Spectral decomposition of piecewise contracting

dynamics on the interval
Alfredo Calderon

Centro de Investigacion y Modelamiento de Fenomenos Aleatorios Valparaiso, Universidad de Valparaiso, Chile

Doctoral Program Consortium PUCV-USM-UV

\\‘\\“‘;"’//

) alfr.calderon@gmail.com ' ' TN
Eleonora Catsigeras Pierre Guiraud

Instituto de Matematica y Estadistica Rafael Laguardia, Centro de Investigacion y Modelamiento de Fenomenos *

Universidad de la Republica, Montevideo, Uruguay Aleatorios Valparaiso, Universidad de Valparaiso, Chile ;k

*

IN
EX UMBRA &) SOLEM
A i

eleonora@fing.edu.uy plerre.guiraud@uv.cl

Abstract. We study the topological attractors of injective piecewise contracting maps on a compact interval with any finite number N > 2 of continuity pieces. We prove the existence of a “spectral decomposition”
of the attractor into a finite number of transitive components that are either periodic orbits or Cantor sets. In the non-generic case, we prove that some orbits accumulate at both sides of the discontinuities points,
and that this phenomenon generates the transitive Cantor sets of the attractor. Keywords: Interval map, Piecewise contraction, Minimal Cantor sets. MSC 2010: 37E05 — 47H09 — 54H20.

Definitions and Spectral Decomposition Theorem Orbits classification and route of the proof

Let X C R be a compact interval. A map f : X — X is a piecewise contracting interval map with Finally, we say that ¢; € A is left-right recurrently visited by the orbit of x & X , if there exists two
N > 2 continuity pieces and contracting rate A € (0,1) (in short (N, A)-PCIM) if there exists a strictly increasing sequences {t;} ;>0 and {s;} >( of natural numbers such that
pairwise disjoint open subintervals collection X1, X, ..., Xn such that . <. , . . . <.
fh(x) e X; and 2i(x) € Xjxq Vj >0, and ¢;= lim fY(x) = lim f>(x).
— . j—00 j—00
X=|JX and fx)—f(y)| < Alx—y| V¥x,yeX;, Vie{1,2,...,N}.
iy We denote by Ay-(x) C A the set of discontinuity points that are [r-recurrently visited by the orbit of x,

and define

Also, the map f is supposed to be discontinuous (with unavoidable discontinuities) at the points of the
set

A= JoxinoX;=:{c1,..., cn1}-
i#]

Graphic of an (N, A)-PCIM.

The attractor A of f can be decomposed as follows:

lim f(y) ; /\=Uw(d).
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Theorem 2 (periodic w-limits)

Let x € X be such that A (x) = @, then w(x) is a periodic orbit contained in X

The attractor of f is defined by the following equalities: Theorem 3 (Cantor w-]imits)

Ni=(An where Aqi=FX\A) and Apyqi=f(Aa\A) ¥n>1. Let x € X be such that Ay (x) # @, then w(x) is a Cantor set and w(x) = O(g) for all y € w(x) N X.

n>1

We say that f satisfies the separation property if f|x. is injective for each i and
F(X)NAX)=0 Vi,je{l,.... N=1} : i+
Besides, let D be the set of lateral limits of f at their points of discontinuity, i.e.

Spectral Decomposition Theorem proof. Applying Theorems 2 and 3 to the points of D, we rewrite
(1) as follows:

D::{um f(g):1gig/\/—1}u{um f(g):1gig/\/—1}u{f(co),f(cN)}. A=Jwla)=|{Joi| u UK. 2)

y—c;” y—c; T deD i=1 i=1
Z\i/s(%rjgaerclinltqiﬁst‘ei gleﬁt;f doiljl)ltAS. tl})lf;ci(i;)l;o\fvelIé?rfisficzhtehzeste? of discontinuitics. In tj e, WE A where Q1 , QZ, ..., ON, C X are pairwise different periodic qrbits, Ky, K> SRRy K/\/.2 are transitive
;N o " pseudo-invariant Cantor sets, and N + Ny < #D = 2N. Besides, each periodic orbit O;, and each

X — m F(X \ A). B Pery, tlyej}tbe . Cantor sets K;, is the w-limit set of some point d € D. N

>0 I " gy Now, let us prove that the w-limit set of any other point in X also coincides, either with one periodic
We say that A C X is pseudo-invariant if for any x € A we have ;;s w(*}azbt P orbit O;, or with one Cantor set Kj. First, recall that the w-limit set w(x) of any point x € X
| | acte , af;?ev@r N S}S@ satisfies w(x) N X # @. Then, there exists y € w(x) N X. Since w( ) C A, from Lemma 1 we deduce
gl_ug;_ fly) € A o yl_u)*n;Jr fly) € A Peudo g/ that there exists d € D such that y € w(d), so y € w(x) N w(d) N X. Besides, x, d € X, so we can

apply Theorems 2 and 3 to deduce that both w(x) and w(d) are transitive sets. Therefore,
O(y) = w(x) = w(d).

This proves that w(x) coincides with some set of the decomposition (2)). We conclude that, for any
x € X, either there exists i € {1,..., Ny} such that w(x) = O, or there exists i € {1,..., Ny}

Note that if A C X is pseudo-invariant, then f(x) € A for any x € A\ A and AN X is invariant. The
following is the main result of our work:

Theorem (Spectral Decomposition)

_ such that w(x) = Kj, ending the proof. | "4;;

Suppose that f satisfies the separation property and D C X, then there exist two natural numbers Nj ::g

and N» satistying 1 < N4+ N> < 2N and such that the attractor A of f can be decomposed as follows: — e —C e — — S e — “‘3{
2 satisfying 1 < Nj+N; < P | ol i 7 B 7
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where 01,07, ..., 0pN, C X are pairwise different periodic orbits and Ky, Ky, ..., Kn;, are transitive

pseudo-invariant Cantor sets of X. Moreover, for any x € X either there exists i € {1, ..., N4} such
that w(x) = O; or there exists i € {1,..., Nb} such that w(x) = K;.

Short state of art

With respect to periodic attractors, if AN A = @ is known that the asymptotic dynamics is supported
by a finite number of periodic orbits (this is also valid in higher dimensions — see [2]). Furthermore, it is
known that this behavior is Lebesgue-generic and that generically N1 < N (first proved in the injective
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case [4, ] and later in the general case [6], always in one dimension). ] éiiii ﬁﬂy ! ==i=== = N ;::
With respect to non-generic attractors is known that, for the particular case N = 2, the w-limit set of ,:!gh ';HAQEHH l‘z' ' i;;
all point is either a periodic orbit or a Cantor set (see |3]). iiiﬁii mj i Hii::! s AD
N Y Mg 4 | A |
Our work generalizes in a certain sense these previous results (we use some complexity tools for this !ii“ﬁ /JQ'@ !iiiii! ﬁftr{ N %ﬁ\ .
type of systems. The complexity of the dynamics has been also studied in [1]). Hi%iﬁ QFL} %Hhii }{ﬁ - ) A4
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