

• union types 

• security typing 

• parametricity 

• Hoare-style verification 

• dependent types

POPL’16

TOPLAS’18

ICFP’14 / JFP’16 (statics)

POPL’17

ICFP’17 (statics)

POPL’19, JACM’22, OOPSLA’22

VMCAI’18, OOPSLA’20

SAS’17

ICFP’19, ICFP’22

Foundational methodologies

83 84

need not be mostly
guesswork & intuition focus on key issues

streamline what can be

AGT
GType P(Type)

↵

�

optimizations

semantic
properties

richer types
Galois connection(s)
algorithmic definitions

Foundational methodologies



Gradual Typing
Implemented

Implementation & performance

85

A First Warning

• GT breaks tail call optimizations

[TFP’07]

use coercions instead of casts 
(avoid higher-order proxies) 

Implementation & performance

A Second (Hard) Warning

• observed slowdowns of up to 105x 😭 

• (Typed Racket is implemented with contracts)

[POPL’16]

Implementation & performance

Benchmarking Gradual Typing
Implementation & performance

For  modules there are  possible configurationsn 2n

worse for fine-grained gradual typing  
(n is # of type annotations)

⇒ only measure a linear sample of configurations



An Extensive Research Agenda
Implementation & performance

The Easy Way Out

• If targeting a dynamic language, just fall back to 
optional typing (or lightweight checks) 

•  

• Not an option if target language is static 

• Not an option for advanced typing disciplines

Implementation & performance

Python Dart

Implementation approaches

• casts 

• coercions 

• contracts 

• … evidence? [on-going]

Implementation & performance

A Compiler for Evidence-Based Gradual Typing

• int and bools are unboxed and tagged  

• boxed values point to heap blocks 

• evidence as a tree of tags 

• initial ascriptions (opt: remove safe ones) 

• consistent transitivity to reduce ascriptions

Implementation & performance

use the benchmarks of Grift [PLDI’19]



gradual vs. static vs. dynamic
Implementation & performance

gcomp vs Grift
Implementation & performance

gcomp vs Grift
Implementation & performance

gcomp vs Grift
Implementation & performance

still need to polish and further analyze, 
but at least, encouraging!



Tyger

• evidence-based gradual typing framework 

• functional on a subset of Python, with IDE support 

• early stage, on-going work 

• highlights new issues (esp. inheritance) 

• no performance evaluation yet 

Implementation & performance

Conclusions

Gradual Typing

Foundational methodologies

Metatheory & criteria

Languages features

Advanced typing disciplines

Implementation & performance

precision-driven type checking

… and Beyond!

precision-driven reasoning

core concepts are transferrable to other reasoning frameworks 
• Hoare-style program verification [VMCAI’18, OOPSLA’20, TOPLAS’24] 

• Program analysis:  
nulls [ECOOP’21], abstract interpretation [draft@IFL’25]
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