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AsstracT. This paper deals with the specification problem in classical realizability (such
as introduced by Krivine [17]), which is to characterize the universal realizers of a given
formula by their computational behavior. After recalling the framework of classical realiz-
ability, we present the problem in the general case and illustrate it with some examples. In
the rest of the paper, we focus on Peirce’s law, and present two game-theoretic characteri-
zations of its universal realizers. First we consider the particular case where the language
of realizers contains no extra instruction such as ‘quote’ [16]. We present a first game Go
and show that the universal realizers of Peirce’s law can be characterized as the uniform
winning strategies for G, using the technique of interaction constants. Then we show that
in presence of extra instructions such as ‘quote’, winning strategies for the game G are
still adequate but no more complete. For that, we exhibit an example of a wild realizer of
Peirce’s law, that introduces a purely game-theoretic form of backtrack that is not captured
by Gp. We finally propose a more sophisticated game G, and show that winning strategies
for the game G are both adequate and complete in the general case, without any further
assumption about the instruction set used by the language of classical realizers.

1. INTRODUCTION

The correspondence between proofs and programs—also known as the Curry-Howard
correspondence [5, 12, 9]—has brought a deep renewal in proof theory, by establishing
strong connections between the concepts of proof theory and the concepts of functional
programming. For a long time, the computational interpretation of proofs induced by this
correspondence was strictly limited to intuitionistic logic and to constructive mathematics,
and the computational contents of classical proofs could only be studied indirectly, via
clever translations—the so called negative translations—from classical logic to intuition-
istic logic [7] or to linear logic [8].

In 1990, Griffin discovered [10] that in the programming language Scheme [25], the
control operator call/cc (for ‘call with current continuation’) could be given the type
((A » B) —» A) — A corresponding to Peirce’s law through the formulas-as-types inter-
pretation [12]. Since Peirce’s law constructively implies all the other forms of classical
reasoning (excluded middle, double negation elimination, reductio ad absurdum, de Mor-
gan laws, etc.), this discovery opened the way to a direct computational interpretation of
all classical proofs, using control operators and their ability to implement backtrack to
interpret classical reasoning principles. Many classical A-calculi have been introduced
from these ideas, such as Parigot’s Au-calculus [24], Barbanera and Berardi’s symmetric
A-calculus [1], Krivine’s A.-calculus [17] or Curien and Herbelin’s Au-calculus [4].

However, the analysis of the computational behavior of programs extracted from clas-
sical proofs quickly proved to be difficult. One reason for this was the presence of control
operators, which naturally break the linearity of the execution flow of programs. But the
main reason was the lack of a theory relating the point of view of typing (which cor-
responds to deduction in logic) with the point of view of computation. Such a theory
already existed for intuitionistic logic: the theory of realizability, that was initially in-
troduced by Kleene [13] to interpret the computational contents of the proofs of Heyting
arithmetic, and later extended to more expressive frameworks, including intuitionistic set
theories [22, 6, 19]. Alas, the theory of realizability such as designed by Kleene and his
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successors was not only limited to intuitionistic logic, but it was also fundamentally in-
compatible with classical logic'.

1.1. The theory of classical realizability. To address this problem, Krivine introduced in
the middle of the nineties the theory of classical realizability [17], which is a complete re-
formulation of the very principles or realizability to make them compatible with classical
reasoning. (As noticed in [23, 21], classical realizability can be seen as a reformulation
of Kleene’s realizability through Friedman’s A-translation [7].) Although it was initially
introduced to interpret the proofs of classical second-order arithmetic, the theory of clas-
sical realizability can be scaled to more expressive theories such as Zermelo-Fraenkel set
theory [15] or the calculus of constructions with universes [20].

As in intuitionistic realizability, every formula A is interpreted in classical realizability
as a set |A| of programs called the realizers of A, that share a common computational
behavior dictated by the structure of the formula A. This point of view is related to the
point of view of deduction (and of typing) via the property of adequacy, that expresses that
any program extracted from a proof of A—that is: any program of type A—realizes the
formula A, and thus has the computational behavior expected from the formula A.

But the difference between intuitionistic and classical realizability is that in the latter,
the set of realizers of A is defined indirectly, that is: from a set ||A|| of execution contexts
(represented as argument stacks) that are intended to challenge the truth of A. Intuitively,
the set ||A|[—which we shall call the falsity value of A—can be understood as the set of
all possible counter-arguments to the formula A. In this framework, a program realizes
the formula A—i.e. belongs to the truth value |A|—if and only if it is able to defeat all the
attempts to refute A using a stack in ||A||. (The definition of the classical notion of a realizer
is also parameterized by a pole representing a particular challenge, that we shall define and
discuss in Section 4.1.1.)

By giving an equal importance to programs—or terms—that ‘defend’ the formula A,
and to execution contexts—or stacks—that ‘attack’ the formula A, the theory of classical
realizability is thus able to describe the interpretation of classical reasoning in terms of
manipulation of whole stacks (as first class citizens) using control operators.

1.2. The A -calculus. The language of realizers that is traditionally used in classical re-
alizability is Krivine’s A.-calculus [17], an extension of Church’s A-calculus [3] with an
instruction cc (representing the control operator call/cc) together with the machinery for
manipulating continuations constants embedding stacks. Unlike the traditional A-calculi,
the A.-calculus relies on a particular reduction strategy—the call by name strategy—which
is implemented using Krivine’s Abstract Machine (KAM). As a consequence, the property
of confluence—which plays a central role in traditional A-calculi—does not make sense
anymore in this architecture. In the KAM, the property of confluence is replaced by the
property of determinism, which is not only simpler, but which is also closer to the point of
view of real programming languages.

An important feature of the A.-calculus is that it can be freely enriched with extra in-
structions that can be used to optimize extracted programs (for instance: instructions ma-
nipulating primitive numerals [21]) or even to realize additional reasoning principles. The
emblematic example is given by the instruction ‘quote’, that computes the Godel code of
a stack (according to a fixed enumeration of stacks), and that is used in [16] to realize the
axiom of dependent choices®. In this paper, we shall also consider two other extra instruc-
tions: the instruction ‘eq’, that tests the syntactic equality between two (closed) A.-terms,
and the non deterministic choice operator (M (‘fork’).

IFor instance, the formula Vx (H(x) V —=H(x))—where H(x) denotes the halting predicate—is classically
provable, but its negation is intuitionistically realizable [13]. The same holds for the formula VX (X VvV —-X)
expressing the law of excluded middle in second-order logic, whose negation is intuitionistically realizable.

’In analysis, this axiom is crucial to prove Baire’s lemma—which is actually equivalent.



SPECIFYING PEIRCE’S LAW IN CLASSICAL REALIZABILITY 3

1.3. The specification problem. A fundamental problem of classical realizability is the
specification problem, which is to characterize the (universal) realizers of a given formula A
from their computational behavior. This problem has received little attention in intuition-
istic realizability, mainly because the specification attached to a formula A can be directly
inferred from the definition of the set of realizers of A. For instance, intuitionistic realizers
of the formula IV x A(x) are exactly the programs reducing to a pair whose first component
is a witness n € IN and whose second component is a realizer of the formula A(n) [14]. In
intuitionistic realizability, formulas already constitute specifications.

The situation is much more subtle in classical realizability. This subtlety does not only
come from the particular architecture of classical realizability (that involves notions such
as a falsity value or a pole that are alien to Kleene’s realizability), but it primarily comes
from the fact that the underling programming language A. contains the control operator
call/cc, so that realizers can embed continuation constants that may issue a backtrack at
any time. Of course, these features are essential to interpret classical reasoning principles
such as the excluded middle, but on the other hand, we cannot hope anymore that the first
projection of a classical realizer of AVx A(x) will give us the desired witness for free. (For
an account of witness extraction techniques in classical realizability, see [21].)

As we shall see in Sections 6.4 and 6.5, the problem becomes even more difficult when
considering extensions of the A.-calculus with instructions such as ‘quote’ or ‘eq’, that
are able to discriminate programs from their syntactic differences, and not only from their
computational behavior.

1.4. Specifying Peirce’s law. The opposition between A.-terms (seen as defenders) and
stacks (seen as attackers) constitutes the heart of classical realizability, and it naturally
suggests that the specification problem has to be studied in game-theoretic terms.

In this paper, we shall study the specification problem for the (fundamentally classical)
law of Peirce, whose second-order formulation is YX VY ((X = Y) = X) = X)—namely:
the type of call/cc. This problem was given a first and partial solution by the first au-
thor [11], who proposed a game-theoretic characterization Gy of the universal realizers
of Peirce’s law in the particular case where the underlying calculus of realizers is deter-
ministic and contains infinitely many interaction constants, a notion we shall define in
Section 5.3. (We shall present here a simplified proof of this first solution that does not
rely on the assumption of determinism.)

However, the presence of interaction constants—which is crucial in the proof of com-
pleteness presented in [11]—is known to be incompatible with the presence of instructions
such as ‘quote’ or ‘eq’, that are able to detect syntactic differences in A.-terms that would
be otherwise considered as computationally equivalent. This first result thus left open the
specification problem for Peirce’s law in the general case, where the calculus of realiz-
ers may rely on an arbitrary set of instructions—including the instruction ‘quote’ used to
realize the axiom of dependent choices [16].

In this paper, we shall see that the first specification G, remains adequate in the general
case (in the sense that any term captured by the game G is a realizer of Peirce’s law),
but that it is not complete anymore. Indeed, we shall exhibit a closed A.-term (that can be
implemented either from ‘eq’ or from ‘quote’) that constitutes a wild realizer of Peirce’s
law in the sense that it is not captured by the game Gy. We shall see that this counter-
example introduces a new—and purely game-theoretic—form of backtrack that does not
come from control operators, but from the fact that realizers can now test (using syntac-
tic equality) whether a position already appeared before in the play. From the point of
view of meta theory, we shall also see that this new form of backtrack is treated in the
corresponding proof of adequacy by using the meta-theoretic law of Peirce, thus making
the proof classical. (This contrasts to the traditional proof of adequacy of the domestic
realizer call/cc, which is purely intuitionistic.)
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To capture our (counter-)example of a wild realizer, we shall present a second game G,
that takes into account the second form of backtrack. Then we shall prove that this second
game G, is both adequate and complete in the general case (i.e. without any assumption on
the instruction set), thus constituting the definitive specification of Peirce’s law.

