Chapter 3

Generic extensions

In this chapter, we show how to transform a particular standard set theory .7 , called a ground
theory (Section 3.1), into another standard set theory .7*, called the generic extension of 7
(Section 3.2). The study of the properties of the theory .7 *—and in particular, the fact that it is
equiconsistent with .7 is postponed to Chapter 7.

3.1 The ground theory .7

Definition 3.1 (Ground theory for forcing) — A ground theory (for forcing) is a standard set
theory .7 whose language contains no (proper) function symbol, and that is equipped with two
constant symbols P and (<) such that: 7 + P # @ A (<) is an ordering on P.

Here, the purpose of the two constant symbols P and (<) is to explicitly name the particular
nonempty poset (i.e. its carrier and ordering) that is intended to be used as the forcing poset in
the construction of the generic extension .7 *. In practice, a ground theory is always constructed
from a given standard extension .7, 2 ZF (with no function symbol) by Skolemizing (in the
sense of Def. 1.12) the theorem expressing the existence of the desired nonempty poset:

Jo + APAL) [P+ 2 A (L)isanorderingon P A ... specification of Pand <...].

The Henkin extension .77 2 %, we get (with two extra constant symbols P and (<)) is then a
suitable ground theory for forcing. Note that by Prop. 1.13 the extension .7 O .7 is conserva-
tive, so that the ground theory .7 is equiconsistent with the initial theory .%,.

Example 3.2 (Ground theory for forcing ~CH) — Let .7 be the ground theory based on the
minimal language {€, P, (<)} whose axioms are the axioms of ZFC, plus the axiom

P=Fin® xw,2) A () =1{(p.q) € P*:p24q},

writing Fin(E, F) the set of finite (partial) functions from E to F. By construction, the ground
theory .7 is a conservative extension of ZFC, and we shall see in Chapter 4 that in the corre-
sponding generic extension .7 * we have .7 * + -CH.

The same technique can be refined to force 2™ = N, and this for every (external) integer
n > 1. In this case, we must design the ground theory .7 is such a way that .7 + GCH.
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Example 3.3 (Ground theory for forcing 2™ = N,) — Let .7 be the ground theory based on
the language {€, P, (<)} whose axioms are the axioms of ZFC + GCH, plus the axiom

P =Fin(R, X w,2) A () ={(p.g9) e P :p2Dq}.

By construction, .7 is a conservative extension of ZFC + GCH, so that it is equiconsistent
with ZF from the results of Chapter 2. In Chapter 4, we shall see that in the corresponding
generic extension .7 *, we have 7" + 2% = N,,.

3.2 The generic extension .7 *

From now on, we work with a fixed ground theory .7 (Def. 3.1).

3.2.1 Presentation

From the ground theory .7 (Section 3.1) we now define another first-order theory .7 *—called
the generic extension of 7 —as follows:

e The language of .7* is the language of .7 enriched with:

— A class symbol (i.e. a unary predicate) .# (x) representing a transitive model of the
ground theory .7 (Def. 1.32) within the theory .7*. As for any class, we use the
shorthand x € .# = ./ (x) (keeping in mind that .# is a proper class in .7*).

— An extra constant symbol G that represents an . -generic filter G C P (cf Sec-
tion 3.2.6). Intuitively, the ./ -generic filter G is a new subset of P that we add to
the theory to generate the larger universe described by .7 *.

e The axioms of .7 * are divided into five groups that will be presented and discussed in the
rest of Section 3.2:

the Axioms of ZF (Section 3.2.2),

the Axioms of Transitivity (Section 3.2.3),

the Axioms of .7 relativized to .# (Section 3.2.4),
the Axiom of Genericity (Section 3.2.6), and

the Axiom of Naming (Section 3.2.7).

3.2.2 Axioms of ZF

The very first axioms of the generic extension .7* are the axioms of ZF such as given in
Section 1.2.1, without restriction on the formulas used in Separation and Replacement:

Axiom 1 (Axioms of ZF) — 7" + ¢ for every axiom ¢ of ZF. All formulas of the language
of .7 * are allowed in the axioms of Separation and Replacement.

So that by construction:

Fact 3.4 — 7" is a standard extension of ZF (with no proper function symbol).
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Since the new class symbol . can be used in any instance of Separation, we can associate
to every set A the set AN .#Z = {x € A : x € ./}, that represents the intersection of the set A
with the (proper) class .# —the result of this operation being a set.

On the other hand, the other axioms of the ground theory .7 are not imported in the target
theory .77*, so that strictly speaking, .7* is not an extension of .7 (in the sense of Def. 1.5).
Due to this, it may be the case that a formula is provable in .7 while its negation is provable
in .7*. For instance, we shall consider in Section 4.4 an example of a ground theory .7 such
that .7 + 2™ = K8, (CH) whereas .7 + 2% = K, (= -CH).

3.2.3 Axioms of Transitivity

The first Axiom of Transitivity expresses that the class .# is transitive:
Axiom 2 (Trans-.#7) — 7"+ Vxe HM)Nyex)(y e . H).

