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Abstract

We consider C?! diffeomorphisms with dominated splitting E @
F' that are topologically expansive and preserve no measure ab-
solutely continuous with respect to Lebesgue. We characterize
a never empty set of invariant probabilities (the SRB-like mea-
sures), by means of a quasi-physical property, for which the metric
entropy is bounded from below by the integral of the sum of the
Lyapounov exponents of df|r . Joining this result with Ruelles
inequality, we conclude that if all the positive Lyapunov expo-
nents are included in those of df|r , and these latter are all non
negative, then any SRB-like measure satisfies the Pesins formula
of the entropy.

*The three authors: Instituto de Matematica. Facultad de Ingenierfa. Universidad de la
Republica. Uruguay. E-mail: eleonora@fing.edu.uy.
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f € Diff'(M) Vue Py for p-a.e. x € M the Lyapunov
exponents are denoted by

x1(2) > x2(2) > . > Xgimar (2), X7 (@) = max{x,(z),0}
Ruelle's Inequality:

dimm

hy < / > X du.
i=1

Definition

€ PF (p satisfies Pesin’s Formula of the Entropy) if

dimm

hy = / > X du
=1

N

20



m Lebesgue measure on M
m* Lebesgue measure along unstable manifolds.

I ——
e For Diff (M)

Pesin ;. € Py hyperbolic, py <m = p*<m" = pe PF.

Ledrappier-Young: 1 € PF = p* < m".

Pugh-Shub: . ergodic, hyperbolic and p* < m* = pis SRB
(namely, physical) = u describes the asymptotic statistics of a
Lebesgue-positive set of orbits.

e General purpose: Reformulate the results about measures
w € PF for )

f € Diff' (M) .
Search for the relations between:

@ SRB or physical measures or "SRB-like” measures
statistically describing the asymptotic behavior of
Lebesgue-a.e.

@ Invariant measures p that satisfy Pesin’s Formula of the
entropy (p € PS).
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e For Diff 17%(M)

Pesin i, € Py hyperbolic, y <m = p*<m" = pe PF.

Ledrappier-Young: € PF = p* < m".

Pugh-Shub: p ergodic, hyperbolic and % < m* = u is SRB
(namely, physical) = g describes the asymptotic statistics of a
Lebesgue-positive set of orbits.

e For Diff}(M)

Sun-Tian (2012): f with Dom. Split. £ & F with
AF >0, p <0 p<m= pue PS (Mafié, 1981)

Qiu (2011): f transitive Anosov: C'-generically 3! u € PF.
Besides: p is SRB (namely physical). But p L m.
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Theorem

Let f € Diff '(M) with Dom. Split. E & F:
ldf" @l - Ndf " lp(pr @)l < CA", 0<C, 0< A<

Denote the Lyapunov exponents for any Oseledets’ regular orbit by:
X1 2 Xdim F > Xdim F+1 = Xdim F+dim E-

Then, there exist “SRB-like” measures, such that
1. They have a pseudo physical property: the set of SRB-like
measures minimally describe the asymptotic statistics Lebesgue a.e.

2. They satisfy the inequality:
dim F

/ Z Xi dp

Moreover: 1 = 2.
3. If besides XdimF > 0 > Xdim F+1, then
any SRB-like measure (. satisfies the Pesin’s Formula

of the Entropy (n € PF)
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@ Fix x € M Sequence of Empirical Probabilities of z:
1 n—1
Onz =D Opa)
j=0

o pw-limit of x:
pw(x) ;= {p € P: Inj; — +oo such that limo,, , = u} C Py
j

For any given u € Py
o BASIN OF STATISTICAL ATTRACTION

B(p) :={z e M: pw(x)={u}}.
e BASIN OF €—WEAK STATISTICAL ATTRACTION
Be(p) == {xz € M : dist"(pw(z), n) < €}.

Definition

An invariant measure p is SRB OR PHYSICAL if m(B(n)) > 0.
An invariant measure u is SRB-LIKE OR PSEUDO PHYSICAL
if m(Be(u)) >0 Ve> 0.
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Theorem
f € Diff*(M) with Dom. Split. E® F, u is SRB-like.

