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Abstract

We study topological and ergodic properties of some almost hyperbolic diffeomorphisms on
two dimensional manifolds. Under generic conditions, diffeomorphisms obtained from Anosov
by an isotopy pushing together the stable and unstable manifolds to be tangent at a fixed
point, are conjugate to Anosov. For a finite codimension subset at the boundary of Anosov
there exist a SRB measure and an unique ergodic attractor.

1 Introduction.

We consider some C? diffeomorphisms at the boundary of Anosov, inspired in the examples
of Lewowicz [L 1980]. We first prove that they are topologically conjugate to Anosov (with a
conjugation that is not necessarily Holder nor absolutely continuous). Second, we prove that such
systems exhibit only one ergodic attractor, as in Palis’conjecture [P 1999], although their stable
and unstable foliations are not C! transversal and there is not a uniform separation between
positive and negative Lyapounov exponents. Also, they are examples with non-zero Lyapounov
exponents for Lebesgue almost all regular points, that have a SRB measure as in Viana’s conjecture
[V 1998].

Let us consider a continuous map f : M — M on a compact manifold M and p an f-invariant
probability measure on M. We call basin of attraction Y () of p to the set of points S € M
such that the averages of Dirac measures along the forward orbit of S converge to p in the weak*
topology. An ergodic attractor, if it exists, is an f-invariant set A C M that is the support of an
ergodic probability u, that we call SRB measure, whose basin of attraction has positive Lebesgue

measure.

*Both authors work at IMERL Universidad de la Republica(Uruguay). E-mail: enrich@fing.edu.uy



Sinai, Ruelle and Bowen ([S 1972], [BR 1975], [B 1975], [R 1976]), prove the existence and
finitude of ergodic attractors for uniformly hyperbolic systems. A crucial ingredient in their
constructions of ergodic attractors consists in proving the existence of a Gibbs probability measure
for f, that is a f-invariant probability for which conditional measures along (strong) unstable
manifolds are absolutely continuous with respect to the Lebesgue measure.

Uniformly hyperbolic systems have a Gibbs measure. In [PS 1989] it is proved that if a system
has a Gibbs measure p and if the Lyapounov exponents are non-zero almost everywhere, then
there are (countable many) ergodic attractors. So, for non-uniformly hyperbolic systems, the
construction of Gibbs measures is a key step to get ergodic attractors.

In [P 1999] Palis proposes a route of research toward a general theory of dynamical systems,
looking for an answer to the following open questions: Do most systems have ergodic attractors?
Does Lebesgue almost all point belong to the basin of attraction of an ergodic attractor? Palis
conjectures that a dense class of systems has finitely many ergodic attractors and that their basins
of attractions have full Lebesgue measure.

We focus our attention on Palis’ conjecture. One should try to extend the class of dynamical
systems for which an ergodic attractor is known to exist. Also, one should try to understand
how ergodic attractors persist or disappear when the dynamical system is perturbed. Substantial
progress in the study of the stability of ergodic properties can be found in the work of Mané
([M 1978], [M 1982]) and also in [GPS 1994].

For one-dimensional maps the existence of SRB measures is known for some non-hyperbolic
maps ([J 1981], [BY 1992], [Ly 1997]). However, the existence of SRB measures in a general non-
hyperbolic setting in higher dimensions, remain mostly unknown. In [V 1998] Viana includes the
conjecture which states that smooth maps with only non-zero Lyapounov exponents for Lebesgue
almost all points, admit SRB measures. Progress in the knowledge of classes of systems with
some kind of non-uniform hyperbolicity or singularities is found in [P 1992], [C 1993], [A 1997],
[E 1998], [BV 1999] and [ABV 1999].

The diffeomorphisms we study in this paper are non uniformly hyperbolic examples in dimen-
sion two. We work with C? diffeomorphisms at the boundary of Anosov, that have stable and
unstable manifolds of a fixed point, tangent at that point. This is achieved pushing by an isotopy
the stable and unstable eigenvalues at the fixed point of an Anosov map in dimension two, to join
in a double 1 (or in a double —1), with non-diagonalizable derivative.

Both positive and negative Lyapounov exponents become zero at the fixed point (and in a
dense set of points). We still have a continuous invariant splitting of the tangent bundle (in two
one-dimensional sub-bundles), except in the non-hyperbolic fixed point where stable and unstable
directions collapse in the single eigendirection. We assume that the unstable and stable cone fields

still exist outside the fixed point, but in a non-uniform hyperbolic sense: at all points except at the



fixed point, the cone fields close to transversal directions when iterating the map, but the angles
between stable and unstable directions are not uniformly bounded away from 0. This is because
at the fixed point the cone fields have a common direction to which they close (non exponentially)
when iterating the map.

The existence of the unstable and stable cone fields is equivalent to the existence of an appro-
priate indefinite quadratic form in the tangent bundle, as was introduced by Lewowicz in [L 1975].
All along this work we use this characterization with quadratic forms of almost hyperbolic maps.

We first prove some topological results in the part 1 of Theorem 1, based in the arguments of
[L 1980] and [L 1989]: generically, such diffeomorphisms are conjugate to Anosov. The conjuga-
tion is only C°. As a consequence the stable and unstable foliations of the Anosov diffeomorphisms
still persist, but are only C? foliations (and not necessarily Holder continuous). The existence of
stable and unstable cone fields produces C'-leaves of such foliations.

In the part 2 of Theorem 1, under some additional codimension-one hypothesis (one coefficient
of the Taylor development up to order three is zero) we prove that there exist a Gibbs measure that
is also a SRB measure i, with non-zero Lyapounov exponents p almost everywhere and Lebesgue
almost everywhere, and that its basin of attraction has full Lebesque measure. Consequently, there
exists a unique ergodic attractor.

To obtain the Gibbs measure, we apply Sinai’s construction [S 1972] for uniformly hyperbolic
systems: first take the forward iterates of a small rectangle R (using the local product structure
of stable and unstable foliations). Then define the measures induced by f™ from the volume of
R. Finally choose a weak™ limit of the average of these measures. If the volume distortion is
bounded when applying f", this limit invariant measure has chance to have absolutely continuous
conditional measures on unstable manifolds. In section 3 we estimate a bound of the volume
distortion for our examples. In [PS 1982] Pesin and Sinai develop a similar construction for
partially hyperbolic systems. Instead of considering the whole volume of a rectangle R, they
iterate a small unstable disk U, take its riemannian measure restricted to unstable elements,
and estimate a bound for unstable elements in backward iterates. We do not have (a priori) a
distortion bound of unstable lenghts for the diffeomorphisms that we study in this work. Usual
tools to obtain this bound are the Lipschitz or Holder continuity of the invariant foliations, that
fail in our examples.

In some examples at the boundary of Anosov diffeomorphisms, the construction in [PS 1982]
still works. In [C 1993] Carvalho weakens a stable subspace of a fixed point of a n-dimensional
Anosov diffeomorphism, but maintaining strong the unstable space. She bounds distortion of
backward iterates of unstable volume elements, to conclude that there exists a SRB measure. In
[E 1998] a heteroclinic intersection of an Anosov diffeomorphism is perturbed to obtain a cubic

heteroclinic tangency. Also the unstable distortion is bounded and the SRB measure persists.



