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Abstract

We consider piecewise continuous maps on a compact region of a finite dimensional
manifold, that separates the distances between the different continuity pieces but are locally
contractive. We prove that generically those maps are assympthotically periodic, having a
finite number of persistent limit cycles. We apply this result to prove that a generic network
of more than two inhibitory neurons phase lock to a periodic behaviour that persists under
small perturbations of the set of parameter values.

∗Departamento de Biomatemática. Fac. de Ciencias. Universidad de la República.
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In green: Evolution of 
the system while not 
firing. A line from 
backwards to front,  
seen like a point due 
to perspective.
In blue: Firing of a 
neuron. A line from 
the front faces to the 
paralell backward 
faces.
In red: Negative 
synapses. Reduction 
of the voltage of other 
neurons not fired.

Front faces 1, 2 and 3: Threshold levels of neurons.
Backward faces: Zero levels of voltage of the neurons.



  

• For n neurons: dynamics in a n-
dimensional cube.

• G = First return map to the backward 
faces of the cube.

• F= G o G = Second return map.

• Fk = 2k-th. return map.

• Atoms of generation k = continuity pieces 
of Fk. 



  

• F is piecewise continuous  (discontinuity (n-2)-
dimensional lines).

• F is contractive in each continuous piece (with a 
well chosen metric in the (n-1) dimensional 
dominium of F).

• F has the separation property: 

          Atoms of the same generation are pairwise 
disjoint, so there is a positive minimum distance 
between them (if the neurons are not very 
different).That is why we choose the Second 
return map. 



  

THEOREM 1:

Contractive piecewise continuous maps 

F in n -1 ≥ 2 dimensions 

that have the separation property

generically exhibit a persistent limit cycle 
(i.e. a periodic attractor that persists under small 

perturbations of the map F).

COROLLARY:

Generic networks of n ≥ 3 inhibitory neurons
(that are not very different)

phase lock to a persistent periodic

behaviour.



  

• GENERIC SYSTEMS: Not all systems but 
a dense class of them. If F does not 
exhibit a limit cycle, SOME arbitrarily small 
perturbation of F does.

• LIMIT CYCLE IS PERSISTENT: If F does 
exhibit a limit cycle ANY sufficiently small 
perturbation of F also does.



  

Proof of Theorem 1:
• (A) Atoms of generation k have diameter 
   < λk where 0<λ<1 is a constant, that exists due 

to contractiveness of F. 
• (B) If discontinuity lines of F do not intercept 

atoms of generation k then some iterate p of F 
transforms a atom inside itself. Due to 
contractiveness of F (and the Fixed Point 
Theorem) there exists a fixed point of Fp; so a 
periodic orbit of F is the limit set of all other 
orbits.

• (C) Extend F to small neighborhoods of its 
continuity pieces maintaining contractiveness 
and the separation property.

• (D) Perturb F using (A), so that the 
discontinuity lines of new F does not 
intercept the extended atoms. Finally use (B).



  

In blue: Atoms of generation k of the return map 
F
In yellow: Atoms of an extension of F. Any map 
perturbed from F has its atoms in the blue and 
yellow regions.
In red: the discontinuity lines of F. 



  

THEOREM 2:
Contractive piecewise continuous maps F in
n-1 ≥ 2 dimensions that have the separation 

property
and do not have a periodic limit cycle 

exhibit a Cantor set attractor
 (i.e.non numerable infinite set, inside which 

dynamics is chaotic).

COROLLARY:
Non generic networks of n ≥ 3 inhibitory neurons 

do not phase lock to a periodic behavior and 
exhibit a Cantor set chaotic attractor.



  

Proof of Theorem 2:
• (A) Atoms of generation k do intercept 

the discontinuity lines of F for all k.

• (B): (A) implies that atoms of all 
generations divide in the next generation.

• (C): Contractiveness and (B) imply that 
the attractor is a Cantor set.

• (D) The separation property implies that 
dynamics inside the attractor is chaotic.
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Contractive piecewise continuous maps modelling networks of
inhibitory neurons.
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Abstract

We consider piecewise continuous maps on a compact región of a finite dimensional manifold,
that separates the distaaces between the different continuity pieces but are locally contractive.
We prove that generically those maps are assympthotically periodic, having a finite number of
persistent limit cycles. We apply this result to prove that a generic network of more than two
hihibitory neurons phase lock to a periodic behaviour that persista under small perturbations of
the set of parameter valúes.
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