2. THE LANGUAGE A,

2.1. Terms and stacks. The A.-calculus distinguishes two kinds of syntactic expressions:
terms, that represent programs, and stacks, that represent evaluation contexts. The terms
of the A.-calculus are pure A-terms [3, 2] enriched with two kinds of constants:

e Continuation constants K, one for every stack r;
e [nstructions, such as the control operator call/cc (written here ac), that are taken
in a fixed set C of constants.

The stacks of the A.-calculus are finite lists of closed terms terminated by a stack constant
taken in a fixed set B of stack constants, also known as stack bottoms.

Formally, terms and stacks of the A.-calculus are thus defined from three auxiliary sets
of symbols, that are pairwise disjoint:

e A denumerable set V, of A-variables (notation: x, y, z, etc.)

e A countable set C of instructions, that contains at least an instruction cc € C
(‘call/cc’, for: call with current continuation).

e A nonempty countable set B of stack constants, also called stack bottoms (nota-
tion: a, B, v, etc.)

Definition 1 (Terms and stacks). — Terms and stacks of the A.-calculus are defined by
mutual induction from the following formation rules:

(1) If x € V, is a A-variable, then x is a term, and FV(x) = {x}.

(2) If ¢ € C is an instruction, then c is a term, and FV(c) = @.

(3) If s a stack, then k;; is a term, and FV(k;) = @.

(4) If t and u are terms, then fu is a term, and FV(tu) = FV(t) U FV(u).

(5) If x € V, is a A-variable and if 7 is a term, then Ax.z is a term, and FV(Ax.t) =

FV()\ {x}.
(6) If @ € Bis a stack constant, then « is a stack.
(7) If tis a closed term (i.e. FV(¢) = @) and if 7 is a stack, then ¢ - 7 is a stack.

In this definition, we define every A.-term ¢ together with its set of free variables FV (),
so that we can restrict the application of rule (7) to closed terms . Thanks to this restriction,
stacks are always closed objects and continuation constants Kk, are actually constant.

In what follows, we adopt the same writing conventions as in the pure A-calculus, by
considering that application is left-associative and has higher precedence than abstraction.
We also allow several abstractions to be regrouped under a single A, so that the closed term
Ax.Ay.Az.((zx)y) can be more simply written Axyz . zxy.

As usual, terms and stacks are considered up to a-conversion [2], and we denote by
t{x := u} the term obtained by replacing every free occurrence of the variable x by the
term u in the term ¢, possibly renaming the bound variables of ¢ to prevent name clashes.
The sets of all closed terms and of all (closed) stacks are respectively denoted by A and II.

Definition 2 (Proof-like terms). — We say that a A.-term ¢ is proof-like if t contains no
continuation constant k.

The above terminology comes from the fact that every realizer coming from the proof
of a theorem of PA2 is of this form (as we shall see in Theorem 1 p. 14).

Finally, every natural number n € IN is represented in the A.-calculus as the closed
proof-like term 7 defined by

n=750z=5¢-G0)---),
N——

n
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where 0 = Axf.xand 5 = Anxf . f(nxf) are Church’s encodings of zero and the successor
function in the pure A-calculus. Note that this encoding slightly differs from the traditional
encoding of numerals in the A-calculus, although the term 77 = 5”0 is clearly B-convertible
to Church’s encoding Axf . f"x—and thus computationally equivalent. The reason for pre-
ferring this modified encoding is that it is better suited to the call-by-name discipline of
Krivine’s Abstract Machine (KAM) we shall now present.

2.2. Krivine’s Abstract Machine. In the A.-calculus, computation occurs through the
interaction between a closed term and a stack within Krivine’s Abstract Machine (KAM).
Formally, we call a process any pair t x 7 formed by a closed term ¢ and a stack n. The set
of all processes is written A x I1 (which is just another notation for the Cartesian product
of A by II).

Definition 3 (Relation of evaluation). — We call a relation of one step evaluation any
binary relation >; over the set A % IT of processes that fulfils the following four axioms:

(Push) tu*m >1 tku-m
(GraB) Ax.H)*u-m > Hx:=ulxn
(SavE) aC x> txk;-m
(RESTORE) Ke xt-7 > txT

The reflexive-transitive closure of >; is written >.

One of the specificities of the A.-calculus is that it comes with a binary relation of
(one step) evaluation > that is not defined, but axiomatized via the rules (PusH), (GraAB),
(Save) and (Restore). In practice, the binary relation > is simply another parameter of
the definition of the calculus, just like the sets C and B. Strictly speaking, the A.-calculus
is not a particular extension of the A-calculus, but a family of extensions of the A-calculus
parameterized by the sets B, C and the relation of one step evaluation >;. (The set V, of
A-variables—that is interchangeable with any other denumerable set of symbols—does not
really constitute a parameter of the calculus.)

2.3. Adding new instructions. The main interest of keeping open the definition of the
sets B, C and of the relation evaluation >; (by axiomatizing rather than defining them) is
that it makes possible to enrich the calculus with extra instructions and evaluation rules,
simply by putting additional axioms about C, 8 and >. On the other hand, the definitions
of classical realizability [17] as well as its main properties do not depend on the particular
choice of B, C and >, although the fine structure of the corresponding realizability models
is of course affected by the presence of additional instructions and evaluation rules.

For the needs of the discussion in Section 5, we shall sometimes consider the following
extra instructions in the set C:

e The instruction quote, that comes with the evaluation rule
(Quorte) quote xft-m >y tkn;-m,

where m — n, is a recursive injection from II to IN. Intuitively, the instruction
quote computes the ‘code’ n, of the stack m, and passes it (using the encoding
n +— n described in Section 2.1) to the term ¢. This instruction was introduced
in [16] to realize the axiom of dependent choices.
e The instruction eq, that comes with the evaluation rule
uxn iftj=tn
(EQ) eqxti-bh-u-v-m > .
vinr ift #t

Intuitively, the instruction eq tests the syntactic equality of its first two argu-
ments #; and #, (up to a-conversion), giving the control to the next argument u
if the test succeeds, and to the second next argument v otherwise. In presence of
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the quote instruction, it is possible to implement a closed A.-term eq’ that has the
very same computational behavior as eq, by letting

eq’ = Axix;.quote (Any;.quote (Anyy, . eg_natn; ny) xp) x1 ,

where eq_nat is any closed A-term that tests the equality between two numerals
(using the encoding n — n).

e The instruction M (‘fork”), that comes with the two evaluation rules
(Fork) M*tog-t-m>1 10 %7 and Mxtg-t1-m>1 1 *x7.

Intuitively, the instruction rh behaves as a non deterministic choice operator, that
indifferently selects its first or its second argument. The main interest of this in-
struction is that it makes evaluation non deterministic, in the following sense:

Definition 4 (Deterministic evaluation). — We say that the relation of evaluation > is
deterministic when the two conditions p >; p’ and p >; p” imply p’ = p” (syntactic
identity) for all processes p, p’ and p”. Otherwise, > is said to be non deterministic.

The smallest relation of evaluation, that is defined as the union of the four rules (Push),
(GraB), (Save) and (RESTORE), is clearly deterministic. The property of determinism still
holds if we enrich the calculus with an instruction eq (# cc) together with the aforemen-
tioned evaluation rules, or with the instruction quote (# cc).

On the other hand, the presence of an instruction M with the corresponding evaluation
rules definitely makes the relation of evaluation non deterministic.

2.4. The thread of a process and its anatomy. Given a process p, we call the thread of p
and write th(p) the set of all process p’ such that p > p’:

th(p) = {p e AXxI1 : p>p'}.

This set has the structure of a finite or infinite (di)graph whose edges are given by the rela-
tion > of one step evaluation. In the case where the relation of evaluation is deterministic,
the graph th(p) can be either:

e Finite and cyclic from a certain point, because the evaluation of p loops at some
point. A typical example is the process I x 00 -a (where I = Ax.xand 6 = Ax. xx),
that enters into a 2-cycle after one evaluation step:

Ix60-a > 60*xa > Ox0-a > OO*xa > ---

e Finite and linear, because the evaluation of p reaches a state where no more rule
applies. For example:

Mxa > IxI-a > Ixa.

e [nfinite and linear, because p has an infinite execution that never reaches twice the
same state. A typical example is given by the process 6’6’ xa, where 6’ = Ax. xxI:

8 xa >3 88 x1-a >3 86 xI-1-a >3 &6 xI-1-1-a >3 ---

2.5. Substituting term and stack constants. In some situations, it is desirable to substi-
tute a closed term u to a particular constant ¢ € C throughout the structure of a term ¢ or
of a stack m. Unlike the traditional form of substitution #{x := u} (which is only defined
for terms), the substitutions #{c := u} and m{c := u} propagate through the continuation
constants k, as well. Formally, these substitutions are defined as follows:

x{c:i=u} = x cc:i=u} = u
Ax.Df{c:=u} = Ax.t{c:=u} c{ci=u} = ¢ (f ¢’ £¢)

(Hht)lc:=ul = tii{c:=ultr{c:=u} afc:=u} = «a
kelc :=u) = Kejemu (t-m{c:=u} = tc:=u} n{c:=u}
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Similarly, we also define two operations of substitutions tH{a := my} and m{@ := 1y} where a
stack constant a € B is replaced by a given stack m throughout the structure of a term ¢ or
of a stack m, by letting:

Xa:=m) = x cda:=m} = c
Ax.Ha :=my} = Ax.Ha := mp} afa:=my} = m
(h)la :=mny} = tla = molh{a = m} da=m) = o (f o’ # )
Krla := mo} kﬂ{(I::ﬂ'[)} (t-mfa:=m} = ta:=mn} mla :=mo}

3. CLASSICAL SECOND-ORDER ARITHMETIC

In Section 2 we have presented the computing facet of the theory of classical realizabil-
ity. In this section, we shall now present its logical facet, by introducing the language of
classical second-order logic with the corresponding type system. In section 3.3, we shall
focus to the particular case of second-order arithmetic, and present its axioms.

3.1. The language of second-order logic. The language of second-order logic distin-
guishes two kinds of expressions: first-order expressions’, that represent individuals, and
formulas, that represent propositions about individuals and sets of individuals (represented
using second-order variables as we shall see below).

3.1.1. First-order expressions. First-order expressions are formally defined from the fol-
lowing sets of symbols:

o A first-order signature X defining function symbols with their arities, and consid-
ering constant symbols as function symbols of arity 0.

e A denumerable set V of first-order variables. For convenience, we shall still use
the lowercase letters x, y, z, etc. to denote first-order variables, but these variables
should not be confused with the A-variables introduced in Section 2.