The following Axioms of Transitivity express that the class .# contains every set repre-
sented by a constant symbol in the language of .7, including the symbols P and (<):

Axiom 3 (Trans-c) — 7"+ c € .4, for each constant symbol ¢ of .7,

(Note that there is no such axiom for G.) An immediate consequence of the latter axioms is
that the transitive class .# is provably nonempty in the theory .7 *:

Fact3.5 — 7"+ dAx(x € .A).

Proof. Follows from (Trans-P): *+ P € ./ .

Since the language of .7 may provide extra relation symbols R (other than € and =), we
add specific axioms to constrain such relations within the class .# in the theory .7*:

Axiom 4 (Trans-R) — T Yx ~~-\7’xk(R(x1,...,xk) = X1 € MN - A Xy € %),
for each k-ary predicate symbol R of the language of .7 that is not € nor =.

Remark 3.6 — The axioms (Trans-R) are not strictly necessary, and we only introduce them
for completeness. Without these axioms, the extra relations R introduced by the language
of 7 would be specified only in the class .# (thanks to the axioms of 7 relativized to .,
cf Section 3.2.4), but their behaviour would be unknown outside .#. However, these axioms
are just a convenience, since we can always replace the relation R(xy, ..., x;) by the relation
R(xi,....x)) =x1€ M N--- ANxy € 4 NR(xy,...,x;) to achieve the same effect.

3.2.4 Axioms of .7 relativized to .#

The next axioms of the theory .7* are the axioms of .7 relativized to ./ :
Axiom 5 (Rel-¢) — .7* + ¢/, for every axiom ¢ of 7.
Since the class . is (provably) nonempty, we deduce from Prop. 1.17 that:

Fact 3.7 (Transitive model) — The class .# is a transitive model of 7 within . *:
if 7 v ¢, then T* + ¢ (for every closed formula ¢ of the language of 7).
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From Prop. 1.34, we immediately deduce the following result, that allows us to transfer
Ay /X, /11 -properties from/to the sub-universe .Z :

Proposition 3.8 (Transferring properties from/to .#) — Let ¢ = ¢(xy, ..., x,) be a formula

of the language of 7 with free variables xi, ..., x,. Then:
T* r (Vxl,...,xne///)(¢%(x1,...,xn) S d(x1,. .. X,)) (if p is Ay)
T* b (X1, s X0 €M) (P77 (X150 X)) = X1y X)) (ifpisZ1)
T* b (X1, X €M) (P(x1, ., X)) = 67 (x1,..., %)) (if ¢ is I1;)

In Section 1.2.4, we have already studied the relationship between the usual set-theoretic
constructors (pairing, union, Separation, Cartesian product, powerset, function space, etc.) and
their relativized form w.r.t. an arbitrary transitive model .# of ZF. Transposing Corollary 1.36,
Prop. 1.37 and Prop. 1.38 to the present situation, we get:

Proposition 3.9 (Transferring constructions) — In the theory 7", we have:

T v (Ix,yed){x,y}" = {x,y} T* + (Vx,yeM)(xUy)? =xUy
T+ (Vx,ye ) (x,y)” = (x,y) T* v Vx,yel)(xnyy” =xnNy
T v (xed)(Un)" =Ux T* v (x,ye ) (x\y)” = x\y
T r o= A w”?=w T+ (Vx,yel)(xxy)? =xxy
T+ (VZeYNac ) (x€a: p(x, )" ={x€a:¢”(x,2)

for every formula ¢(x,?) of the language of T
T v (IXeYBXX)=BX)NA T+ X, Yel)Y)" =¥ )M

And transposing Prop. 1.40 and Prop. 1.42, we also get:
Proposition 3.10 (Finite sets and ordinals) — In the theory 7", we have:

T* v VXC.) X finite © X € .M A (X finite)”)
T* + Nae.#)(On(@) © On”(a))

Note that for the moment, we can only prove that the two classes On (the class of ordinals
in the whole universe) and On"” (the class of ordinals in sub-universe .#) coincide on ./
On” = On N .. Tn Section 3.2.7, we shall refine this result by proving (using the Axiom of
Naming) that all ordinals actually belong to .#, so that On = On” .

3.2.5 Some terminology about the poset (P, <)

Before presenting the next axiom of .7*—the Axiom of Genericity—we first need to recall
some terminology pertaining to the forcing poset (P, <), such as the notions of downwards/up-
wards closure, of compatible/incompatible elements, the notion of an atom, the notions of
dense and predense subsets as well as the notion of a filter.

All these notions have one thing in common, which is that they are defined by the means of
Ao-formulas, as shown in Fig. 3.1. In practice, this means that:

(1) All these notions can be used in the theory .7 or in the theory .7 * indifferently.
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p<q = (dze(2) (=P, 9)

(Lorder = (L)CSPXP A (MpeP)(p<p) A
(Vp.qeP)(p<qgAhg<p=p=g) A
(Vp,g.reP)(p<qAhq<r=p<r)

pTqg = @AreP)(r<pAr<gq

plg = ~(pTq

patom = peP A Vq,2€P) (@1 SpA@<p=>q T q2)
P atomless = (¥peP)-(p atom)
Ffilterof P = FCP AN F+QA

VpeF)(NgeP)(p<g=>qg<cF)A
Vp,ge F)dreF)(p<rAq<vr)
DCP A (MpeP)(dqeD)(g<p)
DCP A (MpeP)(dgqeD)(qT p)
ACP AN (Vp,geA)(p#qgq=>p Lq)

D dense subset of P
D predense subset of P
A antichain of P

Figure 3.1: Ay-notions about (P, <)

(2) These notions are absolute (Prop. 3.8), so that their meaning is the same in the sub-
universe .# (which is described by the axioms of .7 relativized to .#') and in the whole
universe (which is described by the axioms of .7 ).

