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Disclaimer

The first part of this presentation is merely a copy-cut of a previous presentation
of Alexandre Miquel while the second part is strongly inspired by a presentation of
Etienne Miquey.

Félix Castro Evidenced Frames 23 juin 2022



Evidenced frames

Question : What is an evidenced frames ? Why should we introduce such a
structure?

Answer :

@ "[...]we introduce evidenced frames : a general-purpose framework for
building realizability models [...] "

e " evidenced frames form a unifying framework for (realizability) models of
higher-order dependent predicate logic.”

Wait... It sounds familiar, doesn't it ?
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Reminders

@ Reminders
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Implicative structures

Definition (Implicative structures)

An implicative structure is a triple (A, <, —) where
Q (A, <) is a complete lattice
@ (—): A% — As a binary operation such that
@ a' < a,b=x b entails (a— b) < (a' = b)
o bekfg(a—)b):a%léb

Example (From a total combinatory algebra)

From a total combinatory algebra 7 = (T, ., k,s), one can define the implicative
structure (P(7), <, —) where

X—=>Y = {p|¥xeXpxeY}
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Implicative algebras

Definition (Implicative algebras)

An implicative algebra is a quadruple (A, <, —,S) where
Q@ (A, <, —) is an implicative structure
@ S C A is a separator i.e:
@ faxbandaceSthenbe S
o KA:aéA(a%b%a)ESand

SA = bAGA((a—>b—>c)—>(a—>b)—>a—>c)€S

@ if(a—b)eSandacS, thenbeS

Example (From a total combinatory algebra)

From a total combinatory algebra 7 = (T, ., k,s), one can define the implicative

algebra (P(T),C,—,P(T)\ {0}).
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Set-based tripos

Definition (Set-based tripos)

A Set-based tripos is a functor P : Set®® — HA such that
@ for each map f : X — Y (in Set), the associated map P(f) : P(Y) — P(X)
has left and right adjoints 3f,Vf : P(X) — P(Y) (in Pos)

@ Beck-Chevalley condition : Each pullback square in Set(on the lhs) induces
the following two commutative diagrams in Pos(on the rhs) :

X~y X PX s PX PX s px
|
le J(gl = szT TP& szT Tpéﬁ
Xo 5 Y PX, — PY PX, — PY
2 g Vg2

@ The functor P : Set® — HA has a generic predicate trs € PX (for some
set X), i.e. such that for all sets X, the following map is surjective :
X o PX
o +— Po(tr,)
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From implicative algebra to tripos

Let (A, <, —,S8) be an implicative algebra
@ For each set X, we write P4 X := AX/S[X] the poset reflection of the
preordered set (A%, gx]) where
atspgb it AN(a—>b)es

@ Foreachmap f: X — Y, we write Pf : PY — PX the unique map that
factors the map A" = (ar> aof): AY — AX through the quotients
PY := AY/S[X] and PX := AX/S[X].

Theorem (Implicative tripos)

The functor P 4 : Set®® — HA s a Set-based tripos.
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From tripos to implicative algebra

Let P be a tripos and trs € PX a generic predicate

@ The whole structure of P can be derived from X equipped with two (non

canonical) operations
END S A:P(E) =%
and a specific subset ® C Y.

@ Using domain-theoretic techniques, Miquel turned this poorly behaved
structure (Z,—'>,/\,¢) into an implicative algebra A = (A, <, —,S) such
that (A, —, A,S) contains the information needed to retrieve the tripos

@ In particular, it was shown that

PX ~ AX/S[X]
and that P is isomorphic to the implicative tripos constructed from A.
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All in all

o Implicative algebras : a simple algebraic structure that encompasses
o Complete Heyting Algebras

Partial Combinatory Algebras

Ordered Combinatory Algebras

Abstract Krivine Structure

@ Implicative algebras can be used to construct implicative triposes

@ Implicative triposes encompass all Set-based triposes

Theorem (Completeness/Representation)

Every Set-based tripos is isomorphic to an implicative tripos.