Then, hu(f) > [ S9m Fy.dp.

Lemma 1. Upper bound of the Lebesgue measure m
Ve>036>0s.t. V finite partition o with diam(«) < §

3 a sequence {v,}n>0 of finite measures and K > 0 s.t.:
Du(X)<KVXeca”=Vj,f7(a) Vn>0.
2)vCeB: m(C)< Ke™I(,,C,vy,),, where

I(wna C, Vn) = fc evn dvy, 1/1n($) = —log ’ det dfn(z”Fz‘ -
Yot fM(x), ¥(x) = —log|detdf(z)|r, |-

Lemma 2 (Lower bound for the metric entropy)

YV € Py, Ve, 0> 0 there exists a finite partition « satisfying
diama < & and there exists a sequence {Cy, } >0 C B such that:
3) N0 Upsy Cn D Bex (i) for some €* > 0 for some dist™ in P.
4) YV sequence {vy, }n>0 of finite measures, if 3 K > 0 s.t.
v(X) < KV X €a™Vn>0, then:

Hmsup,, ;o0 = 1log I (¥n, Cn, vn) < €+ hy(a) + [ dp
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Theorem
fe Diffl(M) with Dom. Split. E® F, u is SRB-like.

Then, h,(f) > fzd'mF X djs.

Proof of the Theorem using Lemmas 1 and 2: Let ;x € Py such that

fzd'm F Xidp = —r < 0. We will prove that u & SRB-like. o
Take O < e <r/4. Consider 6 > 0 by Lemma 1. Construct the partition
« and the sequence {C),},>0 C B by Lemma 2. Construct the sequence
{vn}n>0 of finite measures and the constant K > 0, by Lemma 1.
e Apply Lemma 2:

limsup,, = 1og I (¢n, Cn,vn) < €+ hy(a) + [ du < (r/4) —
e Apply Lemma 1: m(C,) < Ke™I(¢n, Cp,vy). Then:
Llogm(Cp) < 2K 4 ¢ + Llog I(thn, Cn,vn) with 0 < € < 1/4
e Join the two inequalities above:

limsup,, +logm(Cy) < (r/2) —r=—(r/2) <0

e Apply Borel- Cantelli: m((\y>o U,y Cn) = 0.
e Use property (3) of Lemma 2: -

m(Be (1)) < m( ﬂNZO UnZN Cn) =0

Then p is not SRB-like. O
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Lemma 1 (Upper Bound of the Lebesgue measure m)

Ve>036>0s.t V finite partition o with diam(a) <
3 a sequence {vy, },,>0 of finite measures and K > 0 s.t.:
D, (X)<KVXea®2)VCeB: m(C)<Ke™I(Yn,C,vy),
where I(ty, C,vy) i= [ €¥m dvn, n(z) := —log|det df"(z)|p, |.

Proof of Lemma 1:
1st. step) Prove Lemma 1 assuming Proposition 3

2nd. step) Prove Proposition 3 independently.

Proposition 3 (Pseudo-F' local foliations.- Mafié 1981)

Ve > 038, K,ng > 0, and dg-local foliations L everywhere s.t.
(A) L; is C*- trivializable and its leaves are dim F-dimensional

(B) dist(an(z),Tfn(m)f"(ﬁi(x))) <e Va, Vn>ng

(C) and (D)V n >0 and V x,y such that y € By, (x) (dynamical ball):
(©) mt™ F(fn(Li(y )ﬂBg;( ) < K

(D) e ™K < ‘det df | Ty (L ‘/‘ det df,|F), ’ < Ke™
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Lemma 1 (Upper Bound of the Lebesgue measure m)
Ve>036>0s.t. V finite partition o with diam(a) < 9

3 a sequence {v, }n>0 of finite measures and 3K > 0 s.t.:
u(X)<KVXea™ 2)VCeB: m(C)< Ke™ [, el dv,,
where py, (z) := —log | det df™(z)|, |.