Definition 5 (First-order expressions). — First-order expressions are inductively defined
from the following two rules:

(1) If x € Vy is a first-order variable, then x is a first-order expression.
(2) If f € X is a function symbol of arity kK > 0 and if e, .. ., ¢ are first-order expres-
sions, then f(ey, ..., ex) is a first-order expression.

The set FV(e) of all (free) variables of a first-order expression e is defined as expected,
as well as the corresponding operation of substitution, that we still write e{x := ¢’}.

3.1.2. Formulas. Formulas of second-order logic are defined from an additional set of
symbols V, of second-order variables (or predicate variables), using the uppercase let-
ters X, Y, Z, etc. to represent such variables. We assume that each second-order variable X
comes with an arity k > 0 (that we shall often leave implicit, since it can be easily in-
ferred from the context), and that for each arity k& > 0, the subset of V, formed by all
second-order variables of arity k is denumerable.

Intuitively, second-order variables of arity O represent (unknown) propositions, unary
predicate variables represent predicates over individuals (or sets of individuals) whereas
binary predicate variables represent binary relations (or sets of pairs), etc.

Definition 6 (Formulas). — Formulas of second-order logic are inductively defined from
the following four rules:
(1) If X € V, is a predicate variable of arity k > 0 and if ey, ..., e; are first-order
expressions, then X(ej, ..., ex) is a formula.
(2) If A and B are formulas, then A = B is a formula.

3Here we prefer the terminology of a first-order expression to the more standard terminology of a first-order
term to avoid a possible confusion with A.-terms.
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(3) If x € V; is a first-order variable and if A is a formula, then Yx A is a formula.
4) If X € V, is a second-order variable and if A is a formula, then YX A is a formula.

The set of free variables of a formula A is written FV(A). (This set may contain
both first-order and second-order variables.) As usual, formulas are identified up to a-
conversion, neglecting differences in bound variable names. Given a formula A, a first-
order variable x and a closed first-order expression e, we denote by A{x := e} the formula
obtained by replacing every free occurrence of x by the first-order expression e in the for-
mula A, possibly renaming some bound variables of A to avoid name clashes.

3.1.3. Predicates and second-order substitution. We call a predicate of arity k any ex-
pression of the form P = Ax; --- x; . C where x1, ..., x; are k pairwise distinct first-order
variables and where C is an arbitrary formula. Here, we (ab)use the A-notation to indicate
which variables xi, ..., x; are abstracted in the formula C, but this notation should not be
confused with the abstraction of the A.-calculus.

The set of free variables of a k-ary predicate P = Ax; --- x; . C is defined by FV(P) =
FV(C) \ {x1;...;xt}, and the application of the predicate P = Ax; - -- x; . C to a k-tuple of
first-order expressions ey, .. ., ¢ is defined by letting

Plei,...,er) = (Axy---x.C)ep,...,er) = Clxy :=eq;...5x 1= e}

(by analogy with S-reduction). From this definition, it is clear that every predicate vari-
able X of arity k can be seen as a k-ary predicate as well, namely, as the k-ary predicate
Axy - x . X(x1, ..., ), whose only free variable is X. The reader can easily check that
the meaning of the notation X(ey,...,e;) does not depend on whether we read it as an
atomic formula (considering X as a predicate variable) or as the application of the predi-
cate X = Axy - - x¢ . X(x1, ..., x;) to the k-tuple of first-order expressions ey, ..., €.

Given a formula A, a k-ary predicate variable X and an actual k-ary predicate P, we
finally define the operation of second-order substitution A{X := P} as follows:

X(er,...,e){X:=P} = Pley,...,er)
Y(er,...,e ) X =P} = Y(er,...,en) Y £X)
(A= B){X:=P} = A{X:=P}= B{X:=P}
(VxA}X:=P} = VYxA{X:=P} (x ¢ FV(P))
(VXAYX:=P} = VXA
VYA{X:=P} = VYAX:=P} Y£X,Y¢FV(P)

3.1.4. Second-order encodings. Although the formulas of the language of second-order
logic are constructed from atomic formulas only using implication and first- and second-
order universal quantifications, we can define other logical constructions (negation, con-
junction disjunction, first- and second-order existential quantification as well as Leibniz
equality) using the so called second-order encodings:

1 = VZZ AeB = (A=BAB=>A)
A = A> 1 AxA(x) = VZMVx(A(x) > Z2)=>2)
AANB = YZ(A=B=2)=2) AXAX) = VZVXAX)=>2Z2)=2)

AVB = YZ(A=22Z2)=B=2)=272) e =e = VYZ(Z(e) = Z(ey))

(where Z is a fresh second-order variable).

3.2. A type system for classical second-order logic. Through the formulas-as-types cor-
respondence [12, 9], we can see any formula A of second-order logic as a type, namely, as
the type of its proofs. We shall thus present the deduction system of classical second-order
logic as a type system based on a typing judgment of the form I' + 7 : A, where

e ' is a typing context of the form I' = x; : By,...,x, : B,, where x,...,x, are
pairwise distinct A-variables and where By, ..., B, are arbitrary propositions;

e tis a proof-like term, i.e. a A.-term containing no continuation constant K;

e A is a formula of second-order logic.



SPECIFYING PEIRCE’S LAW IN CLASSICAL REALIZABILITY 9

The type system of classical second-order logic is then defined from the typing rules of
Fig. 1. These typing rules are the usual typing rules of AF2 [14], plus a specific typing rule
for the instruction ac that permits to recover the full strength of classical logic.

Trx:a ™0
Lx:tArt:B I'tt:A= B I'tt:A
I'tAx.t:A=B I'ttu:B
TrriA o _TrriVeA
I'rt:VYxA IF'rt:A{x:=¢}
TretA e _TREIVXA
I'tt: VXA I'rr: A{X = P}

TFrc:(A>B) =A) > A

Ficure 1. Typing rules of second-order logic

Using the encodings of Section 3.1.4, we can derive from the typing rules of Fig. 1
the usual introduction and elimination rules of absurdity, conjunction, disjunction, (first-
and second-order) existential quantification and Leibniz equality [14]. The typing rule for
call/cc (law of Peirce) allows us to construct proof-terms for classical reasoning principles
such as the excluded middle, reductio ad absurdum, de Morgan laws, etc.

3.3. Classical second-order arithmetic (PA2). From now on, we consider the particular
case of second-order arithmetic (PA2), where first-order expressions are intended to rep-
resent natural numbers. For that, we assume that every k-ary function symbol f € X comes
with an interpretation in the standard model of arithmetic as a function [ f] : IN¥ — IN, so
that we can give a denotation [[e] € IN to every closed first-order expression e.

For convenience, we assume that the signature X contains a constant symbol 0 (‘zero’),
a unary function symbol s (‘successor’) as well as a function symbol f for every primitive
recursive function (including symbols +, X, etc.), each of them being given its standard
interpretation in IN. In this way, every numeral n € IN is represented in the world of first-
order expressions as the closed expression s"(0) that we still write n, since [s"(0)] = n.

3.3.1. Induction. Following Dedekind’s construction of natural numbers, we consider the
predicate Nat(x) [9, 14] defined by

Nat(x) = VZ(Z(0) = Yy (Z(©Q) = Z(s(y))) = Z(x)),

that defines the smallest class of individuals containing zero and closed under the succes-
sor function. One of the main properties of the logical system presented above is that the
axiom of induction, that we can write Yx Nat(x), is not derivable from the rules of Fig. 1.
As proved in [17, Theorem 12], this axiom is even not (universally) realizable in gen-
eral. To recover the strength of arithmetic reasoning, we need to relativize all first-order
quantifications to the class Nat(x) of Dedekind numerals using the shorthands for numeric
quantifications®

YNx A(x) Yx (Nat(x) = A(x))
INxA(x) VYZ (Vx(Nat(x) = A(x) = Z) = Z)

so that the relativized induction axiom becomes provable in second-order logic [14]:

YZ(Z(0) = YNx (Z(x) = Z(s(x))) = YNZ(x)).

4From a computational point of view, the numeric quantifications WYNx A(x) and INx A(x) play the same role
as the dependent product I1x: Nat. A(x) and the dependent sum Zx: Nat. A(x) in type theory [18], putting aside
the subtleties coming from the fact that we work here in a system that is both classical and impredicative.
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3.3.2. The axioms of PA2. Formally, a formula A is a theorem of second-order arithmetic
(PA2) if it can be derived (using the rules of Fig. 1) from the two axioms

e VxVy(s(x)=s(y) = x=y) (Peano 3rd axiom)

o Vx—(s(x)=0) (Peano 4th axiom)
expressing that the successor function is injective and not surjective, and from the defini-
tional equalities attached to the (primitive recursive) function symbols of the signature:

e Vx(x+0=1x), VxVy(x+s(@y) =sx+y))

e Vx(xx0=0), VxVy(xXxs@y =(xxy)+x)

e cfc.
Unlike the non relativized induction axiom—that requires a special treatment in PA2—we
shall see in Section 4.6 that all these axioms are realized by simple proof-like terms.

4. CLASSICAL REALIZABILITY SEMANTICS

4.1. Generalities. Given a particular instance of the A.-calculus (defined from particular
sets B, C and from a particular relation of evaluation > as described in Section 2), we shall
now build a classical realizability model in which every closed formula A of the language
of PA2 will be interpreted as a set of closed terms |A| C A, called the truth value of A, and
whose elements will be called the realizers of A.

4.1.1. Poles, truth values and falsity values. Formally, the construction of the realizability
model is parameterized by a pole® 1L in the sense of the following definition:

Definition 7 (Poles). — A pole is any set of processes 1L C A * II which is closed under
anti-evaluation, in the sense that both conditions p > p’ and p’ € 1 together imply that
p € 1 for all processes p, p’ € A x I1.

There are mainly two methods to define a pole 1L from an arbitrary set of processes P:

e The first method is to define the pole L as the set of all processes that reach an
element of P after zero, one or several evaluation steps, that is:

L ={peAxIl:IAp'eP(p>p)}.

By definition, the set 1L is the smallest pole that contains the set of processes P as
a subset. In what follows, we shall say that this definition is goal-oriented.

e The second method is to define the pole 1L as the complement set of the union of
all threads starting from an element of P, that is:

1= (Jmo) = Nano)

peP peP

Here, the set 1L is now the largest pole that does not intersect P. In what follows,
we shall say that this definition is thread-oriented.