On the other hand, in [HY 1995] the authors weaken the unstable direction of a fixed point of
a two-dimensional Anosov diffeomorphism, maintaining strong the stable direction. They prove
that the sum of unstable lengths of backward iterates is not bounded, that it does not exist a SRB
measure with positive Lyapounov exponents, and that the non hyperbolic fixed point is the unique
ergodic attractor. In [H 1999] both unstable and stable eigenvalues of an Anosov diffeomorphism
in dimension two are weakened together to a double one, in such a way that the derivative at
the fixed point is the identity. The author proves that under some conditions there exists a
SRB measure with positive Lyapounov exponentes, and under the complementary conditions, the

unique ergodic attractor is the non hyperbolic fixed point.

In this paper we weaken together the stable and unstable directions, to have a double eigenvalue
equal to one, with non-diagonalizable derivative. Some technical difficulties arise. First, the angle
between stable and unstable foliations accumulates in zero, so there is not uniform transversality.
Second, the weak invariant manifolds are not C? (although they are C'), so we are faced to study
the tangency between stable and unstable manifolds with other tools than the usual geometrical
approach. Third, the unstable foliation is not necessarily Holder continuous, so we could not
compare lengths of unstable arcs of nearby points, to get a bound of the unstable lenght distortion.

Fourth, the Lyapounov exponents become zero in a dense set of points.

To avoid the irregularity of the invariant foliations we approximate the unstable local arcs with
the leaves of other regular (of C? class) but non-invariant foliation ®. We construct an invariant
measure 4 as in [S 1972]. Then we apply the arguments of [R 1962] to locally decompose the
measure along the partition that is generated by the non-invariant foliation ®. We use Ledrappier
and Young characterization of measures ([LY 1985]) and Brin-Katok formula for the metric entropy
([BK 1984]) to conclude that y is a Gibbs measure. We then apply a theorem of Lewowicz, Lima
de S& and Markarian ([LL 1986] and [M 1988]) to show that Lyapounov exponents are non-zero
p-almost everywhere. To construct the ergodic attractor we use the Pugh and Schub arguments
([PS 1989]).

In Section 3 we show that the area distortion is bounded, under an additional codimension-one
hypothesis: we assume that certain coefficient of second order in the Taylor development of the
diffeomorphism around the non-hyperbolic fixed point, is null. This hypothesis is verified in all
the examples of almost hyperbolic diffeomorphisms studied in [L 1980]. It could be removed, (and
also the whole Section 3), if instead we had, by other means, that the distortion of area when

iterating the diffeomorphism is bounded (for instance if the diffeomorphism is area preserving).

The diffeomorphisms we study are of two classes: first, the linear part at the fixed point is of

the form ( (1) Clb ) with a # 0, or second, it is of the form ( —(1) _Cll > with a # 0.
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Let us give some examples, taken from [L 1980]: for ¢ € [0, 1] consider the family given by
t t
Fy(z,y) = <2x +y-— 2—[sin(27rx) cos’(my)], x+y-— 2—[81n(27ra:) cosz(ﬂy)]>
T T

in the two dimensional torus [0, 1] x [0, 1]. For ¢ = 1, we have a map in the first class. An example

in the second class is the following;:
t t
Fi(z,y) = <—2x —y+ 2—[sin(27rx) cos’(my)], —x—y+ 2—[sin(27rac) COSQ(ﬂ’y)]>
7r T
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1.1 Statements of the results.

To state the main theorem we begin by giving some definitions (see 1.3 of [P 1973]). Let M be a
compact riemannian C'*° manifold, of finite dimension, and f : M — M be a C" diffeomorphism,
with r > 1.

Definition 1.1. The point S € M is reqular for the diffeomorphism f if there exist real numbers
X1(8) > x2(5) > ... > xm(5)
(called Lyapounov exponents) and a decomposition
TsM = E1(S)® E2(S)® ... DB En(S)

such that )
lim Llog | DF (S)v]
i—+00 1
exists and is equal to x;(S) for 0 # v € E;(S) and 1 < j < m.

The theorem of Oseledec asserts that for any f-invariant measure pu, the set of regular points

has 4 measure 1.

Definition 1.2. The Pesin region % is the set of regular points whose Lyapounov exponents are

not null.

Definition 1.3. The set

W (S) = { S* € M : limsup log dist (fii(,s)’fii(s*)) <0 } ,

1—00 ?
is called the strong unstable manifold of f at S. For S a regular point W**(S) is an im-
mersed submanifold of M (possibly reduced to a point) tangent at S to E**(S) = @®y,>0Ei(S5).
(see [FHY 1983], see also [P 1973]).



Definition 1.4. We say that an f-invariant probability u is a Gibbs measure if its continuous
conditional measures along strong unstable manifolds are absolutely continuous with respect to

Lebesgue measure.

Definition 1.5. An ergodic attractor for f (see [PS 1989]) is a f-invariant set A C M with a
f-invariant Borel probability p (called SRB measure) on A such that for some set Y C M with
positive Lebesgue measure (called basin of attraction) : (i) lim;_ . d(f*(S), A) = 0 for S € Y, (ii)
pis f-ergodic, (iii) Lebesgue a.e. point S € Y is generic respect 4, that is, lim;_.eo T Zj;% Sfi(s) =

o in the weak™® topology, where d¢ is the Dirac measure concentrated on Q.

Definition 1.6. We say that a map f : M +— M with an invariant probability measure u is

Bernoulli if it is equivalent to a Bernoulli shift.
To state our result we need some other definitions and results.

Definition 1.7. A function B : TM +— R is a quadratic form if Bp = B|r, s is a quadratic form
on the vector space TpM for each P € M.

Definition 1.8. A quadratic form B is non degenerate if for each P € M, Bp is non-degenerate;
B is positive definite (B > 0) if Bp(v) > 0 for every v € TpM, v # 0 and every P € M; B is
semipositive definite (B > 0) if Bp(v) > 0 for every v € TpM and every P in M; B is indefinite
if for every P € M there exist v and w € TpM such that Bp(v) > 0 and Bp(w) < 0.

If f is a diffeomorphism on M, and B is a quadratic form on TM, we will denote f#(B) the
quadratic form defined by f#(B)p(v) = Byp)(Df(P)(v)), P € M, v € TpM. Also we denote
Ay g or simply A to f#B — B.

Theorem 1.9 (Lewowicz). Let F: M — M be a C" diffeomorphism, r > 1. Then F is Anosov
if and only if there exists a continuous non-degenerate indefinite quadratic form B : TM +— R
such that App > 0.

Proof. See [L 1980]. O

Remark 1.10. Due to the density of C* functions in the set of C° functions, it is not restriction,
in the former theorem, to write “C*” instead “continuous”.

The non-degenerate indefinite quadratic form B implies the existence of two cone fields
(namely, Y = {(P,v) : Bp(v) > 0} and S = {(P,v) : Bp(v) < 0}. The condition App > 0
implies that U/ is forward invariant and S is backward invariant. The main idea in the proof of the
Theorem 1.9 is to show that when Agrp > 0 the invariant cone fields close, while the vectors in U

grow, and the vectors in S contract, with exponential rate uniformly bounded away from zero.