Ist. Step: Proof of Lemma 1 assuming Proposition 3.

YV A € « take a dim F- local foliation £ 4 of Prop. 3

a dim E- C'-emb. submanifold W4 transversal to £ 4.

V X; €a™ X; CA; € a. Denote £; = L4,. Thus, Fubini's Theorem:

m(C) = 3¢, 2EWa, dpai [y 1onx; da, dmFi(?)

Denote y = f"(y) € f"(Li(2) N X;) = ﬁ"( )

i 2€Wa, dpV gecr (Lo oal(f™ 9))| det df ="z, cr |dm*¥ ()
By (D) of Prop. 3: |detdf "|p,cn| < Ke”eew”(f “(¥))  Define v,
Jhdvn =52 [oew,, 0™ fye i T @a ) (7 (@)dm )
Then, m(C) < K [ ¥ dv, Thus

vn(X;) < K maxaca (™4 ||pallco) = constant. [
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Proposition 3 (Pseudo-F' local foliations.- Mafié 1981)

Ve > 038, K,ng > 0, and dg-local foliations L everywhere s.t.
(A) L; is C*- trivializable and its leaves are dim F-dimensional

(B) dist(an(z),Tfn(m)f"(ﬁi(x))) <e Va, Vn>ng
(C) and (D)V n >0 and V x,y such that y € By, (x) (dynamical ball):

(C) mamE(f(Laly )ﬂB(;O( z)) < K
(D) e ™K < |det df | Ty (L y))|/| det df, | P, | < Ke™

To prove Proposition 3, first take § > 0 small enough so any open
set V of diameter smaller than 39 is diffeomorphic by the

exponential map exp, (for any z € V) to its image in exp; ' T, M.

Let us construct the (non invariant) foliation £ from a Hadamard
Graph.

So, before proving Proposition 3, let us recall what a Hadamard
Graph is.
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Notation: Fix = € M. Denote B, "' (0) := {v € E,, F, : |v|| < 6},
BZ(0) = B (0) ® B*(0) C T, M.

VveBf0): mg,v=uv, Tpv="1v2, yv=maxyem{||7e,|,||7F |}
Definition: Hadamard Graph G
G :BJ*(0) x Bi*(0) — BF*(0),  G(v1,0)=0

P : (v1,v2) — v1 +v2 + G(v1,v2) € BE5(0) is a C*- diff. onto its image.

F
X TXM

T £(Y)
ely) /Y

v+
=Yy V/ V+G(‘(|!V2)=y

' Gy v,)
EX

e

x=0

\\/—_‘\
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Definition: Hadamard Graph G

G : B (0) x Bf*(0) — Bf*(0),  G(v1,0) =0 and
P : (v1,v2) — v1 +v2 + G(vi,v2) € B%(0) is a C'- diff. onto its image.

E
X ™™

T2(
y 9

£ly /
/ /’?Vﬁ v/ v+G(yv)=y

e
E,

Dispersion of G is disp G' = max(y, v,) [|0G(v1,v2)/dvs]| where
OG /vy is the Fréchet derivative of G(v1,-) : BE*(0) — B+ (0).

=0

Ve>03e>0st dispG <c = dist(T,L(y),F,) <e/2V y € Im(D)
3oy > 0 s.t. dist(z,y) < do,= y € Im(®), dist(T,L(y),Fy) <€
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Once one has a Hadamard Graph G with disp < ¢ < 1/2, and its
associated foliation L,

dist(E,, E,), dist(F,, F,) near zero.

Thus, the same foliation is associated to a Hadamard Graph G7 in
the tangent space 1), M, satisfying

y = exp,(v1 + vy + G(v1,v2) = exp, (u1 + uz + G* (uy,up)

U1, U2 € B(SE%Fy(O)a
V1,02 € B(SEx’Fx (0),

Thus 7p(,) (Id|p(e) + 0GT [0u) T () 1, ) (TR |1, 200) ™" =
For any given ¢ > 0:
2T lr@)ll < € if dist(z,y) < do is small enough. Also
HWF(x)’TyE(y) (TrF(y)’TyE(y))ilH <l+é<2

= dispG7 < € + 2ydispG
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L ®(vi,v2) = vy + v + G(v1,v2) ¥ (v1,v2) € BE#(0) x BE#(0)
Iterating by f™ the local foliation £

fr(LnBg (z)) : exp}}(m) [ exp,(vi+ v2 + G(v1, v2))

where exp, (v1 + v2 + G(v1,v2)) € Bg (), dynamical ball.