Definition 3.11 (Downwards/upwards closure) — Given a subset X C P, we say that:
e X is upwards closed when (Vp,ge P)(p e X ANqg > p = g € X);

o X is downwards closed when (Vp,ge P)(p e X ANq < p = q € X).

Given an arbitrary subset X C P, we respectively write TX and | X the upwards closure and the
downwards closure of X in P, that are defined by

X ={peP:(dgeX)(g<p)} and |X = {peP:(dgeX)(q=p)}.

By definition, the set TX (resp. | X) is the smallest upwards closed subset of P (resp. the
smallest downwards closed subset of P) that contains X as a subset. Both operations X — TX
and X — | X are absolute in the sense of Prop. 1.35:

T*r VXePPH[Xed = 1Xel ANMNX=01X)7) A
WXed NIX=(UX)") ]

Definition 3.12 (Compatible/incompatible conditions) Given two conditions p,q € P, we
say that p and g are compatible when there is a condition r € P such that r < p and r < g,
which we write p T g. When it is not the case, we say that the two conditions p and g are
incompatible, which we write p L g:

dreP)(r<pAr<gq
-(AreP)(r<pAr<gq)

rPTq
PLq
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Definition 3.13 (Atoms) — A condition p € P is an atom when the conditions < p are pair-
wise compatible: patom = Vg, €P)(q1 < pAG@<p=>q T q).
Finally, we say that the forcing poset (P, <) is atomless when P contains no atom.

Again, the formulas ‘p T ¢’, ‘p L ¢’, ‘p € P is an atom’ and ‘P is atomless’ are A,
(Fig. 3.1) and thus absolute.

Definition 3.14 (Filters of P) — We call a filter of P any subset F' C P such that:

(i) Fisnonempty: F # @
(ii) Fisupwardsclosed: (Vp,gqeP)pe FAp<qg=qg€cF)
(iii) F is downwards directed: (Vp,qe F)(Are F)(r<pAr<q)

Moreover, we say that a filter ' C P is principal when F has a smallest element py. Principal
filters of P are exactly the subsets of P of the form F' = T{py}, where p, € P.

The formula ‘F is a filter of P’ is Ay (Fig. 3.1) and thus absolute. However, the expanded
universe (described by .7*) may contain filters F C P that do not belong to .#Z—the typical
example of such an ‘extra’ filter being given by G (Section 3.2.6).

Definition 3.15 (Dense and predense subsets) — We say that a subset D C P is
e dense when (VpeD)(dgeP)(q < p);

e predense when (VpeD)(dgeP)(q T p).

From the above definition, it is clear that a subset D C P is dense if and only if its upwards
closure is P, that is, iff TD = P. Similarly, a subset D C P is predense if and only if its
downwards closure | D is dense, that is, iff T|D = P.

Remark 3.16 — The above notion of ‘density’ implicitly refers to the topology on P whose
open subsets are the downwards closed subsets of P and whose closed subsets are the upwards
closed subsets of P. This topology is T; but in general not T, (unless ordering is discrete
on P). A property of this topology is that open subsets (resp. closed subsets) are closed under
arbitrary intersections (resp. under arbitrary unions). In this framework, we can notice that
two conditions p,q € P are incompatible if and only if we can separate them with two open
subsets U and V suchthatpe U,ge Vand U NV = @.

Again, the formulas ‘D is dense’ and ‘D is predense’ are A (Fig. 3.1) and thus absolute.
(Of course, not all dense/predense subsets of P belong to .Z.)

Definition 3.17 (Separativeness) — We say that the forcing poset (P, <) is separative when
for all p, g € P such that p £ g, there is p’ < p such that p’ L q.
(Again this property is A and thus absolute.)

In Chapter 5, we shall see that this property—that has no specific impact on the structure of
the expanded universe—implies that the canonical mapping p +— p** from the poset (P, <) to
the Boolean algebra (8, C) generated by P is an embedding.
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3.2.6 Axiom of Genericity

Definition 3.18 (.7 -generic filters) — We say that a filter F C P is .# -generic when F meets
all dense subsets D C P that belong to the sub-universe .7 .

The Axiom of Genericity expresses that the set G is an . -generic filter of P:
Axiom 6 (Genericity) — .7* + Gfilterof P A (YDe B (P))(D dense = DN G # @).

An important property of the . -generic filter G is that it more generally meets all predense
subsets D C P that belong to .Z:

Lemma 3.19 — 7% + (YD e B (P)) (D predense = DNG # ).