Let us now consider a fixed pole 1. We call a falsity value any set of stacks S C II.
Every falsity value S C IT induces a truth value S* C A that is defined by

SL = {teA : VneS (txn)el).

Intuitively, every falsity value S C II represents a particular set of fests, while the corre-
sponding truth value S* represent the set of all programs that passes all tests in S (w.r.t.
the pole 1., that can be seen as the challenge). From the definition of S, it is clear that the
larger the falsity value S, the smaller the corresponding truth value S*, and vice-versa.

5Tn [17, 16, 11], poles are also called models. The reason is that each pole 1L defines a theory 7, which is
formed by all the closed formulas realized by a proof-like term. The theory 7 ,—which is an extension of PA2
by Theorem 1 p. 14—is consistent if and only if the formula L is realized by no proof-like term, in which case
we say that the pole 1L is consistent. In this case, the theory 77, induced by I has (by completeness) at least a
model in the sense of Tarski, which is also a particular model of PA2.
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In classical realizability, the semantics of a closed formula A is primarily given by a
falsity value ||A|| € II that defines the set of all tests that should be passed by all the
realizers of A. The corresponding truth value |[A| € A (i.e. the set of all realizers of A) is
then defined indirectly from the equation |A| = ||A]|".

4.1.2. Formulas with parameters. In order to interpret second-order variables that occur
in a given formula A, it is convenient to enrich the language of PA2 with a new predicate
symbol F of arity k for every falsity value function F of arity k, that is, for every func-
tion F : IN¥ — SB(II) that associates a falsity value F(ny,...,n;) C II to every k-tuple
(n1,...,m) € INF. A formula of the language enriched with the predicate symbols F is
then called a formula with parameters. Formally:

Definition 8 (Formulas with parameters). — The set of all formulas with parameters is
inductively defined from the rules (1)-(4) of Def. 6 (replacing the expression ‘formula’ by
‘formula with parameters’) plus the following rule:

(5) If F : INF - BAD) is a falsity value function of arity k > 0 and if ey, ..., e; are
first-order expressions, then F(ey, ..., e) is a formula with parameters.

The notions of a predicate with parameters and of a typing context with parameters are
defined similarly. The notations FV(A), FV(P), FV(I'), dom(I'), A{x := e}, A{X := P}, etc.
are extended to all formulas A with parameters, to all predicates P with parameters and to
all typing contexts I" with parameters in the obvious way.

4.2. Definition of the interpretation function. The interpretation of the closed formulas
with parameters is defined as follows:

Definition 9 (Interpretation of closed formulas with parameters). — The falsity value
|A]l € IT of a closed formula A with parameters is defined by induction on the number
of connectives/quantifiers in A from the equations

IF(er,....edll = F(leil....,Le)
lA= Bl = JAlI-IBI = {t-7m:telAl, me|Bl}
IVxAll = U lA{x := n}l|
nelN
IVX Al = IALX == F)Il  Gf X has arity k)

F:INFSRB(IT)
whereas its truth value |A| C A is defined by |A| = ||A|l*.
Since the falsity value ||A|| (resp. the truth value |A|) of A actually depends on the pole 1L,

we shall write it sometimes ||Al|y (resp. |A|y) to recall the dependency. Given a closed
formula A with parameters and a closed term ¢t € A, we say that:

o trealizes A and write t - A when ¢t € |A]y.
(This notion is relative to a particular pole L.)
o tuniversally realizes A and write ¢ I A when ¢ € |A|, for all poles L.

From these definitions, we clearly have

IVxA| = ﬂm{x:: n}l  and  |[VXA| = ﬂ IALX := F)|.
nelN F:INK—B(IT)

On the other hand, the truth value |A = B| of an implication A = B slightly differs from
its traditional interpretation in Kleene’s realizability [13]. Writing

Al = |B| = {te A : forallu e A, u € |A| implies tu € |B|},
we easily check that:

Lemma 1. — For all closed formulas A and B with parameters:
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(1) |JA= B|C|A| = |B| (adequacy of modus ponens).

(2) The converse inclusion does not hold in general, unless the pole L is insensitive to
the rule (Pusn), thatis: tuxmell iff txu-mell (forallt,ue A mell).

3) Inall cases, t € (|A] — |B|) implies Ax.tx € |A = B| (forallte A).

Proof. (1) Lette|A = B|and u € |A|. To prove that fu € |B|, we consider an arbitrary
stack 7 € ||B||. By applying the rule (PusH) we getfu x> t *xu-m € 1L, since t € |A = B]
and u - € ||A = B||. Hence tu x m € 1L by anti-evaluation.

(2) Lett e |A|l — |B|. To prove that t € |[A = B|, we consider an arbitrary element of
the falsity value ||A = B||, that is, a stack u - ¥ where u € |A| and 7 € ||B||. We clearly have
tu % m € 1, since tu € |B| from our assumption on #. But since L is insensitive to the rule
(PusH), we also have t x u - € 1L.

(3) Lett €]A| — |B|. To prove that Ax.tx € |A = B|, we consider an arbitrary element
of the falsity value ||[A = B]|, that is, a stack u - m where u € |A| and 7 € ||B||. We have
Ax.tx*u-m > tuxnm € L (since tu € |B|), hence Ax.tx x u-m € I by anti-evaluation. O

Lemma 2 (Law of Peirce). — Let A and B be two closed formulas with parameters:

(1) Ifr € ||All, then k; - A = B.
(2) i (A= B) = A) = A.

Proof. (1) Letn € ||All. To prove that k, € |[A = B|, we need to check thatk, x - 7" € 1L
for all t € |A| and 7’ € ||B||. By applying the rule (RESTORE) we getk, x ¢ - 7" >tk m e 1L
(since t € |A] and 7 € ||A]|), hence k; % ¢ - 7’ € 1L by anti-evaluation.

(2) To prove that cc - ((A = B) = A) = A (for an arbitrary pole 1), we need to
check thatacx -7 € Il forallt € (A = B) = Al and & € ||A||. By applying the rule (SAVE)
we get ac x ¢ - > t % K, - 1. But since k; € |[A = B| (from (1)) and 7 € ||A]|, we have
kKr-mel||(A= B) = Al|,sothatf x Kk, -7 € 1L.. Hence ac % - 7 € L by anti-evaluation. O

4.3. Valuations and substitutions. In order to express the soundness invariants relating
the type system of Section 3 with the classical realizability semantics defined above, we
need to introduce some more terminology.

Definition 10 (Valuations). — A valuation is a function p that associates a natural number
p(x) € IN to every first-order variable x and a falsity value function p(X) : IN* — P(I1) to
every second-order variable X of arity k.

e Given a valuation p, a first-order variable x and a natural number n € IN, we denote
by p, x < n the valuation defined by:
(0, x < 1) = Plgomp)\ix) U {x < n}.
¢ Given a valuation p, a second-order variable X of arity k and a falsity value func-
tion F : IN¥ — B(IT), we denote by p, x « F the valuation defined by:
(0, x = F) = paomppixy Y{X « F}.

To every pair (A, p) formed by a (possibly open) formula A of PA2 and a valuation p,
we associate a closed formula with parameters A[p] that is defined by

Alp]l = Alxy == p(x1);. .5 X0 = p(x); X1 := p(X1); o5 X 1= 0(Xim)}

where xi,...,x,, X1,...,X,, are the free variables of A, and writing p(X;) the predicate
symbol associated to the falsity value function p(X;). This operation naturally extends to
typing contexts by letting (x1 : Ay, ..., X, : Aplpl = x1 : Ailpl, ..., x, : Aulpl.

Definition 11 (Substitutions). — A substitution is a finite function o from A-variables to
closed A.-terms. Given a substitution o, a A-variable x and a closed A.-term u, we denote
by o, x := u the substitution defined by (o, x := 1) = 0 |dom(e)\(x} Y {X 1= u}.
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Given an open A.-term ¢ and a substitution o, we denote by t[o"] the term defined by
tlo] = Hxy :=o0(x1);...5x, 1= 0(x,)}

where dom(o) = {x1,...,x,}. Notice that ¢[o] is closed as soon as FV(t) C dom(c). We
say that a substitution o~ realizes a closed context I with parameters and write o - I if:

e dom(o) = dom(I);
e 0(x) IF A for every declaration (x : A) € I.

4.4. Adequacy. Given a fixed pole 1L, we say that:

o A typing judgment I' + ¢ : A is adequate (w.r.t. the pole 1) if for all valuations p
and for all substitutions o I I'[p] we have t[o] F A[p].
e More generally, we say that an inference rule

Jyoeee
Jo

is adequate (w.r.t. the pole 1) if the adequacy of all typing judgments Ji,...,J,
implies the adequacy of the typing judgment Jj.

From the latter definition, it is clear that a typing judgment that is derivable from a set
of adequate inference rules is adequate too. In Section 4.5, we shall extend the notion of
adequacy to new judgments of subtyping and of subtyping equivalence.

Proposition 1 (Adequacy). — The typing rules of Fig. 1 are adequate w.r.t. any pole 1, as
well as all the judgments T v t : A that are derivable from these rules.

(The proof of this result can be found in [17].)
Since the typing rules of Fig. 1 involve no continuation constant, every realizer that
comes from a proof of second order logic by Prop. 1 is thus a proof-like term.

4.5. Subtyping and subtyping equivalence. In many situations, it is convenient to con-
sider a subtyping judgment A < B as well as a judgment of subtyping equivalence A ~ B,
where A and B are two formulas with parameters. Given a pole 1L, we say that:

e The subtyping judgment A < B is adequate (w.r.t. the pole 1) if for all valuations
p we have || Bplll < llA[p]ll (so that |A[p]| < |B[p]]).

o The subtyping equivalence judgment A ~ B is adequate (w.r.t. the pole 1) if for
all valuations p we have ||A[p]|| = ||Ble]ll (so that |A[p]| = |B[e]l)-

The notion of an adequate inference rule (cf Section 4.4) is extended to all the inference
rules involving the new forms of judgments A < B and A =~ B. As before, it is clear that a
judgment (of typing, subtyping or of subtyping equivalence) that is derivable from a set of
adequate inference rules is adequate too.

Proposition 2. — The inference rules of Fig. 2 are adequate w.r.t. all poles 1.