Definition 1.11. Let f : M — M be a C" diffeomorphism, r > 1. We say that f is almost
hyperbolic if there exists a continuous non-degenerate indefinite quadratic form B : TM +— R such

that Arp > 0 except in a finite invariant subset My of M.

Observe that if f is almost hyperbolic, then Arp g > 0 on M.
To prove the existence of ergodic attractors (and SBR measures) of an almost hyperbolic
diffeomorphism, it is enough to construct a Gibbs measure p such that pu(My) = 0, and then

apply the following theorems:

Theorem 1.12 (Lewowicz, Lima de S4, Markarian). Let f : M — M be a C" diffeomor-
phism, r > 1. Let u any f-invariant probability measure, and B a non-degenerate indefinite
quadratic form such that Ay g > 0 pu almost everywhere. Then the Lyapounov exponents for f are

non zero [t almost everywhere.

Proof. See Lemma 2 of the appendix of [M 1988]. (See also [LL 1986]). O

Theorem 1.13 (Pugh-Shub). If there exists a Gibbs measure p such that the Lyapounov ex-
ponents are non-zero | almost everywhere, then there exist (at most countably many) ergodic

attractors.

Proof. See [PS 1989]. O

We now state our result. Let M be a C*° connected compact two dimensional manifold. Let
F : M +— M be an order preserving Anosov diffeomorphism. Therefore, M is homeomorphic to a
two dimensional torus ([F 1969] and [N 1970]). Let Py be a fixed point, let B be a C3 quadratic
form as in the theorem 1.9. Our first goal is to obtain a good local chart in a neighborhood Nj of
P,. We integrate, in a neighborhood of Py, the two directions such that B = 0, obtaining two C?
local foliations. We construct a C® local chart hy around Py, so that hq(Py) = (0,0), that trivializes

the two foliations and that By, ,(u,v) has locally the expression (1 + 2dz + 2ey + h.o.t.)uv. Let
A a
0 A
or —1. Let us denote the Taylor development of f around (0,0) as f(x,y) = (\z + ay + ajox? +
2a112y + a12y® + brox® 4 3b112%y 4 3b122y® 4 bi3y® +hoo.te, Ay + agor? + 2a212y + azey® + baor® +
3()211‘23/ + 3b22xy2 + b23y3 + h.O.t.).

We note that Ay g can not be positive definite at the fixed point . At this point, and along

us transform F to f € C3 by an isotopy such that Df(0,0) = ( ) where ) is equal to 1

the direction [(u,v)], the quadratic form Ay g is aAv?, so it is null along the eigendirection [(1,0)].

Theorem 1. 1. If Ay g > 0 except at the fized point Py, a # 0 and by # 0 then f is conjugate

to an Anosov diffeomorphism.



2. If moreover A = —1, or ajg = 0 and A = 1, then there exists a unique ergodic attractor
whose basin of attraction has Lebesgue-measure 1 and the corresponding SRB measure p
is a Gibbs measure. Besides, p is Bernoulli, and the Pesin region has p-measure 1 and

contains Lebesgue-almost all regular points.

2 Topological properties.
We will prove Part 1 of Theorem 1. We need the following definition:

Definition 2.1. A C° homeomorphism f on a compact riemannian manifold M is expansive if
there exists a constant o > 0 (called expansivity constant) such that, if  and y are in M and if
dist(f™(x), f"(y)) < « for all integer n, then x = y.

In [L 1989] are topologically classified the expansive homeomorphisms on compact connected

two-dimensional manifolds. In particular, it is proved the following theorem:

Theorem 2.2 (Lewowicz). If a homeomorphism f on the two-dimensional torus is expansive,

then it is conjugated to an Anosov diffeomorphism.
Proof. See Theorem 5.5 of [L 1989 O

As the two-dimensional manifold M is homeomorphic to the two-dimensional torus, to prove
Part 1 of Theorem 1 it is enough to prove that f is expansive. We shall do that using a Lyapounov
function.

The following ideas were obtained from [L 1980]. In that article Lewowicz studies the topo-
logical properties of diffeomorphisms in a n-dimensional compact manifold, introducing a rather
more general concept of almost hyperbolicity than that of our definition 1.11. That concept in-
cludes several assumptions; the most important of them is the existence of a Lyapounov function.
We will construct (Lemma 2.4) such a function. Instead of showing that the other assumptions
of [L 1980] are also fulfilled in our case, we found easier to reproduce some parts of his proofs,
applied to our simpler particular case.

Now, we need a technical lemma:

Lemma 2.3. The hypothesis in part 1. of Theorem 1 implies Aa > 0, azg = 0, ao; = 0, and
0 < 3abygy > (a10 +d— )\d)2.

Proof. We will develop the proof for A = 1; the proof is similar with small changes if A = —1. We
first write A(v) in the local chart; if P = (z,y), and v = (u,v), then such expression is equal to
v2(a+h.o.t.)+2uv|(az +aas +a10)x+ (da+a +aas +a11)y+h.o.t.] +u?[2a202 + 2a01y + (3bog +
dapagy + 4dagg)x? + 2(3ba1 + 2a10a21 + 2dasy + 2daspa + 2easn + 2a0a11)xy + (3bog + 4aiaz; +



4daas; + 46@21)3/2 + h.o.t.]. Taking u = 0, we deduce that a > 0. If we now take v = 0, from
the former development and the fact that A is positive definite, we obtain that asg = a9 = 0.
The resulting expression is, then, A(v) = v?(a + h.o.t.) + 2uv[aioz + (ad + ass + a11)y + h.o.t.] +
3u2(b20m2 + 2bo1 2y + bggy2 + h.o.t.); it must be positive definite. Then

3a(b20:r2 + 2bo1 7y + b22y2) > [a10x + (ad + a2 + 041)3/]2 (1)

for all (z,y). If we take y = 0 in (1), we obtain 3aby > a¥,. As a > 0 and by # 0 we deduce
3abyg > 0, as wanted.
[

At most rescaling the horizontal direction with a positive factor, it is no restriction to consider

a\ = 1, that is Df(0,0) = < (1) 1 ) or < _01 :1 > After the rescaling, the coefficient d of

the quadratic form B, and some coefficients of the Taylor development of f, will change, but the
inequalities of Theorem 1 and Lemma 2.3 are homogeneous in the rescaling factor and remain
true.

In the proof of Lemma 2.7 we will apply Lemma 2.3 in the case a = A = 1 and use that
3byy > a%o. In Lemmas 2.8 and 3.8 we will apply again Lemma 2.3 in the case a« = A = 1 and
a19 = 0, and use that byg > 0. The conditions asg = a2; = 0 are used all along this section and
the following.

We write the quadratic form
A(a:,y) (ua U) = (f#B - B)(z,y) (u7 U) = U201 ($, y) + 2U’U92($, y) + u203($7 y)

where 61,02 and 03 are continuous real functions such that 6;(0,0) = Aa = 1 and 62(0,0) =
03(0,0) = 0. As A(, ) is positive definite for all (z,y) # (0,0), we have that

0103 — 65 > 0

if (z,y) # (0,0).

