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The plan

@ The plan
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@ Introduce System T
@ Introduce HA“ and a proof system capturing this theory

o Finally, in the framework of HA“, we will give an interpretation of extensional
equality! on all sorts in a language that only contains equality on the sort N.

Goal: Fully describe a (synctactical) translation between two proof systems where
the source is wider than the target system.

Ltwo functions are extensionally equal if they have the same graph
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System T

@ System T
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What is System T 7

System T is

@ a programming language than can describe (some constructive) " functionals”
(i.e functions over natural numbers, functions over functions over natural
numbers...)

@ expressed as a typed lambda calculus

@ a theoretical tool invented by Godel (in 1958) to give a computational
interpretation of arithmetic with his so-called Dialectica interpretation.
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Syntax of System T

System T is obtained by extending simple type lambda calculus with a based type

N and native constructors to
Sorts o, T
Terms t,u
Signatures A

use it :

(— right associative)

N|oc—T

x? | AxO.t | tu (tu left associative)

|0|St]|Rec” tuv
0| A, x7

(technicality)

add
apPy -

MNAYN RecN x (ARNAMN S h) y
AFO7TAXO . x

N—-N-—N
(c—=71)—>0—T

| may omit sort annotation when writing terms.
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Computation in System T

We consider the following rules (8-reduction and t-reduction) on terms

(Mt)u = tlx =]
Rect u0 > t
Rect u(Sv) > u(Rectuv)v

from which we generate reduction
t — U see footnotel

and congruence

~

2
t = U see footnote™ .

lleast compatible, reflexive and transitive relation containing >
?least equivalence relation containing —
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An example of reduction

add (S (S0)) (S0)

Ly

(AxNAYN RecM x (ARNAmMN.S h) y) (S (S0)) (S0)
AyN Rec (S(S0)) (AMNAMN.S ) y) (S0)

Rec" (S(S0)) (AANAmMN.S h) (S0)

(AANAMN.S h) (RecM (S (S0)) (AANAmMN.S h)0) 0
(AANAMN.S h) (S (S0))0

(5(5(50)))
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Derivation in System T

(a)
Al,XO,AQ l_T x? o

AT bFpt:T Abrt:co—7 AbTu:o
AT Xt 0 =171 (el Abrtu:T o)
AFpt:N
— —
AT 0:N A+t St:N

Abrrt:c Atrru:0 N—-0 AFrv:N
AFrRec’ tuv:o

(Rec)
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Example of derivation

(ax)
7T X fio—T fP77" x"Fx:o

O X" fx:TfF 7T X" fx:T
O MO X7 MO fx:0—T

Fr app, ,AfT7TAXT A XA TN f x (0 = T) w0 =T

(ax)

(app)

(A-intro)

(A-intro)
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Metatheoretical results

@ Canonicity : closed normal terms! of type N are of the form S"0, closed
normal terms of type o — 7 are of the form Ax7.t.

@ Strong normalisation : terms of System T are strongly normalisable.

@ Representable functions : a function f : N — N can be (extensionally)
expressed as a term of System T if and only if it is a recursive function
provably total in PA(Peano Arithmetic).

Finally, a generalized version of the weakening rule is admissible for this system :
fACA and AFpt:o then A'bFpt:o.

for a suitable definition of A C A/

closed = without free variable () is the unique binder here)
normal = without possible reduction
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Finite type arithmetic HAY

© Finite type arithmetic HA
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What is HAY ?

HA% is
@ a first order many sorted (intuitionistic) theory
@ a formal theory to speak about functionals

@ a conservative extension of Heyting Arithmetic (a.k.a the intuitionistic
fragment of Peano Arithmetic).
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Formulas of HA%

Formulas of HA“ are generated as follow :

OV = t=u| L
o= V| OAY
| Vx7.®

where equality is restricted to the sort N.