Proof. Let D € ./ such that D is predense. Then its downwards closure | D is dense, and still
belongs to .#: |D = (ID)” € .#. Since G is .# -generic, there is p € G such that p € |D.
And since p € | D, there is g € D such that p < g. But since G is a filter, G is upwards closed
so that g € G too. Therefore ¢ € D N G. O

The case of trivial generic filters To understand the significance of the notion of .# -generic
filter, it is important to study the particular case of trivial generic filters.

Given a condition py € P, the set Tl po = T{po} is by definition the set of all conditions that
are compatible with po:  Tpo = {p € P: p T po}. And by construction, this set always
belongs to .#, since it is defined using A,-Separation (cf Prop. 3.9).

In the particular case where the condition p, is an atom, we can prove that the set T| pg is a
filter of P, and that it meets all dense subsets D C P, even when D € .# . In other words, the
subset Tl po C P (that belongs to .#) is a generic filter—and not only an . -generic filter:

Proposition 3.20 — For every atom ay € P, the set T py is a generic filter:

T v (VYpo € P) [ po atom = Tpy filter of P A
(VDC P)(D dense = DN T py # 2)]

Proof. 'We first check that T p, is a filter:
(@) T po is nonempty, since py € T po.
(i) T po is upwards closed (by construction).
(iit) T po is downwards directed. Let p;, p» € G. From the definition of 7| p,, there are
q1,q> < po such that ¢; < p; and ¢, < p,. But since py is an atom, g, and g, are
compatible, so there is r € P such that r < ¢, and r < ¢,. It is then clear that r € T py

(since r < py), and that r < p; and r < p,.

To show that T py is generic, take a dense subset D C P. By density, there is ¢ € D such that
q < po. So that g € T po. O
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In what follows, the generic filters of the form T| py (Where py € P is an atom) will be called
the trivial generic filters. (Note that all trivial generic filters belong to .#.) The following
proposition shows that G belongs to .7 if and only if G is trivial:

Proposition3.21 — 7 + Ge .# < (Apo€P)(pyatom A G = T py).

Proof. We only prove the direct implication (the converse being trivial). For that, let us as-
sume that G € .# . From this we get G € ., writing G° = P \ G. But since G is . -generic
and since G° N G = @, it follows from Lemma 3.19 that G is not predense. Therefore, there is
a condition p, € P that is incompatible with every element of G¢, so that T po N G° = @, and
thus: T po € G. In particular, we have |{po} C G, which proves that p, is an atom (since the
elements of G are pairwise compatible). We have proved that 7| py € G. The converse inclusion
G C T po is obvious, since all elements of G are compatible with p, € G. O

From this, we immediately get a sufficient condition ensuring that the .# -generic filter G
does not belong to .

Corollary 3.22 — 7% + P atomless = G ¢ .#H

In other words: if in the ground theory .7 the poset (P, <) is provably atomless, then in
the corresponding generic extension one has .7 + G ¢ .# (since the formula ‘P is atomless’
is Ag). In practice, all the interesting forcing posets are (provably) atomless (in the ground
theory .7), so that we shall only consider generic extensions .7 * where G ¢ . .

3.2.7 Axiom of Naming

In forcing, we frequently need to work at the boundary of the sub-universe .#, by considering
sets A whose elements are all in .# (i.e. such that A C .#) but that do not necessarily belong
themselves to . . In what follows, we write ‘B(.#) the class of all sets A such that A C .Z. By
construction, the class P(.#) is transitive and contains .# as a sub-class. Typical examples of
sets in *B(.#) (but not necessarily in .#) are:

e The ./ -generic filter G C P,
e All subsets Y C X of a given set X € ./,
e All functions f : X — Y for given sets X, Y € ./, etc.

In particular, the difference B(.#) \ .# contains all ‘new’ subsets ¥ C X of ‘old’ sets X € .Z,
as it contains all ‘new’ functions f : X — Y between ‘old’ sets X, Y € .Z .

Among all sets in the class ‘B(.#), some of them can be represented by particular elements
of .#—called P-names—using the properties of the .# -generic filter G C P as follows:

Definition 3.23 (P-name) — Let A € B(.#). We say that a set N € .# is a P-name for A
when the elements of A are exactly the sets x such that (x, p) € N for some p € G:

NisaPnameforA = Ne.#Z ANVx(xeA © (ApeG)(x,p) €N).
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Remarks 3.24 — (1) The formula ‘N is a P-name for A’ implies the inclusion A C |JJ N,
from the definition of ordered pairs: (x, p) = {{x},{x, p}}. But since the set | J [ J N belongs
to ./ (recall that N € .# and that the operation X — [ J X is absolute), this implies that each
set in ‘P(.#) that has a P-name in .# is actually bounded by a set in .Z .

(2) Aset A C . may have several P-names N € .Z, but every set N € ./Z is always the
P-name of a unique set A € P(.#), that is given by

1>

A=I(N) = {xe UUN:@peG)(x,p)e N

= 7r1(Nﬂ (%XG))

(writing 7y the first projection of a set of pairs.) The operation N — I5(N) is called the
interpretation—or the decoding—of a P-name N € .# into the set I(N) € P(A).