Lemma 2.4. [Existence of a Lyapounov function]

In the hypothesis of Part 1 of Theorem 1 there exists a continuous real function V defined in
a neighborhood of the diagonal of M x M, that is null in the diagonal, and such that V(P,Q) =
V(f(P), f(Q)) —V(P,Q) >0 for all P # Q in some neighborhood of the diagonal of M x M.

Proof. We will define a real function V' and then show that it verifies the required conditions.
First, let us take a metric in M such that in a neighborhood of Py, the local chart h; be an
isometry. Let us consider a finite family of local charts, hi, ho,...hs with domains F,..., Es.

Let {¢;} be a partition of unity subordinate to {F;} such that in a neighborhood of Py, ¢1 = 1.



Then, we define a metric in M by (u,v)p = >77_; @i(P)(Dhiu, Dhiv)y,py for u,v € TpM, where
(;)ns(p) is the usual scalar product in R?.

Next, given (P, Q) in a neighborhood of the diagonal of M x M, we call R the middle point
between P and @, that is R = expp((1/2) expp’(Q)), and we define V(P,Q) = Br(expz' (P)).
We shall prove that V(P,Q) = V(f(P), f(Q)) — V(P,Q) is greater than 0 if P # Q are in some
small neighborhood of the diagonal:

Let us see that for P # @ far from Py (outside a small open neighborhood, say N, of P)
the property follows from A = f#B — B > 0. Call H = min{Ap(v), P € M\ N, v €
Tp(M), |lv] = 1} > 0. Call L to some Lipschitz constant for the diffeomorphism f. Call
K = max{|Bp(v)|, P € M, v € Tp(M), ||v| = 1} > 0. Given P # @ in a neighborhood of
the diagonal, call S = expy P)((1/2) exp P)(f(Q))), v = expp'(P) and w = expg' (f(P)). Call
v =expp'(R) and W = expf (
between P and @ (f(P) and f(Q)) Write: V(P,Q) = Bs(w) — Br(v) = Bs(w) — Byp)(W) +
By(p) (%) — Byop(dfp(¥)) + Ap(¥) + Bp(¥) — Bp(v) Then:

S). The norms of v and v (w and w)are equal to half the distance

V(P,Q) 2 IVIPH — |[wl® [ Bs(w/|Iwll) — Bypy(W/Iwl)| — | By (W — dfp(¥))| -

=IVIZ1Bp(v/IIvID) = Br(v/IIVI)]
Now use that ||w| < L||v|. Observe that the difference of the continuous quadratic form B in two
different nearby points (applied to a unitary vector and to its parallel transport), is as small as
wanted if the two points are sufficiently near. Also, taking the linear part dfp of f at P, observe
that Hexpf (f(Q)) —dfp exp]_jl(Q)H /dist (P,Q) — 0 when dist (P,Q) — 0. So, there exists
0 > 0 such that if 0 < dist (P,Q) <0 and P,Q ¢ N, then:

_ H
V(P,Q) > |IVI*H — |[VIPL*H/(6L*) — ||v][* c2= K

Now, let as prove that V(P,Q) > 0 for two different points P and @ in a neighborhood of
Py. We use the following notation: P = (z —u,y —v); Q = (z +u,y +v). It follows V(P,Q) =
p(z,y)uv where p(z,y) is the C3 real function p(x,y) = 1+ 2dz + 2ey + h.o.t.

When applying f we obtain V(f(P), f(Q)) = p(&, §)uv, where (z,9) = [f(x —u,y —v)+ f(x+
u,y +v)]/2 and (@,0) = [f(z + w,y +v) — flz —u,y —v)]/2.

We observe that Z and §j are C? real functions of (x,y,u,v) that stay invariant when changing

—|IVIIPH/6 = dist*(P,Q)H/8 > 0

the signs of w and v. So their odd derivatives respect to (u,v) on u = 0,v = 0 are null. Also @
and 9 are C? real functions that change sign when v and v do, and so, their even derivatives are
null.

We have

V(P,Q) = p(z,9)ut — p(f(x,y))av + p(f(x,y)) (@ —u")0 + p(f (z,y)u' (0 — ") + Ay (u,v)
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where (u',v") = D f(g 4)(u,v).
Taking the Taylor developments on (u,v) around (0,0), with fixed (z,y), up to order two of
p(Z,9) — p(f(x,y)), up to order one of & and ¢ and up to order three of & — v’ and o — v, we

obtain:

V(P,Q) = 0*[uy1 + 2uvs + v3] + 2uv(uya) + w2 (u%95) + Ay y) (u,0)

where {7;} is a set of continuous real functions on (x,y, u,v) such that ~v5(0,0,0,0) = Abgy > 0.

Therefore:
V(P,Q) = v[01(z,y) + uy1 + 2uvye + v?y3] + 2uv[f2(, y) + uya] + u?[0s(z, y) + u?ys)

As 61(0,0) =1, 62(0,0) = 0 and 03(0,0) = 0, given any positive real number &, there exists
a neighborhood N of (0,0,0,0) such that V(P,Q) > 0 if (x,y,u,v) € N and |u| < k|v| # 0.

On the other hand, if |u| > x|v|, the value of V(P,Q) is positive, for (z,y,u,v) in a small
neighborhood of (0,0,0,0), because:

(63 + u?y5) (01 + w1 + 2uvya + v?y3) — (B2 + uPya)® > 0361 — 03 + uAbao/2 > 0

We now prove part 1. of Theorem 1.

Proof. Due to Theorem 2.2 it is enough to show that f is expansive. Take a > 0 such that
V(P,Q) > 0if 0 < dist(P,Q) < a as in Lemma 2.4. By contradiction assume that there exist two
different points P and @ such that dist (f™(P), f*(Q)) < « for all integer n. Suppose V(P,Q) >0
(if not, substitute in the following argument f by f~! and V by —V). As V(f*(P), f*(Q)) > 0
for all n > 0, we have that V (f™(P), f*(Q)) is strictly increasing with n, and so, it is larger than
some € > 0 for all n > 1. As V' is continuous and null in the (compact) diagonal of M x M, there
exists § > 0 such that dist (f™(P), f*(Q)) > ¢ for all n > 1. Take K > 0 the minimum value of
V in two different points whose distance is greater or equal to § and smaller or equal to a. Thus
V(f™(P), f"(Q)) > (n — 1)K for all n > 1 contradicting that V is bounded for all pairs of points
whose distance is smaller or equal than «.
This finishes the proof that f is expansive (with a an expansivity constant) and so, f is
conjugated to an Anosov diffeomorphism, as wanted.
O

Our next aim is to show that the stable and unstable topological manifolds for f, (defined as
the images by the conjugacy of the stable and unstable manifolds of the Anosov diffeomorphism),

are indeed C'! curves. We will also characterize their tangent spaces at all points.
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For any point P € M let
Sp={veTpM: B(Df™(P)v) <0Vm >0}
Up={veTpM: B(Df"(P)v)>0Vm <0}

Corollary 2.5. There exist two continuous stable and unstable invariant foliations for f, whose

leaves respectively are:
W2 (P) ={Q : dist(f"(P), f"(Q)) =n—+o0 0}

W (P) ={Q : dist(f"(P), f*(Q)) —n—-oc 0}
defined for all P in M. Each leaf of the foliations is C'. Besides, TpW*(P) = Sp, TpW¥(P) =

Up, depend continuously on P, are transversal if P # Py and coincide to [(1,0)] in Pp.