Félix Castro Evidenced Frames 23 juin 2022



Evidenced frames 7?7

Question : What is an evidenced frames ? Why should we introduce such a
structure ?

Answer :You interrupted me! | was saying...

@ "[...]we introduce evidenced frames : a general-purpose framework for
building realizability models that support diverse effectful computations.”

@ "[...]Jevidenced frames form a unifying framework for (realizability) models of
higher-order dependent predicate logic [...]"

@ "[...]the existing completeness construction for implicative algebras [...]
factors through our simpler construction.”

Sorry... Sorry... Let's see it !
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The influence of side-effects on realizability interpretation

@ The influence of side-effects on realizability interpretation
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The influence of control operators on the logic

Definition
Let (A, =<, —,S) an implicative algebra. The separator S is said to be classical if

oA = a{EKA(((a —b) > a) > a)€S.

An implicative algebra is classical if and only if it is obtained from an Abstract
Krivine Structure.

Every classical tripos is a classical implicative tripos and therefore a Krivine tripos.

TO-GO : If your realizibility model is classical, it can be obtained from an AKS
(i.e a programming language containing control operators).
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The effect of exceptions on the logic

Definition
Markov's Principle Markov's Principle is a weak classical scheme stating that

——3x A(x) = Ix A(x)

for every decidable formula A(x).

Herbelin showed that adding exceptions in a programming language can lead to
realizability models that satisfy Markov's Principle.

Question : Is Markov's Principle satisfied in all realizability models obtained from
a (terminating) programming language that can handle exceptions ?
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The Effects of Effects on Countable Choice

Definition

In Higher Order Logic (with a sort IN for natural number), Countable Choice (CC)
at sort 7 is the formula

VR :IN x 7 — Prop. (Vx : N3y : 7. R(x,y)) = 3f : N — 7.¥x : N.R(x, f(x))

Cohen, Abreu Faro and Tate showed that
@ a realizability model obtained from a (deterministic) PCA satisfies CC
@ adding non determinism to the PCA negates CC
© adding states restores CC.

Goal Formalizing this result in a general algebraic framework for realizability.

Solution Evidenced Frames!
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Evidenced frames

@ Evidenced frames
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An intuition (by E.Miquey)

Realizability is a 3-steps recipe :

@ formulas (a.k.a types)
ex : second order logic, HOL, ZF...

@ a computational system (a.k.a your favorite calculus)
ex : some A-calculus, a combinatory algebra...

@ formulas interpretation (a.k.a truth values)
when a program t realizes a formula A?
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Evidenced frames : the definition

An Evidenced Frame is the data of a triple ($, E,- — -) where
@ o is a set of propositions (a.k.a formulas or types)

@ E is a set of evidences (a.k.a a set of programs)

@ (- — ) Cd x E x dis the realizability relation (when a program t realizes
¢1 = $2)

along with some other properties (see next slides). We note

QS]- i ¢2 for (¢17 e7¢2) c - —> ..

Félix Castro Evidenced Frames 23 juin 2022



Evidences frames : the definition (2)

The Evendiced Frame (®, E,- — -) comes with :
o Reflexivity ey such that
¢3¢
o Transitivity an operator ; of type E x E — E such that
b1 G N D ds = d1 ¥ @3
Top T and et such that
¢ T
Conjunction A : d x & — & (- ) : E X E — E and efy, €50 € E st :
A R R R e P1/\92
b1/ =5 o
@ Universal implication D : ® x P(®) > &, \: E — E and e, € E st :
(Vo € $. b1 Ao 5 ) = b1 25 206
V€ G 4100 N1 T ¢

(¢ C )
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Example : from implicative algebra to evidenced frame