The following notation will be used :

- = o= 1.
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Axioms and rules of HAY

The axioms and rules of HA“ are the universal closures of :
the axioms and rules for many-sorted intuitionistic predicate logic

the axioms of equality (roughly an axiomatization of &) 1

©00

for all formulas ® that does not contain the variables xN and yN
x=y=®z:=x]= d[z:=y]
(equal terms should satisfy the same properties)
(S X) = 0 (successors are diferent from 0)
for all formulas ¢ :
Oz := 0] = (V2N [z 1= x] = D[z := Sx]) = VxN ®[z := X]

(a scheme of induction over natural numbers)

0 0

Ibecause equallty is restricted to the sort N, one needs to fully apply terms to axiomatize =2.
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Provability in

We say that a formula ¢ is provable in HA“ and we write
I_HAw d)

if one can deduce ¢ from the axioms and rules of HA“ in his favorite proof
system (ex. hilbert system, natural deduction...).

We formalize this notion in few minutes :)
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Models of HAY

A model of HA¥ is given by the data of :
@ a family of sets {M, }, indexed by the sorts of System T
@ an interpretation of all the constructions of System T inside these sets
© such that this structure satisfies the axioms of HAY.

One can formally define what it means for a model to satisfy a closed formula
(with parameters) ¢.

We will use the following theorem :

Theorem (Soundness)

If Fyae ® then all models of HA® satisfy ®.
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First example : the set theoretic model

The set theoretic model M is defined by

N
MM

Mn
M,_.-

where terms of System T are interpreted as functions.
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Second example :HRO

The model of Hereditary Recursive Operations HRO defined by

HROy
HRO,_,,

N
{e e N | V¥n € HRO,, {e}(n) € HRO.}

where {e}(n) J€ E means that the computation of the function of index e
terminates on the input n and that the result of this computation is in E.

In this model, terms of System T are interpreted as indexes of the recursive
functions they denote.
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From an axiomatized theory to a type system

We now formulate the theory HA“ as a type system AHA“ (without
computation).

My motivation here is that | will work in a purely syntactic fashion and I'd rather
manipulate proof terms (a la Church) than manipulating proof trees.

The sequents of AHA“ will be of the form
NTEM: P
where
Q@ A is a signature of System T
@ T is a context of AHAY (to be defined next slide)
@ M is a proof term of AHA“ (to be defined next slide)

Q@ ¢ is a formula of HA® (with one more predicate over the sort N for a
technical detail).
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The type system AHA¥

Formulas, proof terms and contexts of AHA® are generated by the following
grammar :

Formulas OV = t=u|L|nul(t)
| |
| Vx7.®
Proof terms M, N == & |reflt]| peel(t, u, M, 2.d N)
| efq(M, )
| |

| |
| Ax7.M | Mt
| Ind(%.9, M, N, t)

Contexts r == 0|r,¢&: ¢

(again, equality is restricted to the sort N.)
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Derivation in AHA¥

(A7) wf ATHM: L ATHM: o
—— ((:pET) —————————— (FV(®) S 4) ———— (¢ V)
ATHE:® AT F efg(M, @) : ® ATHM: W
AT, E:0FM:V ATHFM: 0=V ATHFN:®
ATHEXEM: & = W ATHMN:V
AT H M :dp ATEM: & AT H M:dp Ady (-12
AT F (M, M) : &1 A &y AT FMi:o ’
A, x7TEM:® ATHM:Vx7.0 Abrpt:ic
————— (x7 ¢ FV(I)
AT F Ax7 .M :vx7 o AT H Mt: ox7 =1t
(AT)wf A t:N ATFM:t=u ATFN:oN =4

AT Freflt:t=t AT F peel(t, u, M, 2.0, N) : oxN = 4]

aremopN =0 arrn:vN (= o =siN) aArpecn
AT - Ind(2.0, M, N, t) : O[x = ]

Fraw ® if and only if there exists some proof term M such that = M : ®.
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Final technical details

The congruence relation
b~y

between formulas is generated from the reduction rules of System T and the two
extra rules :

null(0) > L= 1
null(Sx) > L.