This corollary follows from the conjugation to Anosov and the following lemmas. We took the
idea of the proofs from [M 1988], [L 1980] and [LL 1986].

Lemma 2.6. Fized a small neighborhood E of Py, there exist constants a > 0,0 < b <1, Cy >0
and Cy > 0 such that:

1. If P E and v € Tp(M), then A(v) > aB(v).

2. If P¢ E and v € Sp, then A(v) > —bB(v).
If P¢ E and v € Up, then A(v) > bB(v)

3. If PZFE and v € Sp, then C1||v]|?> < —B(v) < Co|[v|]?
If P¢ E and v € Up, then C1||v||? < B(v) < Cy||v|?

4. Iffji(P)gEf0r0:j0<j1<...<ji and v € Sp, or if fii(P) € E for 0 = jo > j1 >
...>j; and v € Up, then

IDSH (V)] < (Ca/C1)' V2 (1 = b)2|Iv]

Proof. To prove [1.], take a=! = max{Bp(v)/Ap(v), P € M\ E, v € Tp(M), |v|| = 1}. The
maximum exists and is positive because B and A are continuous, A is positive definite and B is
indefinite. As B and A are homogenous on |[v|| the inequality [1.] follows from the definition of
a.

To prove the first assertion of [2.], define K = max{—Bp(v)/Ap(v), P € M\ E, v €
Tp(M), |vll =1, Bp(v) <0, Bypy(dfp(v)) < 0}. The set where the maximum is taken is

not empty, because f#B is indefinite, so there exists a unitary vector v € Tp(M), such that
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Bypy(dfp(v)) < 0, and , as Ap > 0, we have that such a vector verifies Bp(v) < 0. Be-
sides, in the set where the maximum is taken (in particular if v is a unitary vector in Sp),
0 < —Bp(v)/Ap(v) = —=Bp(v)/(Byp)(dfp(v)) — Bp(v)) > 1. So K > 1, and —Bp(v) <
KAp(v) <b tAp(v) for any positive b < (1/K) < 1.

To prove the second assertion of [2.], use the first assertion applied to f~! instead of f and
—B instead of B.

To prove [3.] define C1 = min{|Bp(v)|, P € M\ E, v € Tp(M), |[v| =1, Byp(dfp(v)) <
0 or Bf—l(P)(dflgl(V)) > 0}. The same arguments as before show that C; > 0, and |Bp(v)| >
C1||v]|?, if v € SpUUp. Analogously define Cy as the maximum of |Bp(v)| in the same compact
set of TM as before, concluding that |Bp(v)| < Cs|v||?, if v € Sp U Up.

To prove [4.] observe that for any point @ in M (also in the neighborhood N) and any vector
u € To(M), the inequality Byg)Dfg(u) > Bg(u) follows from Ag(u) > 0. Consider v € Sp
and apply [2): B(Df(v)) = B(DfF1(v)) + A g1y (DFF1(v)) > (1 b)B(D 1 (v)) >
(1 —b)B(Dfii=1(v)) > (1 — b)2B(Dfli-1=Y(v)) > ... > (1 — b)*B(v). Applying [3.] we conclude
[4.]. A similar proof stands for v € Up.

U

Lemma 2.7. The subspaces Sp and Up are one-dimensional, they depend continuously on P and
if P# Py, TpM = Sp ® Up while Sp, = Up, = [(1,0)].

Proof. At each point P of M, we consider G1(TpM), the Grassmanian manifold of the subspaces
of dimension 1 in TpM. When P varies we obtain the manifold G (T M); it is a compact manifold.

We fix P € M. For n > 0, let us choose H, € G]_(Tfn(P)M) such that for 0 #£ v € H,,
Byn(py(v) < 0. Let us take a convergent subsequence D f~"i(f" (P))H,; € G1(TpM) to, say,
Hyo. Since A > 0, for any m > 0 and 0 # u € Df~"(f"(P))H, € G1(Tpn-m(pyM) we have
B(u) < 0. Then with m > 0 fixed, lim; .o D f™ 7" (f"(P))Hy; = Df™(P)Hs, and so for any
0 # v € Hy we deduce that B(Df™(P)v) < 0 for any m > 0; this proves that Sp contains the
one dimensional subspace Hy,. We will prove that Sp = H.

We first claim that for any P € M there exists a direction H* € TpM such that for 0 #
v € H*, limsup,_,q, A(Dfi(v)) > 0. First, we prove that the property is verified for points
that are not in the global stable curve W#(P) of Py. For such a point P, fixed a small open
neighborhood E of Py, there exists an increasing sequence of natural numbers j; such that f7 (P) ¢
E. (This is a topological characterization of the complement of W#(F), inherited from the
Anosov diffeomorphism to which f is conjugated). Take a > 0 as in Lemma 2.6. Therefore
A(Dfii(v)) > aB(Df’i(v)) > aB(v). Choosing v € TpM such that B(v) > 0, the claim is
proved if P &€ W*(Py). We are left to prove the same property for a point P = (z9,yp) that stay
forever in the future in a suitable neighborhood E of Py = (0,0). We show the computations with
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A= 1. (When A = —1 we should take f? instead of f and observe that A p= f#AﬁB—FAf,B, SO
A p(Df?v) — 0 if and only if Ay g(Df/v) — 0 ). Let us compute the image of the graphic of
y = ax?. It is another curve with the same value of the first and second derivatives than y = ax?

t (0,0), but its third derivative is —12a? — 12aayg + 6byg. Therefore, if « is large enough,
the graphic of the invariant local manifolds lies, in a neighborhood E of (0,0), in the region
{(z,y) € R?; —az? <y < az?}. (The equalities are only verified for the fixed point Py = (0,0)).
We denote (z;,y;) = f3(z0,y0) and choose vo = (ug,vg) € T(20,y0) M, such that ug > 0, vo > 0.
Denoting v; = (uj,v;) = Df7(ug,vo) € Tie; ;) M, we observe that u; > 0,v; > 0 for all j € IV.
(In fact, the derivative of f in E is close to the derivative at (0,0), so uj;1 > (u; + v;)/2 if
u; > 0 and v; > 0. Therefore, if u;y; were not positive, for the minimum j, we should have
vj < 0,u; > 0, contradicting that B(v;) = (1 + dz; + ey; + h.o.t.)uju; > B(vg) > 0.) Let us
finish now the proof of the claim. By contradiction, let us suppose that lim;_.. A(v;) = 0. Using
that —oza:? <y < oz:v? we write A(v;) = (vj + ujzjaig)? + u?x?(?)bgo — a}y) + h.o.t.. Due to
Lemma 2.3 we have 3bgy — a?;, > 0 and then limv; = 0. As B(v;) = (1 + dx; + ey; + h.o.t.)u;v;
is increasing and positive, we have that u; j_.oo — +00 and 3byou; — 3|b21|v; > 8|age|v;a for all
sufficiently large j € IN. We now compute vj41 — v; = (3bgou; + 3b21vj):c§ + 2a2v;y; + h.o.t. >
(3boou; — 3|b21\vj)x]2-/2 — 4aga|vjly;| > 4]a22]vj(a:c§ — lyj|) > 0. We have the contradiction
vj41 > vj > 0 and v; — 0, ending the proof of the claim.