Proof. Immediately follows from the definitions. O

From the inference rules of Fig. 2, one can derive well-known equivalences of (intu-
itionistic or classical) realizability, such as:

VxA ~ A and VYx(A=>B) ~ A= VxB (if x ¢ FV(A));

VXA ~A and YX(A=>B) ~ A= VYXB (if X ¢ FV(A));
VxVyA =~ VyVxA, VXVYA =~ VYVXA, and VxVYA =~ VYVxA;
A>T >~ T, etc.
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A<B B<C I'rt:A A<B

A<A ALC I'tt:B
A<B B<A Ax~B A=~B
A=~B A<B B<A

A<B A<B A'<A B<PB
== wFV(A) == X¢FV(A)
A<VxB A<VXB A=>B <A =PF
X2FV(A) X¢FV(A)
Vx(A=B) < A= VYxB VX(A=B) < A=>VXB

Ficure 2. Adequate rules of subtyping and of subtyping equivalence

4.6. Realizing the axioms of PA2. Let us recall that in PA2, Leibniz equality e; = e; is
defined by e| = e; = VZ (Z(e)) = Z(ey)).

Proposition 3 (Realizing Peano axioms).
(1) Az.z = VxVy(s(x) =s(y) > x=Yy)

) Az.zu W+ Yx(s(x)=0= 1) (where u is any term such that FV(u) C {z}).
3) Az.z I+ Yxi---Vxp(er(xq,...,x,) = ea(x1,...,x%))
for all arithmetic expressions e(xy, ..., X,) and e(x1, ..., Xy) such that

IN = Vxp - Vg (er(x, ..., %) = (X1, ..., Xp)

(The proof of this proposition can be found in [17]).
From this we deduce the main theorem:

Theorem 1 (Realizing the theorems of PA2). — If A is a theorem of PA2 (in the sense
defined in Section 3.3.2), then there is a closed proof-like term t such that t I+ A.

Proof. Immediately follows from Prop. 1 and 3. O

4.7. The full standard model of PA2 as a degenerate case. It is easy to see that when
the pole 1L is empty, the classical realizability model defined above collapses to the full
standard model of PA2, that is: to the model (in the sense of Tarski) where individuals
are interpreted by the elements of IN and where second-order variables of arity k are in-
terpreted by all the subsets of IN*. For that, we first notice that when IL = @, the truth
value S* associated to an arbitrary falsity value S C IT can only take two different values:
St =A.whenS = @,and S* = @ when S # @. Moreover, we easily check that the realiz-
ability interpretation of implication and universal quantification mimics the standard truth
value interpretation of the corresponding logical construction in the case where 1L = @.
Writing . for the full standard model of PA2, we thus easily show that:

Proposition 4. — If L = @, then for every closed formula A of PA2 we have
Al = N ifHEA
o ifaREA

Proof. We more generally show that for all formulas A and for all valuations p closing A
(in the sense defined in section 4.2) we have

A if A E A[p]
lAlpll = . [/f
@ if A I Alp]
where p is the valuation in .# (in the usual sense) defined by
e p(x) = p(x) for all first-order variables x;
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o p(X) ={(ni,...,m) € N : p(X)(ny,...,n;) = @} for all second-order variables X
of arity k.

(This characterization is proved by a straightforward induction on A.) O

An interesting consequence of the above lemma is the following:

Corollary 1. — If a closed formula A has a universal realizer t W« A, then A is true in the
full standard model A of PA2.

Proof. If t I+ A, then t € |A|,. Therefore |[Alp = A and .#Z = A. O

However, the converse implication is false in general, since the formula Vx Nat(x) (cf
Section 3.3.1) that expresses the induction principle over individuals is obviously true
in . , but it has no universal realizer when evaluation is deterministic [17, Theorem 12].

5. THE SPECIFICATION PROBLEM

From now on, we are interested in the specification problem, which is to give a purely
computational characterization of the universal realizers of a given formula A.

As mentioned in the introduction, this problem is much more subtle in classical real-
izability than in intuitionistic realizability, which is mainly due to fact that realizers may
issue a backtrack at any time. Another source of difficulty comes from the fact that the
definition of the A.-calculus is open to the introduction of extra instructions such as the
ones we have presented in Section 2.3. We cannot reason anymore as in the closed world
of the pure A-calculus, where closed programs start either with an abstraction or with an
application. Here, extra instructions can do anything: they can compute the code of a
term or a stack (quote), they can decode a stack or a term from its code (by introducing a
dual instruction unquote), they can introduce non determinism in computations (), and
they can even introduce non recursive computations (which is the case if we introduce an
instruction solving the halting problem for any Turing machine).

In this section, we shall study the case of very simple formulas for which the specifi-
cation problem has a simple solution, that does even not depend on any particular set of
instructions. In the next section, we shall consider the more ambitious case of Peirce’s law,
where control structures play a crucial role.

5.1. The identity type. In the language of second-order logic, the identity type is de-
scribed by the formula VX (X = X). We say that a closed term ¢t € A is identity-like if
txu-m>uxmnforall u € A and n € I1. Examples of identity-like terms are of course the
identity function I = Ax. x, but also terms such as I, 6 I (where § = Ax. xx), etc.

Proposition 5. — For all terms t € A, the following assertions are equivalent:

D t-vVX (X = X);
(2) tis identity-like.

Proof. (2) = (1). Let t be a closed A.-term that is identity-like. To prove that ¢ -
VX (X = X), let us consider an arbitrary pole I and an arbitrary falsity value S C II
to instantiate the variable X. To show that 7 - § = S, let us consider an arbitrary element
of IS = S|, that is, a stack of the form u - 7 where u € |S| = S* and 7 € ||S|| = S. We
have t x u-m > u* m € 1, hence t x u - € 1L by anti-evaluation.

(1) = (2). Given a universal realizer f I YX (X = X),atermu € A and a stack 7 € I1,
let us consider the pole IL = {p : p > u x nr} and the falsity value S = {r}. Sinceu x 7 € 1L
(from the definition of 1), we get u I S (from the definition of S). Hence u -7 € ||IS = S|
and thus t % u - 7 € 1L (since t - S = §), which precisely means that f * u -7 > u x 7. 0O

We have thus proved that the universal realizers of the formula VX (X = X) are pre-
cisely the identity-like A -terms, and this, independently from any particular set of instruc-
tions C. However, we should not forget that there are many ways to implement identity-like
terms using call/cc or other instructions, for instance:
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o Ix.ac(Ak.x), Ax.ac(Ak.kx), Ax.ac(Ak.kx(69))
o ac(Ak.I), a(Ak.kI), a«c(Ak.kIs5k), MI(6), etc.

Goal-oriented poles vs thread-oriented poles. 1t is interesting to notice that in order to
prove that universal realizers of VX (X = X) are identity-like terms, we have introduced
for each pair (u,m) € A X Il the pole L, = {p : p > u % «} that is generated from the
expected final state u x m, thus using a goal-oriented definition. However, we could also
prove the same implication by using a thread-oriented definition as follows:

Alternative proof of (1) = (2). Let us assume that ¢ I+ X (X = X), and take two elements
u € A and 7 € I1. We now consider the pole

L= (thtxu-n) ={peAkn: (tku-nip)

as well as the falsity value S = {x}. From the definition of 1., we have r x u - 7 ¢ 1. But
since t - § = S and 7 € ||S||, we immediately get u i S. Which precisely means that
uxmwéll,sothat u x m € th(t % u - ). O

Let us briefly compare the ingredients used in both proofs of (1) = (2).

e In the first proof of (1) = (2), we use a goal-oriented definition of the pole 1, by
generating 1L from the final state u x m we want to reach. Moreover, this proof of
(1) = (2) is purely intuitionistic (from the point of view of meta-theory).

¢ In the second proof of (1) = (2), we use a thread-oriented definition of the pole 1.,
by excluding from L the process py = t % u - m we start from. As a consequence,
this second proof is classical, since it relies on the equality (th(pg))™ = th(pg).

In the simple cases we are studying in this section, it is always possible to use both con-
structions indifferently in order to prove that a universal realizer of the considered formula
meets the expected specification. However, this is not always the case, and the thread-
oriented construction (which is slightly less natural than the goal-oriented construction)
proves to be much more powerful in many situations, as illustrated in [16] and [11].

5.2. The Booleans. Let us now consider the unary predicate Bool(x) defined by
Bool(x) = VX (X(0) = X(1) = X(x)).

We also denote by Bool the formula YX (X = X = X) of second-order propositional logic
that we get by erasing first-order dependencies in the predicate Bool(x). It is clear from the
rules of Fig. 2 that the formula Bool(x) is a subtype of the formula Bool.

We say that a closed term ¢ € A is:

o True-like if t*xuy-uy-m>uy*xn forall ugp,u; € Aand eIl
e Fualse-like if t%ug-uy-m>u *xn forall ug,u; € Aand eIl
e Boolean-like if for all ug,u; € A and o € I1, we have either
Tx Uy U T>Uy*T OF XxkUy UL -TT>U .
It is clear from these definitions that both True-like and False-like terms are particular cases
of Boolean-like terms. We easily check that:

Proposition 6. — For all closed terms t € A:
(1) tu Bool(0) iff tis True-like;
(2) tuw-Bool(1) iff tis False-like;
(3) The formula Bool(n) has no universal realizer as soon as n > 2.
(4) tw Bool if tisBoolean-like.

Proof. The proofs of (1), (2) and (4) proceed similarly to the proof of Prop. 5. (In all cases,
we can choose either a goal-oriented or a thread-oriented definition of the pole to show that
the universal realizer  meets the expected specification.) For (3), it suffices to notice that
the formula Bool(n) (where n > 2) is false in the standard model of PA2, and thus has no
universal realizer. O
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The above proposition shows that in classical realizability, universal realizers of the
formulas Bool(0), Bool(1) and Bool have exactly the same computational behavior as the
intuitionistic realizers of these formulas in AF2 [14]. But in AF2, it is also clear that the
set of (intuitionistic) realizers of Bool is exactly the disjoint union of the sets of realizers of
the formulas Bool(0) and Bool(1). In classical realizability, the situation is more complex
due to the presence of extra instructions, as we shall now see.

Non deterministic choice operators. We say that a closed A.-term t € A is a non determin-
istic choice operator if t is both True-like and False-like. An example of such an operator
is the instruction rh introduced in Section 2.3.

From Prop. 6, it is clear that non-deterministic choice operators are exactly the closed
Ac.~terms ¢ such that ¢ - Bool(0) and ¢ - Bool(1) (simultaneously). In classical realiz-
ability, the sets of universal realizers of the formulas Bool(0) and Bool(1) may thus have
a nonempty intersection, depending on the presence of a non deterministic operator in the
calculus. If the calculus provides the instruction M described in Section 2.3, then the in-
tersection is nonempty. But if the relation of one step evaluation is deterministic, then the
sets of universal realizers of the formulas Bool(0) and Bool(1) do not intersect.

