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Generic C0 maps of the interval:
ergodic and pseudo-physical measures

Eleonora Catsigeras

Abstract

We study the ergodic properties of generic C0 maps of the interval I. We prove that all ergodic
measures are pseudo-physical, and that any pseudo-physical measure is in the weak∗-limit of the
set of ergodic measures. Nevertheless, we also prove that the set of pseudo-physical measures is
meager in the space of all invariant measures.

This is a joint work with Serge Troubetzkoy.



I compact interval with nonempty interior, f ∈ C(I).
P: Borel probability measures on I - weak∗-topology.
Pf ⊂ P: f -invariant prob. measures.

Definitions:

• Empiric probabilities: σn,x :=

n−1∑
j=0

δfj(x); x ∈ I, n ≥ 1.

• P -omega-limit of x ∈ I:

pω(x) : = {µ ∈ P : limσnj ,x = µ for some nj → +∞}

• Physical measure µ if Leb
({
x ∈ I : pω(x) = {µ}

})
> 0.

• ε-weak basin of statistical attraction of µ ∈ Pf :

Aε(µ) = {x ∈ I : dist(pω(x), µ) < ε}.

• Pseudo-physical measure µ if Leb
(
Aε(µ)

)
> 0 ∀ ε > 0.
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Theorem Abdenur-Anderson (CMP, 2013)
C0-generically, f has not physical measures, and for Lebesgue a.e. x ∈ I
there exists a (unique) measure µx ∈ Pf such that pω(x) = {µx}.

Our first result:

Theorem

C0-generically:
• Any ergodic measure is pseudo-physical.
• Any pseudo-physical measure is in the closure of the ergodic measures,
as well as in the closure of atomic measures.
• The subspace of pseudo-physical measures is a topologically meager
subset of Pf .

SKETCH OF THE PROOF: on the board
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Our results on the entropy of C0-generic systems on the interval:

Theorem

For C0-generic f : I 7→ I,
• The metric entropy function µ ∈ Pf → hµ(f) is everywhere neither
upper semi-continuous nor lower semi-continuous.
• There exists non countably infinitely many pseudo-physical measures µ
that are atomic, hence hµ(f) = 0
• For any natural number m ≥ 1, there exists infinitely many
pseudo-physical measures µ for which hµ(f) = logm. Hence, the
topological entropy is infinite.
• There exists infinitely many pseudo-physical measures µ for which
hµ(f) =∞.

SKETCH OF THE PROOF (on the board)
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Thank you very much!
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