The predicate null(x) is used to prove that successors are different from 0.

A pair of a signature and a context (A; ) is well formed if the free first order
variables of [ are contained in A, i.e

(A;T)wf = FV() C A

Some facts satisfied by AHA® :
© a generalization of the weakening lemma
Q if A;T = M: & then FV(®) C A.
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A case study : extension of equality

© A case study : extension of equality
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Some motivation

We work in a many sorted theory where the equality is only defined on the base
sort N.

We would like to extend it (in an extensional fashion 1) to all sorts.

Hence, for all sort o we have to find an equivalence relation to serve as equality
(i.e we want to quotient objects of sort o by this relation).

Two objects in the same equivalence class should satisfy the same formulas, i.e
they should be indiscernibles?.

Two extensionally equal functions should be in the same equivalence class.
Finally, we want to express this extension in a purely syntactic fashion.

So let’s study families of binary relations indexed by the sorts of System T!

Ltwo functions are extensionally equal if they have the same graph
2in particular, it means that the relation should be compatible with all constructions of
System T.
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Two potential candidates ?

Let {=*}, and {=P™}, be two families of binary relations indexed by the sorts
of System T and defined in AHA“ as follow :

N __ext ,,N

xN =gty = x=y
fo—T :?r)i-r ga—ﬂ— = Vx fx :s_xt gx
N _pm N _— —
xN="yY = x=y
7T =Pm _g777 = Vx,yx=P"y=fx=P"gy.

Note that

@ The relation =*' is obtained from equality by extending it to higher sorts in
an extensional fashion (two functions are in =*** if they are extensionally
equal).

@ The relation =P™ is obtained from equality by extending it to higher sorts in
a parametric fashion (in the sense of binary parametricity).
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is a good candidate ?

Recall
N _ext /N — —
x" =ty" = x=y
fo'—)‘r :(;)iT go'*)T = VX fX :$'Xt gx

. . —ext . .
One can prove inside AHAY that for all sort o, ==  is an equivalence relation?.
o

But, one won't be able to prove that it is compatible, for instance :

% vf(N—>N)—>NVXN—>NVyN—>N X :eNXLN y = f x :&xt fy.

Inote that you should first define what is an equivalence relation inside AHA“
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is not compatible

By the contraposition of the Soundess theorem, it is sufficient to find one counter model.
We now work in HRO.
Let
quote € HRO(n_.ny—n
be an index for the identity function and

p,q € HROn ;N

two distinct indexes for the same total unary function.

Note that
HRO F p=f\q
HRO E  {quote}(p) #y** {quote}(q).
Consequently, HRO is a counter model. O
HRON = N
HRO,_,, = {e€ N |Vne HRO, {e}(n)lc HRO,}

It shouldn’t be a surprise : HRO is not an extensional model of (N-)HA®. We should
restrict out attention to individuals that are "in a way” extensional (in particular, a term
as quote should "not exist” in an "extensional world”).
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=P™ is a good candidate 7

One can prove that for all sort o, =P™ is symmetric and transitive. Formally,
defining

Symp = Vx7,y? xRy = yRx
Transy Vx?,y%,2° xRy = yRz = xRz

one can exhibit proof terms

m .
F sym?P : Sym_pm
F transb™ : Trans_pm
as follow
symy™ = Ax,y.AE.peel(x,y, &, 2.(z = x), refl x)
symb™ = A, g A& X, y. An.symP(F y) (g x) (€ y x (symE™ x y n))
transﬁ f Ax,y,z. 0, n.peel(y, z,n, w.x = w, §)

transP™ A, g, h. A&, n.Ax, y. Ax.trans, (f x)(gy)(hy)(Exy )r(n)
(ny y(transs y x y(symg™xy x)x))
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! is not reflexiv

Recall
N —pm W= x=y
fooTpm g7 = Vxy x=Emy = fx=Pmgy.