Versatile Booleans. We call a versatile Boolean any Boolean-like term that is neither True-
like nor False-like. Intuitively, a versatile Boolean is a Boolean-like term that sometimes
returns its first argument or its second argument, depending on the two arguments it is
applied to, or depending on the rest of the stack.

It is clear that versatile Booleans cannot exist in the pure A-calculus, for obvious uni-
formity reasons. But in the A.-calculus, it is easy to implement such objects using the
instruction quote or the instruction eq (see Section 2.3), for instance:

e The term D = Axy.quote(An.evennxy), where even is a pure A-term that
tests whether the numeral it is applied to is even. Notice that the answer (‘first’ or
‘second’) given by D does not actually depend on the two arguments it is applied
to, since it only depends on the (code of the) rest of the stack!

e Theterm FE = Axy.eqxIxy. Here the term E returns its first argument if it is
equal to I, and its second argument otherwise.

From Prop. 6, both terms D and E are universal realizers of the formula Bool, but none of
them universally realizes Bool(0) or Bool(1).

5.3. Interaction constants. The two examples of versatile Booleans presented above cru-
cially depend on two extra instructions quote and eq that have no equivalent in the A(u)-
calculus. Indeed, these instructions are able to distinguish syntactically different terms that
are computationally equivalent, such as the terms I and IT for instance®.

To understand better the impact of such extra instructions in the A.-calculus, we need to
introduce the important notion of an interaction constant.

Definition 12 (Interaction constants). — A constant « € C is said to be

e inert if for all 7 € I, there is no process p such that k x 7 >, p;

o substitutive if for all u € A and for all processes p, p’ € A x 11,
p > p’ implies p{k := u} > p'{k := u};

e non generative if for all processes p, p” € A x I such that p >; p’, the constant «
cannot occur in p’ unless it already occurs in p.

A constant « € C that is inert, substitutive and non generative is then called an interaction
constant. Similarly, we say that a stack constant @ € B is:

%Tn particular, it is clear that naively extending the pure A-calculus with any of these two instructions would
immediately break the property of confluence. In the A.-calculus, the property of determinism is preserved only
because computation proceeds according to a fixed evaluation strategy.
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o substitutive if for all m € IT and for all processes p, p’ € A % I,
p > p’ implies p{a =} > p’la :=n};

e non generative if for all p, p’ € A % Il such that p >; p’, the stack constant «
cannot occur in p’ unless it already occurs in p.

We can first notice that substitutive constants are incompatible with the two instruc-
tions quote and eq:

Proposition 7. — Ifthe calculus of realizers contains one of both instructions quote or eq,
then none of the constants k € C is substitutive.

Proof. Let us assume that the calculus contains an instruction eq with the evaluation rule
(Eq) described in Section 2.3. Given an arbitrary constant « € C, let us consider the process
p=eqxk-1-0-1-a, where o € B is a fixed stack constant. We notice that p >; I x «
(since k # I) whereas p{k :=I} =eqxI-1-6-1-a > § x @ £ (I x a){x := I}, hence the
constant « is not substitutive. The same argument applies to the instruction quote, since
the instruction eq can be implemented from it. O

On the other hand, it is clear that if the relation of evaluation >; is defined from the only
rules (GraB), (PusH), (Save) and (Restore)—and possibly: the rule (Fork)—then all the
remaining constants « in C (i.e. k # ac, W) are interaction constants (and thus substitutive),
whereas all the stack constants in 8 are substitutive and non generative.

Substitutive (term and stack) constants are useful to analyze the computational behavior
of realizers in a uniform way. For instance, if we know that a closed term ¢ € A is such that

thKi- Ky Q@ > P

where «1, ..., k, are substitutive constants that do not occur in ¢, and where « is a substitu-
tive stack constant that does not occur in 7 too, then we more generally know that

txup-Uy T > plkp = UL Ky = Uy @ = T

for all terms uy, ..., u, € A and for all stacks 7 € I1. Intuitively, substitutive constants play
in the A.-calculus the same role as free variables in the pure A-calculus.

Using the uniformity of computations that is brought by the presence of substitutive
constants, we easily check that:

Proposition 8. — If the calculus of realizers has infinitely many substitutive constants and
infinitely many substitutive stack constants, then every Boolean-like term is either True-like
or False-like. (Which means that there are no versatile Booleans.)

Proof. Let t be a Boolean-like term, and consider two distinct substitutive constants kg
and «; that do not occur in the closed term ¢ as well as a substitutive stack constant « that
does not occur in ¢. (We can always find such constants outside ¢, since ¢ only contains a
finite number of them.) We distinguish two cases:

e Either 7 % ko - k1 - @ > kg * @. By substitutivity, we have

txug-up-m = (txky-k-@)fkg = ugs Ky = U@ =}
> (ko * @){Kko = Ug K| = ULX =T = Uy kT
for all uy, u; € A and & € I1, which means that ¢ is True-like.
e Either % ky - k] - @ > k| x @. Symmetrically, we deduce that 7 is False-like. O

6. SPECIFICATION OF PEIRCE’S LAW

In this section, we now consider the specification problem for an intrinsically classical
reasoning principle: the law of Peirce. In the literature, Peirce’s law is indifferently stated
asVXVY (X =Y)= X)= X)oras VX ((-X = X) = X). Since the judgment

VXYY (X2 V)= X) = X) =~ VX(-X = X) = X)
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is derivable from the rules of Fig. 2, both formulations of this law have the same semantics,
and thus the same set of (universal) realizers. In what follows, we shall prefer the simpler
formulation VX ((-X = X) = X) that involves a single parameter X.

The aim of this section is to specify all the universal realizers of Peirce’s law. It is clear
from Lemma 2 that the instruction ac is one of them, but it is now time to see that the
universal realizers of Peirce’s law may have a much richer computational behavior than
the one of the instruction cc.

6.1. The family of terms (cc,, ;) p>1. To illustrate the possible computational behaviors
of the universal realizers of Peirce’s law, it is useful to introduce a sequence of closed
proof-like terms ac,, , indexed by all pairs of integers (n, p) such thatn > p > 1.

Given a fixed pair (n, p) such that n > p > 1, we define for all i € [1..n] an open proof-
like term Kfl’p[xo, k,x1,...,x;—1] that only depends on the variables xo, k, x1, . . ., x;_1. This
finite sequence of open terms is defined from i = n (down) to i = 1 by the equations:

K,’fvp[xo,k, Xiyeos Xpm1]l = AXy kxp

K, plx0. k, x1, o, X1 ] Ax; .k (xo KJD [x0, k, X1, xi]) (1<i<n)

(Notice that we actually have FV(K,’;”,,[xo, k,xi,...,xi-1]) = {x03 k) U {x,, if p < i}.)
The closed proof-like term ac,, , is then defined by

@,y = Axg. (k. xg K,i,p[xo,k])-

We easily check that:
Fact 1. — Forall uy,...,u, € A and ny, ..., 7w, € I, we have:
1
ke * Up-To > Uy * K, [0, Key ] - 70
) 1P )
K, pluo, Kegs ttrs ooy ttig ] *oui -t > uo*Kgfp[uo,kﬂo,ul,...,ui]-7ro (1<i<n)
K;’lyp[uo,k,,o,ul,...,un_l]*un-ﬂ,, > Up kM

In the particular case where n = p = 1, we thus have

Qg *xUg -y > Uy * (Axy . Ky, Xx1) - o (since Kll’l[uo,kﬂo] = Ax; . Ky, X1)
(Ax) Ky X)) *uy -my > up km,

which makes clear that ac;; has the same computational behavior as cc—which is not
surprising since acy,; = Axg . o (k. xo (Ax . k x1)) is nothing but the r-long form of cc.
It is easy to check that:

Proposition 9. — For alln > p > 1 the judgment + ac,, : VX((-X = X) = X) is
derivable from the rules of Fig. 1, so that cc,,  is a universal realizer of Peirce’s law.

Proof. 1t suffices to check for i = n (down) to i = 1 that the judgment
xo: " X=2>X, k:=X, x1: X, ..., xi.p - X+ K,’;’p[xo,k,xl,...,xi_l] =X

is derivable from the rules of Fig. 1 (where X is a fixed second order variable), hence we
have F ac,), = Axo. & (k. x0 K} ,[x0.k]) : VX (=X = X) = X). m]

In Section 6.3, we shall prove that in the presence of infinitely many interaction con-
stants and of infinitely many substitutive and non generative stack constants in the calculus
of realizers, every universal realizer of Peirce’s law behaves as one of the terms ac,, .

6.2. A first game Gy. To understand the computational behavior of the universal realizers
of Peirce’s law, it is convenient to present computations in the form of a game between two
players 3 (player) and Y (opponent), that we denote by .

The game G, starts with an initialization phase, where 3 brings a closed term 7y € A
that is intended to realize the law of Peirce, while V brings a ‘handle’ (i, my) € A X II that
is intended to be used by 3 to communicate its moves to V. The rest of the game is then
parameterized by the handle (1, mp), and starts at the 3-position #y * uq - 7p.
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During the game, 3-positions are indicated as processes p while Y-positions are indi-
cated as closed terms ¢ (corresponding to the last 3-move). The game alternates 3-moves
and Y-moves that are defined as follows:

e J-moves. Starting from an 3-position p, player  evaluates the process p in order
to reach one of the following states:

— If p > u % my, where u is the first component of a pair (u, ) formerly played
by V (not counting the initial handle (ug, 7)), then 3 wins.

- If p > up % t - mp, then 4 may communicate its answer ¢ to ¥ through the
handle (ug, mp), in which case the answer ¢ becomes the current Y-position.
Notice that such a term ¢ is not necessarily unique (even when the relation of
evaluation is deterministic), so that 3 can freely choose any such term ¢.

If none of the above two moves is possible, then ¥ wins.
e Y-moves. Starting from a V-position ¢, opponent Y can play any pair (u,7) €
A X II. The process p = t x u - m then becomes the current 3-position.

When a play is infinite, we consider that ¥ wins (‘benefit of the doubter’).