Let us prove now that Sp = Hy,. (We already know that Ho, C Sp.) By contradiction, let us
suppose that there exists vi € Sp, vi € Hy.. Let us take vo € Hy, C Sp such that vi +vo € H*.
Now use that \/A(Df"(vi +va)) < /A(Df(v1)) + /A(Df"(v2)). The contradiction follows
taking lim sup,,_, ., and observing that A(Df"(v)) — 0 for all v € Sp due to the definition of Sp.

In order to prove the continuity of Sp we take @), — P in M and prove that Sg, — Sp
in G1(T'M). Let us choose any subsequence of Sg, convergent to some S in G1(TpM). For
any m > 0 we have B(Df™(Qn)vs) < 0 for v, € Sg,. Taking n — +oo, as B is continuous,
B(Df™(P)v) < 0if v € S. Therefore v € Sp, that is S = Sp. The same considerations with f~!
instead of f show that Up is a one dimensional continuous field of directions.

Since f increases the values of Bp(v) if P # Py and v # 0, then Sp (| Up = [0]. On the other
hand [(1,0)] C Sp,UUp, and both subspaces are one-dimensional, so they both coincide in Py
with [(1,0)].

U

We now end the proof of the corollary 2.5.

Proof. We prove it for the stable foliation; the same ideas work for the unstable foliation. Let us
take P ¢ W} . We can locally integrate the directions Sp, and take any solution through P. We

first claim that the lower limit of the lengths of positive iterates of this curve goes to 0. Fix E a
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small neighborhood of Py, and take 0 < b < 1 and C' = (Cy/C;)"/? as in Lemma 2.6. Defining
an increasing sequence {j; }; such that f7(P) ¢ E, it is verified || D% (v)|| < C(1 — b)/?||D fiov|
for v.€ Sp, P ¢ W} . Therefore, the claim is proved. Recalling the conjugation to Anosov, the
integral curve has to be on the stable manifold through P ¢ W3, .

Finally, let us suppose that P is on the stable manifold of Py. The conjugation to Anosov
and the CY-density of the leaves of the stable foliation which are not in the stable manifold of Py
imply the local unicity of the curve obtained integrating Sp and that this curve is W#(P).

O

We are left to prove the second part of Theorem 1. We will see first the case A = 1 and a9 = 0.

Lemma 2.8. If A = 1 and ajo = 0 then there exists a C° local chart (£,m) defined in a neigh-
borhood of Py such that f can be written (& +n+ e(€,m),n + €(£,n)) where the coefficients of &2
and &n in the Taylor development of € are 0, the coefficient of €3 is bag > 0, and the function
V*((&1,m), (E2,m2)) = (2 — m) (&2 — & — m2 + m1), in a neighborhood of ((0,0),(0,0)), verifies
V((&m). (&2,m)) = V*(f(€,m), f(&2.m)) =V ((Er.m). (§2,m2)) > 0 if (€1,m) # (€2.772).

Proof. In Ny we use the following notation: f(z,y) = (x +y +e1(z,y),y + e2(z,y)). Let us take
a change of coordinates: (§,1) = (z + ¢(x,y),y + ¥(x,y)) = h(z,y), with ¢ and 9 functions, to
be chosen, whose first order partial derivatives are equal to zero. We want the diffeomorphism
f to be, in the new coordinates, (£ +n + (&,n),n + €(&,n)). So, v(z,y) + ¥(x,y) +e(&n) =
e1(z,y)+o f(z,y); Y(z,y)+e(§,n) = ea(x,y)+po f(x,y), obtaining that ¢ (z,y) = (e1—e2—¢)o
f @, y)+e(z,y) and (€,m) = (p+ez—er)of L oh™ (€, )+ (e1—2p)oh ™ (&, ) +po foh™ (&, ).
Let us take o(z,y) = diox>, where djg is defined by 6d1g = 8a3; + 6ai1a22 + a3y + (3/b20)(b10 +
bo1)? — 3byg — 6b11 — 3bog + 1. After some computations, we obtain £(£,1) = (2a11 + ag2)n? +
bao&3 + 3(b10 + ba1 — bao)&%n + (1 + (3/b2o) (b1o + ba1 — bao)? + (2a11 + a22)?)én? + Bisn® + h.o.t.,
where (313 is a real number. We are left to prove that the function V* verifies the thesis of the
lemma. Defining v = & — &1, v = n2 — 1 we can write V' ((&1,m), (€2,m2)) = v2(1 + h.o.t.) +
uv[2(2a11 + ag2)n1 +h.o.t.] +u[3bao€? + (1 + (3/b20) (b1o + b1 — bag)? + (2a11 + a22)?)n? + bagu? +
6(b1o + b1 — bag)&1m1 + 3bap&1u + 3(big + bar — bao)mu + hoo.t.]. If |u| < afv|, for certain small
positive number «, then V* is positive. To end the proof of the lemma it is enough to verify that
the discriminant is negative if u # 0. Thus we shall prove that 3byo&? + (1 + (3/bao)(b10 + ba1 —
ba0)?)n? + baou? 4 6(b1g + ba1 — bag)E1m1 + 3bao&1u + 3(bro + bay — bag)niu > 0, if u # 0. This is a

quadratic form in u, &1, n1 which is positive definite because bag > 0. O

In what follows, we will work with the local charts of the thesis of the former lemma; for

convenience we write x instead £ and y instead 7.
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3 Distortion estimates.

Let J(P) be the Jacobian of f at P, ie. J(P) is the determinant of Df(P). Our first purpose
in this section is to prove that meanwhile the iterates from 0 to n of two points visit a small
neighborhood N of the origin, the difference of the Jacobians of f™ at these two points is Holder
dependent on the distance between them, with Holder constant that does not depend on n; this is
the content of the proposition 3.3. Then we use that result to prove a global result: there exists
H such that 1/H < H§:1 J(f(P)/T(f7(Q)) < H for any two points P, @ that maintain
close during k iterates, this is the proposition 3.12

Remark 8.1. As f is conjugate to Anosov, it follows that it has a local product structure, i.e.,
there exists 0 < « such that if 0 < § < + there exists 0 < a = «(f) verifying that for all
P, Q € M with dist (P,Q) < a, [P,Q] := WE(P)HWE(Q) contains exactly one point. Here
W5(P)={Q € M : dist (f"(P), f*(Q)) < BVn >0} C W*(P); similarly Wg(Q) C W*(Q).
Definition 3.2. A rectangle R is a set in M such that P,@ € R implies () # [P, Q] € R.

Proposition 3.3 (Local Bounded Area Distortion). Let N be a sufficiently small rectangle
which is a neighborhood of the origin where f has the form of lemma 2.8, we denote Dy =
FINF7HN) € N.

There exists a positive constant C' (that does not depend on P, Q or n) such that, if P € M,
Qe Wi(P)UWg(P) and fY(P) and fY(Q) are in Dy for 0 <i < n, then

n I(fi(P))
s 11 77 @)

where d = max{dist(P, Q), dist(f™(P), f*(Q))}.