Let A= (A, =,—,8) be an implicative algebra.
The triple (A, S, — -) where

01> = e< o1 — b

defined an evidenced frame £ 4. The needed additional structure is obtained as
follow :

eig = (Mxx)* e1; & = (Ax.e(erx))*
T=TA et = (Ax.x)4
D1\ P2 = aeAA(((bl — ¢p = a) > a) (e, e)=(Axy.y(ex)(e X))A
erst = (Axx(Mxpxa.xq))A esnd = (Ax.x(Ax1x2.%0))A
0>d5=0- AN (fco

IS

de = (Axy.e(x,y>)A €eval = (Ax.(efsrx)(€snax))
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From evidenced frame to tripos

Let £ = (®,E,- = -) be an evidenced frame
o For each set X, we write P X := ®X/ — [X] the poset reflection of the
preordered set (®X,_,[x]) where
abLpqb iff Jec E.Vx e X (ax— by)

@ Foreachmap f: X — Y, we write Pf : PY — PX the unique map that
factors the map ®f = (a+ aof): ®Y — X through the quotients
PY := Y/ - [Y] and PX := X/ — [X].

Theorem (Tripos from evidenced frame)
The functor P¢ : Set®® — HA is a Set-based tripos.

This is a factorization of the implicative algebra to tripos construction : for A an
implicative algebra, P 4 is isomorphic to Pg ,.

Félix Castro Evidenced Frames 23 juin 2022



Incorporating effects in evidenced frames

@ Incorporating effects in evidenced frames
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An other 3 steps recipe

@ PCA : definition via functional completeness (and not via k,s)

o Computational system : Extension of PCA in a way to incorporate mutable
state, non determinism reduction, failure...

e Translation : from computational systems to evidenced frames.
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Partial Applicative Structure

Definition (partial applicative structures)

A partial applicative structure (PAS) is a set of "codes” C equipped with a partial
binary function app.

We use the notation ¢r - ¢, | ¢, to denote that (cr, c;) € Dom(app)
and app(¢r, G) = ¢
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Expressions (or the way of representing open terms)

From a fixed PAS we generate the set of expressions (a la de Brujin) by the
following grammar :

e = ieN|ceClle-e

Substitutions e[c,] are defined inductively :

Ofca] = ¢
(i+1){ca% i i
(er-e)le] = erlcs] - el

Reduction e | ¢, is extended to expressions :

erlcr ealca crcale

C\l,C ef’eaxlrcr
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Functional completeness and PCA

The set of expressions with codes of free variables less than n :
E,={e|Vieei<n}

Definition (Functional completeness)

A PAS is functionally complete if for all n, there exists a map cy»_: Epy1 — C
such that

Cxrtle " Ca \L Can.efc,]
e Gl eela]lca

cxn.e should be think as the result of abstracting the all the free variable in the
expression e (that contains only variables < n).

Definition (partial combinatory algebra)

A partial combinatory algebra (PCA) is a functionally complete PAS.

Example
o PCA generated by k,s
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Adding mutable states : computational system

Recall, the set of expressions
e = ieN|ceClle-e

A computational system C will be the data of

a set of codes C (from which we generate the set of expressions)
@ a preorder ¥ of states

@ maps cyn._: Eppp — C for all n

°

a reduction relation e 17, ¢ (in the state o, e can reduce to ¢ and go to the
state o)

@ a termination relation e |7 (in the state o, e terminates but potentially does not
reduce to any code)

that satisfy the following property
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Adding mutable states : computational system (2)

The reduction relations should satisfy

’ "
er o cr el ca cr-Calom

cllc er- e ¢ cl?
’ !’ 1
er 17 Vo'icroer 1l cr = (6217 AVo' coeall ca=cr-cal”)
er- e, 7

and a property of preservation
-l a=0<0o.

