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Direct Problem

Electromagnetic Casting Problem

We assume that the electric
current frequency is so high
that the magnetic field pen-
etrates a negligible distance
into the liquid metal (skin ef-
fect).
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Direct Problem

Magnetic Field Equations

Michel Pierre, Jean R. Roche (1991)

VxB Ip,ojo inQ

vV-B =0 inQ (1)
B-n =0 onl
Bl =O(x|I"") as|x]| = ocinQ

w: domain occupied by the liquid metal.

I': boundary of w.

Q = R\ wis the exterior of the liquid metal.
jo = (0,0, ) is the electric current density.
B = (B, Bz, 0) is the magnetic field vector.
1o: magnetic permeability of the vacuum.
n: outward-pointing unit normal vector of I'.
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Equilibrium and constraints

In addition to the field equations we have the equilibrium equation:

LHBH2 +0C=p, constantonTl (1)
2[1,0

And the volume constraint:

/ 0 = S, )
We also assume that j has a compact support in Q and satisfies:
Q
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Magnetic flux function

Then, there exists the magnetic flux funtion ¢ : Q — R such that
B= (g;%, —gxﬁ%, 0) where ¢ is solution to the state equations:

—AQO = ,uojo in Q
p =0 onTl (1)
p(x) =c+o(1) as|x||— oo

¢ has a unique solutionin W3 (Q) = {u: pu € L?(Q) and Vu € L3(Q)} with
p(x) = [\/T+ [[x]]2 log(2 + ||x|[®)]". cis unique in R.

The equilibrium in terms of the flux function ¢ becomes:

2

L +o0C =py constantonTl (2)

2410

Oy

on
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Inverse Problem

Inverse Problem

» Find the configuration of inductors to have the liquid metal in equilibrium
occupying the domain w.
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Inverse Problem

» Find the configuration of inductors to have the liquid metal in equilibrium
occupying the domain w.

» Find jo and ¢ such that [, jo dx = 0 and that the solution ¢ of the state
equations

—Ap = pojfo in Q
p =0 onl (1)
o(x) =c+o(1) asl|x|— oo

satisfies the equilibrium equation:

1
2p0

Oy

2
30| + oC =po constantonl ()
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Inverse Problem

1

2[1,0

Oy

2
= po constanton 1
an| ToC=Ppo (1)

Then:
g—ﬁ = x\/2u0(po — oC) with > = +1. @)

Therefore py > maxr oC. We can show that 22 is zero at some points,

therefore:
Po = max oC. (3)
Calling p = \/2u0(po — oC) we have:
Jdp
3n = #P on r, (4)

with the sign changes of s at the zeros of (py — oC), that is at the points of
maximum curvature.
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Inverse Problem - Formulation

We can formulate the problem as: find j, and ¢ such that the system

—Ap = pojfo inQ,
¢ =0 onfl, )
op - 1
= %P onrl,
p(x) =c+o(1) as|x|]|— o,

has a solution ¢ € Wj (Q).

We known that for a simply connected w, with I' an analitic Jordan curve, and
Po = maxr oC (the maximum must be attained at an even number of points)
then (Henrot and Pierre 1989):

(i) there exists a solution for the inverse problem,
(ii) the solution is not unique for jp.
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Inverse Problem - Formulation

We propose to minimize the Kohn—Vogelius functional:

J@) = g0l = 5 [ 101" ds. (1)

where the auxiliary function ¢ depends implicitly on j, and ¢ through the
solution of the problem:

—gg = pofo inQ,
an - P onl, (2)
o(x) =c+o(1) asl|x| — oo.

There is a compatibility condition:

[%bwzo, (3)
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Inverse Problem - Formulation

We can eliminate ¢ of the formulation:

102 1 2
I = g0l = 5 [ 1017 ds. (1)
where the auxiliary function ¢ depends implicitly on j, through the solution of
the problem:
—gjf = Holo inQ,
an =xp—d(p) onTl, @)
¢ds =0.
.
With the conditions:
[#Bas=0. dii)=IFI~" [ poiax 3)
r Q
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Topological expansion

Computing the topological expansion

We introduce a circular perturbation:

&

B(x)
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Topological expansion

Computing the topological expansion

The perturbed electric current density is:
Je = Jjo + alxp. (%) - (1)

Then, for the functional:

0(e) = d(62) = 5 [ lo-as. @

Theorem: the topological expansion of v is:

¥(e) = %(0) + (ne%) D1 + (n2e*) D), (3)

Alfredo Canelas, Antonio A. Novotny, Jean R. Roche WCCM 2012

Topological derivatives and a level-set approach for an inverse electromagnetic casting problem



Optimization Algorithm
[efe]e] )

Topological expansion

Computing the topological expansion

The topological derivatives are:
Dh(s) =l [ ofds. (1)
D5p(X) = —/2 / fPds. )

Where the function f is the solution to:

—Af = (7{'62)_1)(55(;() in Q,

of
= =—IFl onl, 3)

on
/fds =0.
r

D(X) can be computed very efficiently by the adjoint method. D%4(X)
cannot be computed by the adjoint method, but it does not depend on the
current inductors.
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Level-sets based algorithm

Level-set procedure

The region Q" of positive electric current density:
Q= {xeQ, v (x) <0}, (1)
Analogously, the region Q~ of negative electric current density:
Q" ={xeQ, v (x) <0}. (2)
The region of electric current zero is:
QL =0-(Q"uQ). (3)

In addition, the ‘expected variation’ EV of the objective functional produced
by the introduction of a small ball of electric current of sign a:

EV(%,e,a) = (7e?)Dyp(X) + (72*) D3p(R) . (4)
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Level-sets based algorithm

Sufficient optimality conditions

Sulfficient optimality conditions (for the perturbations considered here):

EV(%,e,a) >0, VReQ", anda=—1, (1)
EV(%,e,0) >0, VReQ ,anda=+1, (2)
EV(%,e,0) >0, V&eQ’, anda = +1. (3)
Hence, we define:
—EV(%,e,—1) ifxeQt
+ _ 1<y ?
g (X)—{ EV(%.e,+1) ifxeQuQ )
[ —EV(%,e,+1) ifxeQ,
g (X)—{ EV(X,e,—1) ifxeQluQr. ©)

The algorithm updates v and ¢~ iteratively to obtain:

377 >0 st gh=7"¢", (6)
, (7)
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Level-sets based algorithm

Topology optimization procedure

The algorithm is based on the proposed by Amstutz and Andra (2006).
We can start from ¢y = 5 = 1/|[1]|,() to obtain Qp = Q.

1. Compute the topological derivatives and the expected variations
EV(X,e,+1)and EV(X,e,—1).
2. Compute g; and g, .

3. Line Search: find the real value t, € [0, 1] such that the following sets
minimize the objective functional:

Ui = (1= t)n + tagy }

o , _ (1)
¢n+1 - (1 - tn)"/Jn + tngn

4. Stop or increase n and return to the first step according an optimality
criterion.
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Example 1

Objective function
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Iteration
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Example 3

Objective function
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Iteration
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Conclusions

» The topological expansion of the Kohn—Vogelius functional
was obtained.

» Using this expansion and level-sets, an optimization
algorithm was developed.

» Some examples were successfully solved.
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Thank you!

Alfredo Canelas, Antonio A. Novotny, Jean R. Roche WCCM 2012

Topological derivatives and a level-set approach for an inverse electromagnetic casting problem



	Electromagnetic Casting
	Direct Problem
	Inverse Problem

	Optimization Algorithm
	Topological expansion
	Level-sets based algorithm

	Examples and Conclusions
	Examples
	Conclusions