In this game-theoretic setting, it is easy to see that each ac,,, (n > p > 1) constitutes a
winning strategy for 3 in exactly 2n + 1 moves. Indeed, if we start from the initial position
QCpp * U * o (using an arbitrary handle (ug, 719)), then the game proceeds as follows:

e dplays# = K,iyp[uo, Kr, ] (since ac,,, * ug - o > Ug * t1 - mMo).
e VY plays any move (i, 1)

e dplayst, = Kip[uo,kno,ul] (since t; * uj - T > Uy * ty - Mp).
e VY plays any move (u,—1,Ty—1)

e dplayst, = K,’,’,p[uo, Keo> Uty - ooy Un—1] (since t,_1 * Up_1 - Ty > Uy * L, + Q).
e VY plays any move (i, ,)

e 1 wins (since t,, * uy, - m, > u, * mo, where 1 < p < n).

Let us now formalize the notion of a winning strategy for the game Gy (from the point
of view of player d). We call a Gy-state (or simply: a state) any pair (p,{) where p is
a process and where ¢ is a finite set of closed terms that intuitively represents the former
moves of V. Given a fixed handle (u, m9) € A X I1, we inductively define the set W, ) of
winning states from the following two inference rules:

(P, €) € Wiy 1) (Gf p > u x my for some u € ¢)

(tHu-m€U{u}) € Wyyn, forall(u,m)eAxII
<l7, f) S W(uo,no)

Notice that the second inference rule has infinitely many premises, that correspond to all
the possible Y-moves (1, 71) € A X II. A derivation of (p, {) € Wz, is thus an infinitely
branching well-founded tree. Finally, we say that a closed term 7, is a winning strategy for
the game G if (ty * ug - 7o, @) € Wiy, for all handles (up, mp) € A X II.

We easily check that:

Gf p > up x t - m)

Fact 2. — Foralln > p > 1, ac, ), is a winning strategy for the game G.

Moreover, the terms ac, , are uniform strategies, in the sense that all the corresponding
plays have the very same structure: they all have the same length (27 + 1 moves) and they
all use the pth opponent’s move (u,, 7,) to end the game (with u, x 7p). In the presence
of the quote instruction, it is easy to implement winning strategies for the game G, that
are not uniform—for instance by dynamically extracting n and/or p from the code of the
handle (i, 79) or of one of the first opponent’s moves (u;, ;). But in all cases:

Proposition 10 (Adequacy of winning strategies for the game Go). — If ty € A is a winning
strategy for the game Gy, then ty - VX (=X = X) = X).
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Proof. Let us assume that f) € A is a winning strategy for the game Gy, and take a pole 1,
a falsity value § C I, a realizer uy € |-S = §| as well as a stack 7 € §. We want to show
that 7y % ug - mo € 1. For that, we more generally prove that

For all states (p, €y € W), if € € S*, then p € 1.
We proceed by induction on the derivation of {p, £) € W, ., distinguishing two cases:

(1) {p,t) € Wy, since p > u * my for some u € ¢.
If we assume that £ C S*, we thus get u x mp € 1L (since u € S* and 7y € §). We
then conclude by anti-evaluation.

(2) (p,t) € Wy n,) since p > ug * t - mp for some term t € A such that
(t*u-m £ U{u}) € Wy, forall (u,m) € A XIIL
Let us assume that £ C S*. We first want to prove that ¢ - =S . For that, we take
atermu € S* and a stack 7 € TI. Since U {u} C S*, wegettxu-m € 1
from the induction hypothesis. Hence ¢ - =S and thus ¢ - 7y € ||-S = S|}, so that
uy *x t - my € L. We conclude by anti-evaluation.

By induction, the property holds for all states {p, {) € Wy, »,). In particular, we have shown
that £y % ug - mp € UL, since (fo * uop - 79, @) € Wy, x,) from our assumption on f. O

6.3. Completeness of G, in the presence of interaction constants. In this section, we
prove that in the presence of infinitely many interaction constants and of infinitely many
substitutive stack constants, the converse of Prop. 10 holds, in the sense that every universal
realizer of the law of Peirce is a winning strategy for the game Go.

This result is a consequence of the following technical lemma:

Lemma 3. — Let ty be a universal realizer of the law of Peirce. If (ki)ic,, Is an infinite
sequence of (pairwise distinct) non generative constants that do not occur in ty and if
(@)icw Is an infinite sequence of stack constants, then there exist two indices n and p such
thatn > p > 1 as well as a finite sequence ty, ..., t, of n closed terms such that:

o %X Ky @y > Kox1- Q@
Lix K- > Kok Ly @ (forall1 <i<n)
In % Ky @y > K, *kQp

Proof. We consider the sequence of sets of processes (Q;);c, that is defined by

Qo = thitg*xK9-ap)  and  Qix = | ) th(xsii-ai).
teA s.t.
Koxt-ap€Q;

From this definition, it is clear that a process ¢ € Q; contains none of the constants «; for
J > i, using the fact that these constants do not occur in #y and that they are non generative.

Let us now write Qo = Jje, Qi and consider the (thread-oriented) pole 1L defined
by IL = (O) as well as the falsity value S = {@p}. From the definition of L, we have
fo % Ko - @p ¢ 1. Butsince 1y IF (=S = §) = S and ag € S, we deduce «p ¥ =S = S.
Which means that there is a realizer ¢ + —S such that xy * 7 - @¢ ¢ 1. From the latter, we
deduce that kg x ¢ - ap € O, for some p > 1. Hence t *x «, - @, € O, (from the definition
of Q,) and thus 7 x k), - @, ¢ 1. Butsince t =S, we have «, I S, hence k, * & ¢ 1L
and thus «, * ag € Q, for some index n > 0. Using the fact that «, can only occur in
the processes belonging to the sets Q; for i > p, we get n > p (so that n > 1). From the
definition of Q,, we immediately deduce the existence of n terms ¢y, ..., f, such that

foxkp-agp €Qp > kKokxti-ag € Qo
tixki-a €Q; > Ko *tiy-ay € 0; (forall 1 <i<n)
Ink Ky -y €Qp > K, *xp €0, |
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Theorem 2 (Specification of Peirce’s law in the presence of interaction constants). — If
the calculus of realizers contains infinitely many interaction constants as well as infin-
itely many substitutive and non generative stack constants, then the universal realizers of
Peirce’s law are exactly the uniform winning strategies for the game G.

Proof. We have already proved (Prop. 10) that the terms 7y that are winning strategies for
the game G, universally realize Peirce’s law. Conversely, let 1y IF VX (=X = X) = X),
and take an infinite sequence (;);e,, Of (pairwise distinct) interaction constants that do not
occur in #y as well as an infinite sequence (;);e, Of (pairwise distinct) non generative and
substitutive stack constants that do not occur in 7, too. (It is always possible to find such
term and stack constants outside #;, since #y only contains a finite number of them.) From
Lemma 3, there exist two indices n and p such that n > p > 1 as well as a finite sequence
H,...,t, of nclosed terms such that:

o X Kg-@p > KykxI-Qp

LixKi-@ > Kok lig- Qg (forall 1 <i<n)

by X Kn -y > Kp Kk Qp
Also notice that from our assumptions, each term #; (0 < i < n) may contain the constants
kj/a; for any j < i, but it contains none of them when j > i. To prove the desired result,
we consider the threads th(z; x «; - ;) (1 < i < n) in reverse order.

e i =n. Forall ugy,...,u, € Aand n,...,n, € Il we have

R PRV
talkj = uif ool = )iy * uy -7ty > up * o

(by substitutivity), so that
n—1

. . -1 . .
<tn{Kj = uj}jzo{a/j = ﬂj}?zo * Uy - T, {Urs. .. U,)) € W(MOJFO)

from the first rule of the inductive definition of Wy, .-
e 0 <i < n. Letusnow assume that

(il = ugl ol == m g * i - mi, {uns s ui ) € W)
forall ug,...,u;r; € Aand ng, ..., m; € II. From the second rule of the inductive
definition of W, ,), we get
. i~1 . i~1 ..
{tilk; = uj}'jzo{aj = ﬂj}lj:O * - 7, {uys .)€ Wy
for all ug,...,u; € Aand mg,...,m; € IL

In the case where i = 0, we have thus proved that (fy * ug - 79, @) € Wy n,) forall ug € A
and 7y € A, which means that #; is a winning strategy for Go. The fact that this strategy is
uniform is obvious from the construction. O

In the presence of infinitely many interaction constants and of infinitely many substi-
tutive and non generative stack constants, every universal realizer of Peirce’s law has thus
the same computational behavior as one of the proof-like terms ac, , (n > p > 1).

6.4. A wild realizer of Peirce’s law. Theorem 2 gives a specification of Peirce’s law in
the particular case where the language of realizers provides infinitely many interaction con-
stants and infinitely many substitutive and non generative stack constants. It is interesting
to notice that these assumptions are compatible with the presence of the non determinis-
tic instruction rh; actually, the specification expressed in Theorem 2 makes no assumption
about the determinism or the non determinism of the relation of evaluation >.

However, the assumptions of Theorem 2 are definitely incompatible with the presence of
instructions such as eq or quote, that break the property of substitutivity (for all term/stack
constants), and it is tempting to extend the result expressed in Theorem 2 to a framework
that allows such instructions—provided we drop the requirement of uniformity, since we
know that quote allows to implement non uniform winning strategy for the game Go.
Alas, this is not possible, since the presence of the instruction eq (that can be mimicked
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using quote) allows to define wild realizers of the law of Peirce, that is, universal realizers
t I YX (=X = X) = X) that are nor winning strategies for the game G.
Here is an example of such a wild realizer. Let us consider the terms

Kly,k] = Az.eqz(yy)l(k2)
Ti[x] = Ay.acc(Ak.xK[y,k])
Nlx] = Tilx]Tilx]

<’ = Ax.T,[x]

From these definitions we get:
o xu-m > Tolu]l xm > ux K[T1[u],ke] -7
for all u € A and 7 € I1, whereas

Ixn ifu =Tslu]

K[T[u], kel %' -7’ > { .
u % m otherwise

forall u,u’ € A and m,n’ € I1.

Lemma 4. — Let 1L be a fixed pole and S C 11 an arbitrary falsity value. For all u € A
and w € S such that T>[u] x 7 ¢ 1L, we have K[T;[u], K] F =S.