In HRO, one can show

quote 76 N_sN)—sN duote.
We conclude :

P ux(NN2N :?ﬁ;N)—»N X

Is that bad, doctor ?
In logic, we are used to work with partial equivalence relation (PER).

Ok, it is not reflexive, but we can at least (try to) show that all terms of System

T are in its domain?.

1the domain of a binary relation R is all the individuals satisfying the formula Dom (x) = xRx.
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Are all closed terms of System T in

Formally, for all closed term
Frt:o
of System T, we want to build a proof
P g =Pt
of AHAY.
With this goal in mind, we design a translation from System T to AHA¥
(AbFp t:o)P™ ~s AL AZ APT | gPm ol —pm g2

where A/, AP™ tP™ i are yet to be defined.

Intuitions : AL, A2 are two disjoint copies of the context and AP™ says that Al =P™ A2
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Definition of A’ and t'

Fixing i = 1,2 :
Declarations of variables in signatures are duplicated.
=20
(A’XU)I = A’7(X’)U

where x' are fresh distinct variables (and x! # x?).

Terms of System T are duplicated :

th = t[A:=A]
Note that
AbFrt:o implies AL A?Frti:o
and that
t o=, t
if t is closed.
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Definitions of AP™ and tP™

Signatures of System T are translated into contexts of AHA® :

g =)

(A, x7)Pm AP xPm oyl —pm 2

Terms of System T are translated into proof terms of AHA® :

(x)pm = xPm
(Ax7.p)pm = Axt, X2 AP P vy X! =bm X2 = (Axl.fl)xl =pm ()\xz.t'z)x2
(t u)pm = tpm ul u2 yPm . tlul _pm t2u2
oP™ = reflO
(St)P™ = peel(t!, 2, tP™, %.(St! = Sx), refl (S t1))
(Rectuv)P™ = Ind (>?.(VyN x =y = Rec? th u' x =™ Rec? t? 1P y),

Ay . AE.peel(0, y, &, 2.(t* =P™ Rec” 202 z), tP™),
Ax ANy AE.peel(S x, y, €, 2.(u* (Rec t! u! x)x =P™ (Rec t° v 7)),
uP™(Rec t v x)(Rec 2 1? x)(n x (refl x)) x x (refl X)), vi)v? vPm
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Soundness of the translation

If

A Fr t:o
then
Al AZ AP | ppm gl —pm g2,
In particular

FooPm o =Pm g

for all closed terms of sort o. )

We showed that all closed terms of System T are in the domain of =P™ (and we
will do more) !
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An intuition on the translation

System T AHAY
£l
t > tpml
#2
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Remember that for all closed terms of System T
B tPm ot =P™ ¢,

Our goal is to use =P™ as the new equality predicate. It should at least be
reflexive. But,

Vx7x =P™ x.

cannot be proven.
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How to fix our reflexivity issue ?

We want to design a translation of formulas
b — pPm
which is sound, interprets equality as the predicate =P™ and such that
(Vx7x = x)Pm

is provable.
The first idea is to restrict universal quantification to the domain of =b™:

(vxoq;)pm = VXO' X :gm X = d)pm

Unfortunately, it won't work as easily. The problem is that this translation won't
be sound! Specifically, the induction hypothesis won't be strong enough (when
trying to prove that open terms are in the domain of =P™ in the rule

of V-elimination)...
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The solution : internal parametricity

Taking the intuition of the first translation, we will interpret equalities and
quantifications as follow :
(t o u)pm = tl :gm U2
(Vx7p)pm Vxlyx? x1 =pm x2 = ppm

It will allow us to define an interpretation of the system AE-HA“ (to be defined!)
in AHA“.

This translation will give

© a syntactic proof of relative consistency between E-HA“ and HA“ that can
be formalized in a very weak framework

@ an interpretation of extensional equality (at all level) in a system that barely
has equality on the sort N.