< Cd1/3

To prove this proposition we need the following definition and lemmas:
We say that a curve in N is strictly increasing if for two points (z1,y1) and (z2,y2) in the
curve, x1 < xo if and only if y; < yo. Analogously, we say that the curve is strictly decreasing

when x1 < x9 if and only if y; > ys.

Lemma 3.4. The local unstable manifold of the fized point (0,0) is a strictly increasing curve
and the local stable manifold is strictly decreasing. The images by f of the horizontal lines y = y;
in a neighborhood of (0,0) are strictly increasing curves, and the preimages, strictly decreasing

CUTves.

Proof. The diffeomorphism f has the local form f(z,y) = (x +y + (z,y),y + e(x,y)). Observe
that for x1 # xo,

0< V*<(.%'1,y), (w27y)) = (xl - xQ)(E(xhy) - E(any))

16



Therefore, the image by f of any line y = y; is strictly increasing. On the other hand, the
image by f of the vertical line x = x; is the line x — y = x1, and so it is also strictly increasing.
As vertical and horizontal lines are transformed by f in strictly increasing curves, we deduce that
their preimages are strictly decreasing.

If two different points (z1,y1) and (x2,y2) belong to the local unstable manifold of (0,0) then

an = V*(fin(xlu yl)u fﬁn(3327y2)) —n—o0 0

By Lemma 2.8 V* is strictly decreasing with n, so 0 < V§' = (y2 — v1)(z2 — 1 — y2 + v1).
This shows that y; < y» if and only if 21 < xo proving that the local unstable manifold of (0, 0)
is strictly increasing. The same arguments applied to f~! instead of f show that for (z1,y1)
and (z2,y2) in the local stable manifold of (0,0), 0 > V5" = (y2 — y1)(x2 — 21 — y2 + v1) and
0> Vi == (ya—y1+e(z2,y2) —e(x1,91)) (2 — x1), so y1 > yo if and only if 21 < x9 proving that
the local stable manifold of (0,0) is strictly decreasing. O

We denote P = (9,%0) a point in D1, and (z,,y,) = f™(x0,yo) for n such that f*(P) € N for
alli=—1,0,1,...,n+ 1.

Let us consider the stable and unstable local curves of (0,0); they divide N in four open
connected components. We call N;, with j = 1,2,3,4 to these connected components. Due to
lemma 3.4, the four connected components N; can be characterized by the following property: In
Nj the abscise x is always positive, in Ny the ordinate y is always positive, in N3 the abscise x is

always negative, and in N, the ordinate y is always negative.

Lemma 3.5. If (zg,y0) € N1 U N3 then {x;}i=1,2,.n has constant sign with i, and {y;}i=12, . n
18 monotone with 1.
If (z0,y0) € N2 U Ny then {y;}i=12,..n has constant sign with i, and {x;}i=12,. . n is monotone

with 1.

Proof. By lemma 3.4 {x;}; and {y;}; are both monotone with 4 for points in W}%_(0,0) or in
Wi5e(0,0).

Let us prove that in N; the ordinates y; of iterates of (xg,yp) are increasing with i. The
horizontal curve y = yo intersects the boundary of N; at a point (Zg,yo) of the stable or unstable
curves of (0,0). We have that f(Zo,y0) = (Z1,71) with g1 > yo. As the image by f of the
horizontal curve y = yg is strictly increasing, then y; > §; > yo as asserted.

To prove that in N the abscises {z;}; are increasing, observe that x;y1 — x; = yi+1 > 0.

The monotony of {y;}; in N3 and of {z;}; in N4 are proved analogously.
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In the following statements C' denotes a sufficiently large real positive constant that is inde-

pendent of n or (zg, yo).

Lemma 3.6. Y ;" Myl < ©

Proof. Considering the form of f we have:
Tiv1 = T+ Yy +e(Ti, i)
Yitr = yi+e(@iyi)

Then z;11 — z; = y;+1 and the sum Z?gol y; is telescopic, so it is bounded. The bound of
the thesis is obtained from the former bound, because either y; has constant sign with ¢ or it is
monotone with 1.

O

Let k € {0,1,2,...,n — 1} be such that |yz| = min{|y;| : ¢ = 0,1,2,...,n — 1}. For each
i€{0,1,2,...,n— 1} denote r(i) the natural number equal to ¢ +1 if 0 <i < k — 1 and equal to
n—iifk<i<n-—1.

Lemma 3.7. 1. | Y175 r(i)e(as, vi)| < C.
2. Zz 0 ’l“( )y’LZ < C if (wo,y0) € N1 UN;),.

Proof. We first prove

1 k— n—1 m
ZZ e(wiy) + D> e(mi,y)]| < 2)
m=0i=m m=k i=k

The sum of e(x;, y;) is telescopic: Ef 7}1 (%3, Yi) = Y —ym if 0 <m < k—land > ", e(z,y;) =

Ym+1 — Yk if & < m < n—1. On the other hand, the sum of y; is also telescopic because
Yitl = Tir1 — T; SO an_:lo(—ym) + an_:lk Ym+l = —Tk_1 + T_1 + T, — 2} is bounded. To prove
(2), it is enough to show that n|yx| is bounded. Let us prove that n|yg| < Z?;ol ly;| and apply
the lemma 3.6. If not, as |yg| is a minimum, we would have that |y;| > Z?;()l lys|/n for all
1 =0,...,n— 1 which is a contradiction.

To prove 1., we observe that r (i) is the number of times that each e(x;, y;) appears in the sum
(2).

To prove 2., let us take C' such that E?:_Ol lyi| < C. We assert that |y;| < C/r(i) if (xg,y0) €
N1UN3. If not, there would exist ng such that |y,,| > C/r(ng). As y; is monotone, we have that
lyi| > C/r(ng) for all i between 0 and ng, (if ng < k) or between ng and n — 1 (if ng > k). In the
first case Y ;% |yi| > C(no+1)/ r(no) = C contradicting the choice of C. In the second case we
obtain the same contradiction: 7! “no Wil > C(n —ng)/r(no) = C. Let us prove 2. The sum of
|ly;| is bounded, and 7(i)|y;| is also bounded. So the sum of 7(i)y? is bounded. O
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Due to lemma 2.8 we can use the following notation: e(z,y) = byoz3+o03(z)+yO2(x)+y2a(z, ),
where by is positive, o3 is a function of order greater than 3 in z, Oz(x) is a function of order at
least 2 in x, and a(z,y) is some C! function.

We define z=%/30(z) = 0 for 2 = 0 and z=*303(z) = 0 for z = 0.