(3) The only relevant elements of a P-name are its elements of the form (x, p), where
p € P. So that if N is a P-name for A, then the subset

N = NN(#XP) = {(x,p)eN:peP} CN

is still a P-name for the same set A € B(.#). In practice, this means that P-names can be taken
in the sub-class P4 (A x P) = B(# X P) N 4 C . rather than in .# .

Moreover, it is important to notice that many sets in ¥(.#') have P-names:

e First, every set A € .# has a P-name in ., for instance the set Ny = A X P. Notice that
we cannot take Ny = A X G, since this set is in general not in .Z .

e The .# -generic filter G C P (which is in general outside .#) has also a P-name N € .#,
which is given by Ng = {(p,p) : p € P} (€ .#). In what follows, this set N € .# is
called the canonical P-name for G.

e The reader is invited to check that if two sets A, B € ‘B(.#) have P-names in .# , then
the sets AU B, AN B, A\ B have P-names in .# too (Exercise ?77?).

The Axiom of Naming generalizes the existence of P-names to all sets in B(.#), by stating
that every set A € $$(.#) has a P-name B € ./ :

Axiom 7 (Naming) — .7 + VAeB(A)(ANe #)Vx(x€e A & (ApeG)(x,p) € N).
Or, with a more compact formulation:
(AxioMm oF NAMING) NMAeB(Z)(ANe . #)A = I;(N)

Intuitively, the Axiom of Naming expresses that the expanded universe (described by 7*)
is generated from the ‘new’ subset G C P around the initial universe (described by .7 and re-
flected in the class .# in the theory 7). This intuition will become more clear with Prop. 3.28
below, and it is fully developped in Exercise 3.6.

Technically, the Axiom of Naming is also an extremely powerful tool to speak about all sets
in B(.#)—and thus about all subsets of a given set X € .#—within the sub-universe .#. In
Section 3.3, we shall introduce a (recursive) generalization of the notion of a P-name that can
be more generally used to represent the whole universe inside the sub-universe .Z .
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The Bounding Lemma The most obvious consequence of the Axiom of Naming is that every
set A € P(A) is bounded by aset A’ € .#:

Lemma 3.25 (Bounding Lemma) — 7% + (VAeB(#Z)) A e #)A C A’
Proof. Taking a P-name N € . for A, welet A" = JJN. O

The main consequence of the Bounding Lemma is that ordinals are the same in .# and in
the expanded universe:

Proposition 3.26 (Ordinals) — .7* + Ya(On(a) © a € .# A on” (a)).

Proof. From Prop. 3.8 we know that (Vo € .%) (On(e) & On”(«)), so that we only need to
show that Ya (On(a@) = a € .#'). We reason by contradiction, assuming that « is the smallest
ordinal such that @ ¢ .#. From this we get @ C .# (since 8 € ./ for all § < a), hence there
is A € .# such that @ C A (from the Bounding Lemma). Let A” = {8 € A : On(B)}. By
construction, we have A’ € .# and @« C A’. Since o ¢ .#, the inclusion @ C A’ is strict, so
there is B € A’ such that 8 ¢ @. But either @ € 8 € .4, which is absurd (by transitivity), or
a = B € ./, which is absurd too. O

Therefore On C ., so that . is a proper class.

Cardinals in the expanded universe A consequence of Prop. 3.26 is that all cardinals of the
expanded universe—that are also ordinals—actually belong to the sub-universe .#. Moreover,
since the formula Cn(x) (‘k is a cardinal’) is I1;

Cn(k) = Onk) N Va<k)Vf=(f:a->«k),

we deduce from Prop. 3.8 that every cardinal « in the expanded universe is actually a cardinal
in the sub-universe ./ :

Proposition 3.27 (Cardinals) — .7 + Yk (Cn(k) = k€ .4 A Cn” (x)).

The converse implication is in general no true, which means that the expanded universe
may have fewer cardinals than the sub-universe .# (see the discussion in the Introduction of
this course), and we shall see striking examples of this phenomenon of cardinal decimation in
Chapter 6. On the other hand, we shall see in Section 4.1.1 that when the forcing poset (P, <)
fulfils the so-called countable chain condition, then the cardinals of the expanded universe are
exactly the same as in the sub-universe .7 .

The case of a trivial generic filter G We have seen (Prop. 3.21) that the .# -generic filter G
belongs to the sub-universe .# if and only if it is trivial, that is, iff G = T p for some atom
po € P. The Axiom of Naming implies that in this case, the whole universe collapses to .Z:

Proposition 3.28 (Collapsing) — .7* + G € . # = Vx(x € .#).

Proof. Assuming that G € .#, we first show that YA (A C .# = A € /). For that, consider
A C . and pick a P-name N for A, that is: a set N € .# such that

A =Is(N) = {xeUUN:(ApeG)(x,p) € N}.