Ipasically contains AHA“ plus an extensional equality relation on all sorts
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The proof system AE-HAY

AE-HAY is obtained from AHAY by extending equality in an extensional way to
all higher sorts, i.e by adding

@ atomic formulas t =, u for all sort o,
@ proof terms (refl, t), peel, (t, u, M, %.®, N) and ext, (M),
@ typing rules for the added proof terms :

(AT)wf Abrt:o AThEM:t=5u ATk N:Ox7 =t
AT hereflyt it =4t A;T e peel (t,u, M, 2P, N) : &[x7 := u]

AT M VX7 fx =, gx
AT e exte (M) f =, g

The symbol
Fe

will be used to denote sequents (and provability) in AE-HAY.

Félix Castro Equality in HA¥ July 11, 2022



A translation from AE-HA® to AHA®

Our next goal is to define a translation
(A;TFe M:d)Pm s AL A2, AP [P | fPm . P,

where
Q@ At/ AP™ tP™ are already defined
Q@ & — dP™ s a translation from formulas of AE-HA“ (containing the symbol
=, for all sorts o) to formulas of AHA“ (only containing =)
© I — I'P™ s a translation from contexts of AE-HA® to contexts of AHA¥
o

M — MP™ is a translation from proof terms of AE-HAY (containing in
particular proof terms peel . for all sorts o) to proof terms of AHA“ (only
containing peely).
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® s OP™ and T s P

Formulas of AE-HA“ are translated into formulas of A\AHAY :

(t =, u)pm = tl :gm u2
1pm = 1
(0= wpm = opm . ypm
(GAWPR = @pm A yem
(Vx70)P = Vxlyx? x1 =pm x2 = ¢pm,

Contexts of AE-HAY are translated into contexts of AHA¥ :

0
[Pm ¢ ; opm,

(pm
(F.c:opm
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(AE.M)P™
(M Ny
(M, Nyp
(M.iyp

(efq(M, ®))P™

(refl, t)P™

(peel, (t, u, M, 2.®, N))™
(Cth,T(M) pm

(Ind(%.®, M, N, ))P™

The translation M — MP™

£
)\g.Mpm
P P
(MP™, NPT
MP™ i
Axt, X2 AxP™ pPm
MP™ t1t2 tpm
efq(Mpm, (me)
. L
postpone
MmP
Ind(R.Vy x = y = &P [x; := x][x2 := y],
AyAE.peel(0, y, £, 2.0P™ [x! 1= 0][x, := z], MP™),
AxAnAy€.peel(Sx, y, £, 2.0PP[x! ;= Sx][x* := 2],
NP™ x x (refl x)(n x (refl x)),
t') 2P

Equality in HA%
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The case of peel

Recall that peel is the proof term allowing us to prove that equal terms satisfy the
same properties.

But why is it called peel?

If your equality is a compatible equivalence relation, you can prove by " peeling”
(simply by external induction on) your formulas that indeed two equal terms
satisfy the same formulas!

This is what we will do with the interpretation of =, i.e

pm
o -
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Peeling the formulas

We first construct a family of terms Elim  , satisfying that if
FV(¢) C A
then

A, AL AP = Elimg @ Vx'xPyly?
. Xl :Em yl = X2 zgm y2 = pPm = ¢pm[X1 = yl][x2 = y2]_
It is done by induction on the syntax of formulas :

Elimg ¢—,, = AxE X2yt y2Aet, €2 ¢ transP™ txt =yl ¢ 1P[xP =y
(Blimt , v x! (symP™ xd y? 1))
(transP™ ' 1? u?[x? := y?J€(Elim3 , x® y? £2))
Aoyt et 826
Axt, X2,y yAaet g2, E.An.Elim;w(f (Elim ,n))
At X3yt AN, €2, €.(Elim] .1, Elim{ ,£.2)
A, 2yt yPael €2 €z, 22 AZP™ Elimg o (€ 2 2t 2P™)