Proof. To show that K[T;[u],k;] + =S, let us consider a stack of the form u’ - 7’ where
W € Stand n’ € II. Sincem € S, we have ' x 7 € 1L, and thus ' # T>[u]. Hence
K[T[u]l, k] x v/ -7" > u' % € L, sothat K[T[u],k;] xu’ -7" € 1L by anti-evaluation. O

Proposition 11. — o’ ir VX ((-X = X) = X)

Proof. Let us consider a fixed pole 1L as well as a falsity value S € II. To show that
o’ €](=S = 5) = S|, letus take u € |-S = S|and 7 € S. We distinguish two cases:

e Either T5[u] * w € 1. In this case we have cc’ x u - 7w >| T»[u] x & € 1, from
which we get ac’ x u - 7 € 1L by anti-evaluation.

e FEither T»[u] x m ¢ 1. In this case we have o’ x u -7 > u * K[T;[u],k,] - 7.
Since K[T;[u], k;] F =S (from Lemma 4), we get u x K[T[u],K,] - m € 1, hence
o’ x u - € Ll by anti-evaluation. O

Notice that the subterm I that appears in the definition of the continuation K[y, k] never
appears in head position in the proofs of Lemma 4 and Prop. 11, so that we could actually
replace it by any closed A.-term. Intuitively, this is due to the fact that when «’ = T>[u],
we are not interested anymore in the behavior of the process K[T[u],k,] x u' - 7’ since
we are able to conclude that ac’ % u - 7 € I using other means (first case of the proof of
Prop. 11). Also notice that the case distinction performed in the proof of Prop. 11 makes
the corresponding proof intrinsically classical, which contrasts with the proof of adequacy
for ac (Lemma 2 p. 12), which is fully intuitionistic. In some sense, we can think of ac” as
a universal realizer of Peirce’s law that is twice classical. It is classical from the compu-
tational point of view, since it heavily relies on the machinery of continuations. But it is
also classical from the meta-theoretic point of view, due to the fact that the corresponding
proof of adequacy (Prop. 11) is classical too.

Before giving a game-theoretic interpretation of these strange phenomena, let us first
check that ac’ of is not a winning strategy for our first game Gg:

Lemma 5. — Let us assume that the relation of one step evaluation > is only defined
from the rules (GraB), (PusH), (SAVE), (RESTORE) and (EQ). Then the universal realizer oc’
of Peirce’s law is not a winning strategy for the game G.

Proof. We start with the initial handle (I, @), where « is a stack constant. We notice that:

e Player d is forced to play #; = K[T[I], ks, ], since ¢ is the only term ¢ such that
Ixt-qp€th(ac x1I-ap).
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e Opponent Y can play u; = T»[I] and 7} = ap.
e Then 1 loses, since the thread th(#; % u; - ;) contains no process of the form
I % #, - ap (to continue to play) or of the form 75[I] * @ (to win the game). O

6.5. A second game G,. Although the wild realizer ac’ of Peirce’s law does not constitute
a winning strategy for the game Gg, we can still understand the computational behavior
of ac’ in game-theoretic terms as follows. Starting from an arbitrary handle (ug, 7):
e Player d plays K[T'[uo], Kz, ] (since o’ * ug - o > up * K[T'1[uo], Kz, - 7o)
e Then opponent VY plays an arbitrary move (1, 71) € A X IL.
We now need to distinguish the following two cases:
(1) Either u; # T>[up]. In this case, the play ends as expected:
— d wins, since K[T[ug], K, 1 * uy - 71 > uy * 7.

(2) Either u; = Th[up]. In this case, we can understand the strange computa-
tional behavior of cc’ as follows: since no interesting move can be obtained
from the current 3-position K[T[uo], Kr,1 * w1 - 71, player 3 backtracks to
the former 3-position ac’ x ug - 7y (the game started from). Then the play
continues from the 3-position ac’ * u - 7y, and 9 now wins since

G:/*MO'ﬂ'() >1 Tolugl *xmy = uy *my.

In other words, we can still think of the closed term ac” as a winning strategy provided we
give to player 3 the possibility to compute its move from any 3-position that was previously
encountered during the play (and not only from the current 3-position).

We thus get a new game G, that is defined from the same 3/V-positions as before, as
well as from the same V-moves as before. The only difference is that now, player 3 keeps
track of the history of all the preceding J-positions encountered during the game, and is
allowed to compute its next move from any position recorded in this history.

Formally, we thus define a G;-state as a pair (P, {) where P is a finite set of processes
(intuitively: the history of all the previously encountered 3-positions, including the current
position) and where ¢ is a finite set of closed terms (intuitively: the history of the first
components u; of the previous moves (u;, ;) of the opponent V). Given a handle (i, mp) €

A X II, the set W('uo o) of winning G,-states is inductively defined as follows:

(P,0) e W/

tom0) (if p>uxmyforsome pe P, ued)
(PU{t*xu-n}, €U {u}) e W

(u40,70)
Pl eW

(uo,70)

for all (u, )

@if p > ug % t - my for some p € P)

As before, we say that a term #, is a winning strategy for the game G, if for all handles
(ug, mp) € A X I1, we have ({ty * ug - mp}, @) € W(’MU ) It is a simple exercise to check that:

Fact 3. — The closed term o’ is a winning strategy for the game G.

Moreover, we easily check that winning strategies for the game G are particular cases
of winning strategies for the game G;:

Proposition 12. — If a closed A -term is a winning strategy for the game G, then it is also
a winning strategy for the game G;.

Proof. It suffices to prove that (p, ) € W, r,) implies ({p},{) € W(’MMO) for all Gy-states
(P, £), by induction on the derivation of {p, £) € W, ). The second case of the proof relies
on the property of monotonicity expressing that (P,£) € W, ~and P C P’ together imply

(P',¢) e W(’ o) (which is also proved by induction). O

Uy

Let us now prove that the game G, is adequate w.r.t. Peirce’s law:

Proposition 13 (Adequacy of winning strategies for the game G;). — If to is a winning
strategy for the game Gy, then ty - VX (=X = X) = X).
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Proof. Let 1L be a fixed pole, and consider a falsity value S C II, a realizer ug IF =S =
as well as a stack 7y € §. We want to show that 7y x uy - 719 € 1. For that, we more
generally prove that for all (P, {) € W(’Moﬂo), ¢ C S* implies PN 1L # @. The proof proceeds
by induction on the derivation on (P, {) € W{, .. distinguishing the following cases:

(1) (P t) € W(’uo’ﬂo) since there exist some p € P and u € € such that p > u x my. If we
assume that £ C S*, we thus get u * 7 € 1L, hence p € L by anti-evaluation.

2) (P t) € W(’uo’ﬂo) since there exist some p € P and ¢ € A such that p > ug * t - mp,
and since (P U {t x u - n}, £ U {u}) € W(’Mn’nn) forall u € A and n € II. Let us
assume that £ € S*. To show that P N 1L # @, let us assume that PN 1L = @ (using

the meta-theoretic law of Peirce). We first want to show that ¢ - =S . For that,

let us consider u € S* and 7 € II. Since (P U {t % u-n},f U {u}) € W(/uo,ﬂo) and

(CU{u}) €S, we get (PU{t % u-n})N 1L # @ by induction hypothesis. But since

PNl = @, we deduce that f x u - m € 1L, which finishes the proof that ¢ I =S.

Therefore, uy * t - myp € 1L, and thus p € L by anti-evaluation.

In particular, we have proved that 7y x ug - 19 € 1L, since ({to * ug - 7}, @) € W(’u0 o)

[m]

But the converse implication also holds, without any further assumption on the param-
eters B, C and > that define the underlying calculus of realizers:

Proposition 14 (Completeness of winning strategies for the game G,). — If ty universally
realizes Peirce’s law, then ty is a winning strategy for the game G;.

Proof. We reason by contradiction by assuming that there is a handle (uy,m9) € A X II
such that ({rg * ug - 7o}, @) ¢ W(’uo’m)). To reach a contradiction, we shall build an increasing
sequence of Gp-states ((P;, {;))ien such that (P;, ;) ¢ W(/uo,rro) for all i € IN. For that, we
consider a fixed enumeration ¢ : IN — A such that every term ¢ € A appears infinitely
many times in the range of ¢. The sequence ({P;, {;))ici is defined as follows:

o Py ={tyg *x uy-my}and £y = @, so that (Py, {y) ¢ W(Iuo,ﬂo)'
e Let us assume that we have built a G;-state (P;, {;) such that (P;,{;) ¢ W(’uoﬂo).
Writing ¢ = ¢(i), we distinguish the following two cases:

(1) Either there exists a process p € P; such that p > uy % ¢ - my. In this case, we
know (from the second rule of the inductive definition of W(,Mo,ﬂo)) that there
is a pair (u, ) € A x ITsuch that (P; U {t % u - xt}, {; U {u}) ¢ W[, . We pick

such a pair (u,7) and let Py = P; U {t x u -} and €;1 = €; U {u}, so that by
construction we have (P, {ir1) ¢ W(’Mom)

(2) Either there is no process p € P; such that p > uy % ¢ - my. In this case, we

keep the same G;-state by letting P11 = P; and £, = ¢;.

It is clear from the above construction that P; C P;,; and ¢; C ¢, for all i € IN. We then
put P = Ujew Pi» @ = Upep., th(p), and we consider the pole 1L = Q¢ as well as the falsity
value S = {ng}. Since tp IF (=S = §) = S, 7y € S and 1y * up - 71y ¢ 1 (from the definition
of 1), we get ug ¥ =S = S. Thus, there is a realizer ¢ - =S such that ug % 1 - 7y ¢ IL.
Hence uy x ¢ - my € Q, so that there is an index n > 0 and a process p € P, such that
p > ug x t - my. Let us consider an index n’ > n such that ¢(n’) = t. Since p € P,y (2 P,,)
and p > uy x t - m, there exists (u,7) € A x Il such that P,y = Py U {t % u - x} and
Lwi1 = € U {u} (by construction of (P, €y41)). Therefore t % u -7 ¢ 1., hence u I S
(since 7 - =S and 7 € ||L|]), so that u % 7y ¢ 1. Hence we get u % my € Q, so that there is
an index m > 0 and a process p’ € P, such that p’ > u x my. Without loss of generality, we
can assume that m > n’ + 1 since the sequence (P;);ey is increasing. We have thus found
an index m > n’ + 1, a process p’ € P, and a term u € ¢, (since u € £, C {,,) such
that p’ > u * my, which means that (P,,,{,,) € W('MMO) (from the first rule of the inductive

definition of W(’un m))) and brings us the desired contradiction. O

From Prop. 13 and 14, we thus get the definitive specification of Peirce’s law:
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Theorem 3 (Specification of Peirce’s law). — The universal realizers of Peirce’s law are
exactly the winning strategies for the game G;.
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