But since G € ., the right-hand side of the above equality is in .#, so that A € .#. From
the implication YA(A C .# = A € .#), we immediately deduce that all sets are in the sub-
universe .Z by a straightforward e-induction. O

66



3.3 Recursive P-names

From now on, the P-names introduced in Section 3.2.7 are called simple P-names, as opposed
to the more sophisticated notion of a recursive P-name we introduce in this section.

3.3.1 Intuitions

In Section 3.2.7, we introduced the notion of P-name (together with the corresponding axiom)
as a way to represent any set A C . as a set of pairs N € .# whose first and second com-
ponents range over .# and P (provided we simplify N as shown in Remark 3.24 (3)). Simple
naming is thus nothing but a way to reflect the class B(.#') within the sub-class

B M xP) < M,

the process of decoding being given by the operation I : B7 (.4 x P) — P(A).

However, this process can be iterated. For instance, if we want to represent elements of
P(P(#)) in the sub-universe .# , it suffices to use P-names rather than elements of ./ as first
components, and to apply the decoding function /; twice:

Bl

BB (M XPYXP) ~5 BEBL(MXP) ~5 BERA)).

In this way, we reflect the class B(B(.#)) within the sub-class B (D7 (.4 x P)x P) C M .

By iterating this technique transfinitely many times, we shall see that it is more generally
possible to reflect the whole universe (described by .7*) within a sub-class .#'" C .4 that
satisfies the (recursive) equation

MP = B P x P) (C )

and whose elements are called recursive P-names.

3.3.2 Constructing the class .#"

Technically, the (proper) class .#® is built as the union of a transfinite sequence (Z<)acon
defined similarly to the cumulative hierarchy (V,).co. (cf Exercise 1.11) by

///ép) — UQB%('///ﬁ(P)XP)'
B<a

However, some care must be taken to ensure that all sets .#, belong to .#, as well as all
truncated sequences (///ép ))ﬁm, where a € On. For this reason, we shall first construct the class

of P-names in the ground theory .7 —where we shall write it V® rather than .Z®.

Construction in the ground theory .7 Working in the ground theory .7, we consider the
transfinite sequence (VC(,P ))(,Eon that is defined similarly to the sequence (V,).con, letting

VP = U ‘B(V[E,P) X P) (for all @ € On)
B<a
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Fact 3.29 — (In .7 :) The transfinite sequence (V) ,co, is monotonic:
(i) Ifa <P, then V" < V7;

Moreover:
(ii) V¥ = o;

(iii) VéP) =PV x P) for every ordinal a;

+1

(iv) VP = U V‘EP) for every limit ordinal a.
B<a

The class of recursive P-names is written V% (in .7) and defined as the transfinite union

of the sequence (fo) Yacon, letting x € VP = (Ja e On) x € V[(,P).

Construction in the generic extension .7* In the ground theory .7, we have defined a func-
tional relation y = V" whose domain is the class On of ordinals, so that we have:

T + Vaeon)@Aly)y=V"P,
From Fact 3.7, we thus have in the generic extension .7 *:
T+ Vaeon)@lye.d)(y= V)"

(using the fact that on” = On).

By definition, we write .Z." the unique set y € .# such that (y = V?)” (for all @ € On).
In other words, the set ,///LEP ) is nothing but the set V((,P ) (initially constructed in .77) seen in the
theory .7* as an element of the sub-universe .#, that is: .Z. = (VC(,P))'//.

Relativizing the defining equation Vép) = Up<a §B(V;;D) X P) of the sequence (V((,P))(,eo,, (in 7))
to the sub-universe . (in .7 "), we get:

T v Vaeon) 4P =| |87 xp).
B<a

And relativizing Fact 3.29 to .# as well:
Fact 3.30 — (In .7*:) The transfinite sequence (M')yecon is monotonic:
(i) If & < B, then AP C ///[;P)
Moreover:
(i) A" = o;
(iii) ///éf)l = P2 (AP x P)  for every ordinal o;

(iv) ///(ip) = U j/ﬁ(m for every limit ordinal a.
B<a
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Definition 3.31 (The class .#Z? of recursive P-names) — The class .#” is defined (in the

generic extension .7 *) as the union of all sets ///(EP) (where a € On)

xe #" = AaeOn) (xe "),

and the elements of .#‘P are called recursive P-names. Given a recursive P-name u € .#'D,

we call the rank of u and write rk'”(u) the smallest @ € On such that u € ///ép).

It is clear that the class .#Z® of recursive P-names is nothing but the class V¥ (such as
defined in the ground theory .7) relativized to the class .# (in the generic extension .7 *):

T v Yu(ue 4P o ue t Aue V).
Moreover, the class .#® is characterized as follows:
Lemma3.32 — 7" + Vulue 4P o ue .l N uc.#P xPl
Proof. The direct implication is obvious from the definition of the class .#‘? of recursive

P-names. Conversely, let us assume that u € .# is a set of pairs (v, p) such that v € .#‘P and

p € P. Since the transfinite sequence (///ép))awn 1s monotonic, we can find a sufficiently large

ordinal @ such that v € .Z" for all (v, p) € u. Therefore u C P x P, and since u € 4, we
getu € PY( M x P) = 4™ O

a+l1*

In other words, we have: . #? = P2 H P x P) = D(AP xP)N A .