Elim;(. 1
Elimg (o=w)
Elimg (oaw)
Elimg (v.0)

where
Elim{, = Elimgzoex'x*y'y?¢'¢?
Elim,, = Elimso v (symP™ Xyt 51)(symp.rn X2 y2 ¢2)
Elim!;, vzl 222t =P 22 = 2 = 2 =P ] = 2.
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Defining peel

We can now set

(peel, (t, u, M, 2.9, N))P™ = Elimg ot t?u' v?(trans®™ t! v’ v MP™ (symP™ u' u? uP™))
(transP™ £ ¢ ? (symP™ ¢! £2 ¢P™ ) pPm ) yPm
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Soundess of the translation

...and we state the

If

AT H. M:o
then

Al A% APT [P | pm ;P

N\
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An intuition on the translation

AE-HA® AHA®
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Characterizing the image of the translation

How do we know that we have fully characterized the translation ()P™ ? To be
more specific, we proved that

Fe® implies . oP™,
But we also would like to know that

F &P™  implies F, .
It is done in three steps

@ first we show that in AE-HA%, =P™ collapses to =, at all level of sorts o

@ then, using this fact, we will be able to show that in AE-HA®, for closed
formulas ®, we have :

Fo ® < pPm

© therefore, if ®P™ is provable in AHA¥, then it is also provable in AE-HA¥
and consequently ® is also provable in AE-HA®.
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=P™ collapses to = in AE-HA®

For every sorts o, we construct a proof term
Fe Collaps, : Vx°Vy? x =, y & x =" y
by external induction on the sorts of System T :

A, y.(AE.E, NE.€)
A, g. (A Ax, y.An.Collaps.1(f x) (g y) app, (&, x, y, Collaps, .2 x y n),
A.exty r(Az.Collaps, .2 (f z) (g z)(£ z z (Collaps,, .1z z (refl 2)))))

Collapsy
Collaps

o—=T
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Characterizing the image of the translation (1)

We exhibit a family of proof terms Equivi,> for i = 1,2 satisfying for any formula
® and any signatures A containing the free variables of ¢

as follow :
Equiv%zdu
Equivi__,

Equiv;ojw

Equivw:w

o1
Equ1v¥xa ®
Equivy,o ¢

other cases are left as an exercise :)

Félix Castro

AL A2 AP, Equivé> c ol = opm
Al A% AP -, Equivg : ©P™ = ¢l

X¢.trans, t! u! u?(Collaps, .1t! u! €) uP™
A¢.Collaps, .2 t* u* (trans, t* u? u* € (symP™ ot u? uP™))

AS, n-Equivy (€ (Equive n)
¢, n.Equivy (€ (Equivg n))

AE A, X2 AxP™ Equivy, (€ x')
A& AL Equivi[x = x][xP™ := (Collaps_ .1 x" x* (refl, x!))]
(& x! x! (Collaps, .1 x* x* (refl, x')))
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Characterizing the image of the translation (2)

Finally, for closed formula ¢ :
Fe (Equivy, Equivg) : & < oP™,
and
F oP™  implies F, .

Therefore, we can state our last theorem

For every closed formula ®

F &P™ if and only if . ®.
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Conclusion

© Conclusion
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Conclusion

We designed a translation from AE-HA“ to AHA® using techniques reminiscent
of parametricity, giving an interpretation of extensional equality on all sorts in a
language that contains only equality on the sort N.

In fact, this interpretation was not new and was already used by R. Gandy. on

1956 (see On The Axiom of Extensionality -Part I. The Journal of Symbolic Logic,
Vol. 21, 1956.).

Ideas of future work include
@ analysis of the computational content of this translation

@ generalizing the base type N to find out if only a PER is sufficient.
@ generalization to other proof systems.
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