The maps cyn._ should satisfy a generalization of functional completeness :

Cantt e Ca 1l Cr = o =cNc = Can.elc,] (deterministic, 8 and stable state)
Cyntl g * C3 l,g (termination of non fully applied expression)
Cxoe” Cadgr & = e[ 1o/ ¢ ®
elc] 7= cnoe 6o L7 ®)

Castro Evidenced Frames 23 juin 2022



Examples of instructions

Example

@ Non determinism. Cg;, is obtained by adding the instruction flip :

flip-cl? flip-cl? cng flip-cl? cng

@ Mutable states. Cj,,kyp is Obtained by taking ¥ as finite maps from IN to C
ordered by inclusion and adding instructions lookup,, :

n—ceo A . n—c eo

lookup,, - ¢ |7 lookup,, - ¢ {2 ¢’ lookup,, - ¢ 17 .. C

o Failure. C¢,; is obtained by adding the instruction fail :

fail - ¢ |7
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From CS to £F : the set of propositions

Recall Kleene's realizability. From a PCA C, we can define an evidenced frame
where the set  of propositions is P(C)

In a computational system C, we need to consider states. Therefore, a proposition
¢ should be a set of pairs of a code and a state, i.e it should be included in C x .
We write

@7 (c) for (c,0) € ¢.

We will restrict the set of propositions to futur stable predicate, which means
that ¢ will be a proposition if

°(c)No <o = qﬁ"/(c).
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From CS to £F : the realizability relation

Recall Kleene's realizability. From a PCA C, we can define an evidenced frame
where - — - is defined as

¢1£>¢>2 = Ve, €¢1.dc.c-cal e ANer € ¢

In a computational system C, we need to take into account that the relation can
be non deterministic. There is 2 possible interpretations of non determinism :

o the demonic one. (Intuition : every reduction terminates in the pole)

-GS d = -l Ao, o' ol o= ¢7 (¢r)
o the angelic one. (Intuition : at least one reduction terminates in the pole)
- Glad = -l N, ol cr-call o= 97 (o)

Therefore, there is (at least) two possible ways to define - — -. Let B be an
interpretation of determinism (D or A), we can define :

S5 ¢ = Ve,0.0(c) = e-clif b
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From CS to £F : the set of evidences

Recall Kleene's realizability. From a PCA C, we can define an evidenced frame
where the set of evidences if C.
To maintain consistency in presence of failure, we need to restrict the set of

. . fail . .. .
evidences (indeed, check that T 2y 1| with a demonic interpretation of non
determinism).

To this hand, we restrict the evidences to a distinguished subset S that should be
@ functionally complete. (i.e stable for all the maps c»._)
@ closed under reduction.

© Progress. All code in S should satisfy progress, if it terminates, it should
reduce to a code :

Vo,cr,ca €S.cr- 6 7= 30’ ¢ 19

, .Cr
Two examples are the separator St containing all terms (if it exists) and the

separator S, generated by functional completeness.
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At last : from CS to EF

If € is the data of a computational system (a separator and an interpretation of
non determinism), then &g defined previously is an evidenced frames.
Question : How construct an implicative algebra from such a structure?

Félix Castro
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An example of the robustness of this framework

@ if P is a tripos obtained from an £F generated from a PCA, it will satisfy
countable choice.

@ if P is a tripos obtained from a £F generated from a CS containing flip (and
no other effects) by using demonic non determinism and the separator S+, it
will satisfy the negation of countable choice.

@ if P is a tripos obtained from a £F generated from a CS containing
flip, lookup,, (and no other effects) by using demonic non determinism and
the separator ST, it will satisfy countable choice.

@ other examples in the paper (notably the link between angelic non
determinism and forcing)
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Conclusion (and what | didn’t talk about)

© Conclusion (and what | didn't talk about)
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The final picture : by E.Miquey

states failure

induced mode|
non-det

B
. al ' \
PCA — " 8 = em = Tripos
/' ,,,,,,,,,,,,,, v W
classical
realizability

completeness

Tripos = evidenced frame that has forgotten its evidence.
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