3.3.3 Interpreting recursive P-names

To every recursive P-name u € .#'? we now associate a set I3y (u) (in the expanded universe)
that is defined by induction on k® (u), letting:

IGw) = {I;v) : ApeG)(v,p) € uj.
(This definition is well-founded, since rk'”(v) < rk”(u) as soon as (v, p) € u for some p € P.)

Definition 3.33 (Recursive P-name of a set) — Given an arbitrary set x and a recursive P-
name u € ./, we say that u is a recursive P-name for x when x = I3y (u).

By a transfinite application of the Naming axiom, we can now prove that every set of the
expanded universe has a recursive P-name in the class .Z" C .4

Proposition 3.34 — .7* + Yx(Que #")x = I3 (u)

Proof. Reasoning by e-induction on x, let us assume that every element of x has a recursive
P-name in .#Z®. We construct a recursive P-name for x in .#Z® as follows:

e For all y € x, let us write «, the smallest ordinal such that y has at least one recursive
P-name in .///éf), and let Ay, = {v € ///é? :y = I5(v)}. Writing A = Uy, Ay, we have
AC . #P C _#. Moreover, we have:

Vylyex & (veA)(y=1»)].
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e From the Naming axiom, there is N € .# such that A = I5(N). Let us now consider the
set u € ./ that is defined by

u=NNAP*xP) ={zeN : QveatP)@peP)z=©,p)) (€ .A)

so that by Lemma 3.32 we have u € .#".
e Since u C N, we have I5(u) C Ig(N) = A. To show the converse inclusion, take v € A.
Since N is a P-name for A, there is p € G such that (v, p) € N. And since v € P, we

have (v, p) € u, so that v € Iz(u). Therefore A = I5(u).

e For all y, we finally check that

yeEx © (veA)(y=I17v) (By construction of A)

© @ApeG)((v,p)euny=I171)) (Since A = I(n))

& yell(x) (Def. of I3 (x)

from which we deduce that x = I (u). O

3.3.4 Preservation of the Axiom of Choice

An important consequence of the existence of recursive P-names for all sets in the expanded
universe is that for every set X, we can find a set Y in the sub-universe . that is at least as
large as X, in the sense that there is a surjection from Y onto X:

Lemma 3.35 (Surjection Lemma) — .7 + VX @Y e.Z)Af (f : Y » X).

Proof. This is obvious when X = @: take Y = f = @. We now consider the case where X # @,
and pick an element x, € X. From Prop. 3.34, there is a recursive P-name Y € .#® C ./ such
that /7 (Y) = X. We define the function f : ¥ — X by

I7v) ifpeG
fv,p) = { © .
Xo otherwise
for all (v, p) € Y. By construction, f is surjective. O

The Surjection Lemma (Lemma 3.35) implies that if the Axiom of Choice (AC) is true in
the sub-universe .#, then it is true in the expanded universe:

Proposition 3.36 (Axiom of Choice) — .7* + AC” = AC.

Proof. Assume that AC holds in the sub-universe .#, and take a set X. From the Surjection
Lemma, there is Y € .# with a surjection f : ¥ - X. By AC“, there are @, g € .# such that
(On(a) A g : @ = Y)” . By absoluteness, this means that a is an ordinal and that g : @ = Yis a
bijection from « onto Y. We now define & : X — a by h(x) = min{8 € a : f(g(B)) = x} for all
x € X. By construction the function & : X < « is injective, so that X can be well-ordered. O

From this, it is clear that if .7 + AC, then .7* + AC.
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Exercises

Exercise 3.1 (Naming) — In this exercise, we work in the generic extension .7 without the
Axiom of Naming (Section 3.2.7). We consider two sets A, B € B(.#') with respective names
Ny,Ng € A, sothat A = I(N,) and B = I5(Np).

(1) Prove that Ny U Np is a name for A U B, thatis: I5(N4 U Ng) =AU B.
(2) Explain why, in general, the intersection N4 N Np is not a name for A N B.

We now consider the two sets N, N, € .# defined by:

Ny
Np

{(x,p) e (UUNA) X P : (Ag=p)(x,q9) € N4}
{(x,p) e (UUNp)XP : (dg=p)(x,q) € Np}

(3) Prove that Ig(N}) = I(N4) = A and I(Np) = I5(Np) = B.

(4) Deduce that the set Ny N N € .# is aname for AN B: Ig(N, N Ny) = AN B.

Exercise 3.2 (Orthogonal of a set of conditions) — In this exercise, we work in the generic
extension .7 *. Given a set of conditions X C P, we call the orthogonal of X and write X~ the
set of conditions defined by X+ = {g € P: (YpeX) p L g}. The bi- and tri-orthogonal of X are
respectively defined by X+ = (X*+)* and X+ = (X*+)*.

(1) Check that for all X, Y C P:

(1.1) X C Y implies Y+ C X*;
(12) X € X*,

(1.3) X+ = X+

(1.4) X+ is downwards closed;
(15) XNX* =@

(1.6) X U X* is predense.

(2) Deduce from (v) and (vi) that if X € -7 (P), then X meets G iff X** meets G:

T F VXePYPHXNG+2 X NG +0).