(1) e For small € > 0 fix ng so de"|E(z)H |‘df7n|F(fn(Z)’||‘ <€ Vn>no
o Reduce g > 0 so 3 G, defined as follows, and it is a Graph:
(LN Bg (%)) juatuz+Gr(ur,uz), V0 <n <ng, VG s.t. disp(G) < ¢

Lemma

V0<ec<1/2 3dg,n0>0s.t., ifdispG < c then:
G, is a Graph for alln > 0 and dispG}, < c for all n > ng

Proof: 1.V ¢’ > 0 (to be fixed later) choose ng,dy > 0 (depending on
€ >0) as in (1) above.

2. VG st dispG <c, Vn>0st, Gy, is a Graph and for all y € By, :
10G (w1, u2) /Dus)] <

&+ 31df ) | (€ + 210G v, v2) /v | F (o o -

3. Apply 2 and (1) with n = ng to fix € > 0 (and thus to fix ng, dy) s.t.
0G4 (v1,v2)/0v2| < ¢ = ||0G;, (u1, uz) /Ous|| < ¢

4. Apply (1) again to deduce that G}, is a Graph for all n > 0.

5. Apply step 2 to deduce that dispG}, < c for all n > np. O
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End of the proof of Proposition 3

Proposition 3 (Pseudo-F local foliations.- Mafié 1981)

Ve > 036y, K,ng > 0, and a finite number of dy-local foliations L; s.t.
(A) L; is C*- trivializable and its leaves are dim F-dimensional
(B) dist(an(z),Tfn(m)f"(ﬁi(x))) <e Va, Vn>ng
Vn>0andV x,y such that y € Bglo(x):
(C) m™™ ¥ (f™(Li(y) N BS, ( )) <K
(D) e ™K < |detdf,|T,(L(y))|/| det df'|F,| < Ke"
Proof: Choose § > 0 s.t. exp, is a diffeo from BF(0) onto its image
V 2 € M. Construct each local foliation £ from a Graph G =- (A) holds.
Ty (L(y) = (Id + 0G(v1,v2)/0v2) Fy
Thus, VO <€ <e, Ie>0s. t. disp(G) < c=
M (£(y)) < [(1+ Q] F < & (C) dist(Tu(L(a), Fa)) < ¢ (BY)
Take do,no as in the above lemma: f"(L(y) N Bg (x)) is part of the
foliation associated to a graph f:G for all n > 0; and
dispfrG < ¢V n > ng (E)
(E), (C’) = (C) holds.
(E).(B’) = (B), (D) hold for some constant K > 0. O

16
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Lemma 2 (Lower Bound of the Metric Entropy)

YV 1€ Pr, Ve, 0> 0 there exists a finite partition « satisfying
diama < § and there exists a sequence {C),},>0 C B such that:
3) Ny>oUnsn Cn D Bex (1) for some €* > 0 for some dist”™ in P.
4) Y sequence {vy,}n>0 of finite measures, if 3 K > 0 s.t.

vp(X) < KV X €a™Vn>0, then:

limsup,, %log an e¥ndvy, < e+ hy(a) + [du, where
W = —log| det df|p|, ¥n =Yg Po fm

Proof of Lemma 2 Step 1. Construction (1a) Take §; > 0 s.t.
dist(z,y) <1 = [P(z) = ¢(y)] < §-
(1b) Take « s.t. diam(«) < min(d,61), w(0X)=0V X € «
(1c) Fix g e Nt st. H(a% pn)/q < hu(a) + €/5.
(1d) Choose {;};>1 dense in CY(M, [0,1]) and define dist™ in P:
dist™ (11, p2) := |path — poth| + 372, [api — pawil /2%