Exercise 3.3 (The Boolean algebra 8) — In the generic extension .7 *, we let
B = (XeP?P): X=X},
(1) Checkthat Be .#,and B ={X € B(P): X = X-}7.

(2) Prove that the poset (8B, C) is a lattice, where Lg = @ and Tg = P, and where binary
meets and joins are givenby X Ag Y = XNYand X vg Y = (XU Y)** forall X,Y € 8.

(3) Prove that for all downwards closed subsets X, Y C P:

B.1) Xt ={peP:(Vg<p)q ¢ X}
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32) X ={peP:(Vg<p)@r<qg)reX}
B3 XnY)Ht=X++ny+t

(4) Deduce that the lattice (8, ©) is distributive, in the sense that

XvgY)rgZ = (XAZ;Z)VB(Y/\BZ)

X AgYV)VsZ = (XVgZ) Ag (Y Vg Z) (forall X.Y,Z € B)

(5) Conclude that the poset (8, C) is a Boolean algebra.

Exercise 3.4 (8-names) — In this exercise, we work in the generic extension .7 *, and write B
the Boolean algebra defined in Exercise 3.3. We call a 8-name any set u € .# such that u is a
function whose range is included in B:

uisaB-name = wu€.# A ufunction A ran(u) C B

Given a B-name u, the notation u(x) (function application) is extended to all x € .Z, letting
u(x) = @ = 0g when x ¢ dom(u). Similarly to the decoding function I; from .# to B (.#), we
define a decoding function J; from the class of B-names to B(.#), letting

Jo(u) = {x e dom(u) : u(x) NG # @}
for each B-name u. When Js(u) = A (€ B(A)), we say that u is a B-name for A.

(1) Without using the Axiom of Naming, prove that a set A € B(.#) has a B-name if and
only if it has a P-name. (Hint: use the result of Exercise 3.2 (2).)

(2) Deduce that the Axiom of Naming is equivalent to the formula

YA eB(A))(Aue A ) (uis a B-name A Jg(u) = A).

(3) Without using the Axiom of Naming, prove that if two sets A, B € P(.#) have B-names
uy, ug, respectively, then the sets A N B, AU B and A \ B have $B-names too.

(4) Using the Axiom of Naming, prove that for each set X € .#, the correspondence u —
Jo(u) defines a surjection Jg x : (BX)7 - B(X).

(5) Assuming that the Axiom of Choice holds in both theories .7 and .7, deduce that for
each set X € ./, the cardinal of the powerset ‘B(X) (in the expanded universe) is bounded
by the cardinal of the function set 8 in the sub-universe ./

T F (VX e ) |BX)| < (18Y)7 .

Exercise 3.5 (Maximal antichains) — In this exercise, we work indifferently in the ground
theory .7 or the generic extension .7 *. We call an antichain of P any subset A C P whose
elements are pairwise incompatible. In symbols:

A antichainof P = ACP AN (Vp,gqgeA)(p+qg=>p Lq).

Given a subset X C P, we say that an antichain A of P is maximal in X when A C X and when
there is no antichain A’ of P such that A c A’ C X.
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(1) Assuming that AC holds in the considered theory (.7 or .7*), prove that for every subset
X C P, there exists an antichain of P that is maximal in X.

(2) Prove that for every subset X C P and for every antichain A of P that is maximal in X,
we have: X+ = A+ (cf Exercise 3.2). Hint: It suffices to prove that X+ = A*.

From now on, we assume that the Axiom of Choice holds in .7 and work in the corresponding
generic extension .7 * (that fulfils AC too). We write 2p the set of all antichains of P in ./Z:

Ap = {A C P: Aantichain of P} = {A € P“(P) : A antichain of P} (e M)
(3) Prove that there is in the sub-universe ./ a surjection f : (Up —» B)~.
(4) Deduce that 7* + (|Up| < |B))” and 7~ + |Up| < |B.
(5) Using the results of Exercise 3.4, prove that

T v (VX e ) IBX)| < (1)

Exercise 3.6 (.7* is generated from .#Z and G) — The aim of this exercise is to show that
the expanded universe described by .7* is generated from the sub-universe .# (that reflects
the ground theory .7 in .7*) and the .# -generic filter G C P. For that, we first notice that the
notation ;7 (u) (Section 3.3.3) can be actually defined in ZF for all sets G and u, letting

IZw) = {I7(v) : (v, p) € uforsome p € G}.
(The definition proceeds by induction on u, using G as an arbitrary parameter.)

(1) Check that the functional relation ‘x = I (u)’ (with free variables u, G and x) can be
defined in the language of ZF using a X-formula.

Working in the generic extension .7 *, we now consider a transitive model C of ZF (in .77*)
such that we have .7 + .# C C (‘C contains .Z’) and .7* + G € C (‘C contains G’).

(2) Provethat 7" + (VueC)Iz(u) € C.
(Hint: use the fact that the functional relation x = I3 (u) is X;).

(3) Using Prop. 3.34, conclude that: 7"+ Vx(xeC) (ie. 7*+V =0C)
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