(1e) Using (1b), fix 0 < €* < ¢/5 such that

fin € P, dist(pin, p) < € = |H(a?, pn) — H(a?, p)| < €/5.
(1f) Construct C,, := {z € M : dist"(0p 5, p) < €*}.
Thus, Assertion (3) of Lemma 2 holds.
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To end the proof of Lemma 2, one must prove that

limsup,,_, |, +log an eVndvy, < e+ hy(a) + [Ydp

Second step. For each fixed n > 0, consider

a™ \{C,} = {XiNC,}1<i<k, and choose one and only one point
x; € C, N X; for each i <k, (i.e. C, N X; #0).

I, = fyecn e Wdy, (y) = Zf;l en</Sevn(=) (0, N X;)

I, < Kene/E) anl ewn(zi)

=
Thirdkstep. Apply thek Equality of Jensekn:
log 2121 e¥n (@) = 21;1 Un (zz)pz - 2121 p; log p;
where p; = e¥n (@) /[ [ = Zf;l e¥n (@) Thus Zf;l pi=1

log I, <log K + ne/5 + Zfﬁl Z;-l:_ll S pitbddgi (o) — Zfﬁl p; log p;
Fourth s;ctep. Define p,, € P by i

n n—1 n

Hn = Zi:l Zj:l fpi 5fj(93i) = Zi:l PiOn
x; € Cp = dist™(0p5,, 1) < € = dist™ (pn, 1) < €*
= [du, < [Ydu+e/5=

log I, <log K + 2ne/5+n [ du — Zfﬁlpi log p;
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To end the proof of Lemma 2, one must prove that
limsup,,_, o 2logl, < e+ hy(a) + [Ydu

At the end of the fourth step we have proved that

logI,, <log K + 2ne/5+n [ du — Zf;lpi log p; where

kn kn -1 —kn
Zizl pi=1, pp= Zi:l PiOn,z; = %Z?Zl Zi:l pi(sfj(;ci)
x; € CpNX; = dist™ (0 4;, 1) < € = dist” (pn, p) < €*

Fifth step. Check the following
|

ASSERTION 5 3ng > 1 such that
— >0 pilogpi < mne/5+nH(a%, pu,)/q ¥ n>ng

Sixth step. From Assertion 5 conclude the proof of Lemma 2:
Assertion 5 = log I, <log K + 3ne/5+n [ du+nH (a4, u,)/q
dist” (in, 1) < € = [ (a8, in) /g — H(a%, p)/g| < ¢/5 =

log I, <log K +4ne/5+n [ du+nH(al, u)/q

H(o4, p1)/q < hu(a) +€/5=

logI, <logK +ne+n [¢du+nhy(a) Vn>ng O
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Assertion 5.- It is left to prove the following:

Ing > 1 such that — Zf;l pilogp; <me/5+nH(a%, pu,)/q ¥ n>ng
Proof: k := #a, o™ = {X,}, x; € X; Denote m, := ngl Dily;, =
En En -1
H(a", mp) = = 3532 Pilogpi ; itn = 32071 Pigy 32571 Opiw);
[ = %Z}Zol 9, Fix0<1<q-—1;
ot = (VI rria) v (1 (Vi £ 7)) =
H(a"m) < H(a" ™ m) < 0H (oo (F*)mn) + H(f o™ )
— Yk pilogpi < qlogk + H(a™, f**'mn)
— Zf;lpi log p; < ne/10 + H(a™, f*lwn) if n > (10)qlog k(e)
n=Nqg+s, 0<s<qg—1:
H(a™, f*'m) < 305y Hal, (F) ' ) + N9 He, £ )
— Yo pilogps < me/5+ Y0 ) H(ad, (f) ) =

—q X pilogpi < nge/5+ 3300 g Hal, (f) )
<nge/5+ 37, H(a4, f*71,) < nge/5+nH(a, py). O
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