Lemma 3.8. If (x9,v0) € N1 U N3, then

)

=0

m?/S‘SC

Proof. As e(x,v;) = yi+1 — y; and y; is monotone then e(x;, y;) has constant sign. Combining the

expression of € with the results of lemma 3.7, we obtain that Z?:_ol r(i) |b2ox? + 03(wi) + yiO2 ()|

is bounded. We will consider Z?:_()l ‘bzol‘?/ Sy :UZ-_4/ 303(:@) + yimi_4/ 302(%) ‘; let us define I as the

set of indexes ¢ for which ‘m?/?” > 1/r(i) and J the complementary set in {0,1,2,...,n — 1}.
First taking the terms for ¢ € I:

> ‘bQOx?/?) +a; Pog(ai) + yiry P 0s(a)| <

il

<> el (b0’ + 27 oy (@) + yiay V2 0s(w)
i€l

= (i) |baox} + 03(ws) + yiOa(x:)| < C
i€l
Second, taking the terms for ¢ € J, and using that byy > O:

Z ‘52090?/3 + «%';4/303(371') + yixi_4/302($i) <
icJ
s L\ 5/
<3 2ozl ) fyillw; P Og(wi)] < 20 <%> +C )l
= icJ icJ icJ

But

1 5/4 k—1 1 5/4 n—1 1 5/4 00 ;
2) by | —= < 2b — 2b < 4b 1/§%4 <
Z 20<r(i)> < 20;(%#1) + QOZZ;(n—i) < 20; /77 < C
Also the sum of |y;| is bounded, proving that Z?;ol ]bggx?/g + :1:;4/303(95,-) + yiz =430, (x)| < C.
To prove the lemma, see that, due to the fact that by > 0,

‘bzol‘?/g‘ < 2|b20$?/3+$i—4/303(96z)! <2 }520‘%?/3 + xi_4/303($i) + yiz; 4/302(%)’4—2 yi$i_4/302(l‘i)

The sum of both terms at right are bounded, so the sum of the term at left also is.
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We denote P = (x0,v0), @ = (Zo,Jo) two points in Dy, (Xn,yn) = f™(z0,y0) and (Tpn, Jn) =
(o0, 70) for n such that f{(P) € N and f(Q) € N for all i = —1,0,1,...,n + 1. Denote

d = 2max{|zo — Zo|, |Tn — Tn|}-

Lemma 3.9. If |g; — yi| < |Zi — x4| for 0 <1i < n, then |&; — x;| < 25, T; — x; has constant sign
with i for 0 <i<mn, and Y ;" |7 — yi| < 29.

Proof. The local expression of f implies that ;41 — ;41 — ¥i+1 + Uir1 = T; — x;. The sign at
left is the sign of Z;11 — x;41, because |Fi+1 — Yit1| < |Zi+1 — ®ir1|. Thus, the sign of Z; — z; is
constant with 7. Let us suppose that g > zg. We have that z; > x; for 0 <7 < n.

Consider V;* = V*((z4, i), (Zi,9:)) = (Ui — vi)(@i — i — Ui + yi). By Lemma 2.8 V;* is strictly
increasing with ¢. Therefore, there exists jo € {0,1,...,n} such that V;* > 0 (so g; > ;) if
Jo<i<myand V* <0 (soy; <y,)if 1 <i<jp.

Then Y0y |5 — vil = 0% (=3 + 4i) + S0y o1 (B — ¥i) = Tjy — Fjo + Fo — T + & — Tn +
Tjo — Tjo < To — 0 + T — xn < & (We used that &, > x;,, and the convention 30 =0 ). Now,
> im0 |9 — il <190 — yo| +9 < 24.

To end the proof observe that 0 < &; — z; = Zg — xg + Zézl(ﬂj —y;) <|To—wo| +0 <20 O

Lemma 3.10. If (zo,y0) € N then
n—1

2

i=0
Proof. The lemma 3.8 states the thesis if (x,70) € N1 U N3. So it is left to prove this lemma
when (z9,yo) € N2 U Ny.
Take the point (T, yo) in the local stable manifold of (0,0), and (Z,yo) in the local unstable

:n?/?"gc

manifold of (0,0). Suppose To < ¢ < Zo. Call (Z;,7;) = f*(To,%0), (2i,9:) = f(Zo,y0). As
Vi* = V*((zi,¥i), (4,9:)) = (Ui — vi)(Zi — x; + y; — ;) is strictly increasing with i (because of
Lemma 2.8), and Vj* = 0, we have that V;* > 0 for 1 <4 < n+1, so | — yi| < | — x| for
0 <i<n+1 By Lemma 3.9 ; — x; has constant sign with ¢, and analogously for z; — z;.

Therefore T; < x; < &; for 0 <4 < n — 1. By Lemma 3.8 the sums of |7;|>/® and of |2;|%/3 are
bounded, so the same holds for the sum of |z;|%/% as wanted.

O

Proof. (Proposition 3.3):
Let us prove the thesis when the given two different points are in the same stable arc; a similar
proof holds when they are in the same unstable arc. The map f is a diffeomorphism, so J(P) is

bounded away from zero.

n—1 j(fl(P)) n—1 A ' n—1 ' '
log [T 55| = |2 log T(f1(P) = log T(F/(@)]| < C YT (f/(P) = T(f1(Q))]
=0 j(f (Q)) =0 =0
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In the local chart of lemma 2.8, we denote P = (z0,90) # @ = (Z0,%0) and fi(P) = (z4,vi),
Q) = (@:,3). As f(z,y) = (x +y +e(z,y),y + e(z,y)) it follows J(P) = 1 + ¢,(x,y), where
ey denotes the partial derivative of e respect to y. It is enough to show that

n—1
> leyl@i,yi) — ey (@, i) < CdY/?
i—0

We denote A; = |ey(zi, yi) — €y(Zi, U;)|. We have:

1 1
A <z — i‘i!/ leya(zi + N — @), )| dA + |i — yi|/ leyy(is yi + A(Gi — vi)) | dA
0 0
As £4,,(0,0) = 0 and ¢ are of C? class, there exists some constant C' > 0 such that:
Ai < ClEy — x| (12| + |ail + [:]) + Clys — %l

After Lemma 3.6 the sum of |g;| is bounded. The points, (x;.y;) and (Z;,y;) are in the same
local stable arc, and in a sufficiently small neighborhood of the origin. As the stable arcs are C!
curves, whose tangent subspaces vary continuously, and at the origin the tangent stable subspace
is [(1,0)], we have that |g; — y;| < |%; — z;| and we can apply Lemma 3.9.

We obtain 327" Ay < O S0 & — 24| (|#4] + |24]) +C8 (for a sufficiently large constant C' > 0).
To end the proof it is enough to show that Z?:_ol % — | (|&] + |2i]) < 63

We write

n—1 n—1 n—1
D1 al(E] 4 |wal) < ) 1F = @l P F] )P < 200 (&) + )
=0 =0 =0

The triangular property and Lemma 3.10 imply that

n—1 3/5 n—1 3/5 el 3/5
(Z(L’M + |ii‘i|)5/3> < (Z |$z’|5/3> + (Z |£i!5/3> <C
=0 i=0

i=0
ending the proof.
O

We will look for global distortion estimates in the hypothesis of Theorem 1, either when A is

1 or —1. Let us denote D, = f"(N)(f~"(N) C N, DS = M \ D,. We first prove the following
lemma:

Lemma 3.11. There exist kK > 0 and 0 < x < 1 such that for any 8 > 0 smaller than ~ of the

remark 3.1
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1. if S1 and Sa are in a connected arc W3 of stable manifold and if fZJ(WE) C D3 for 0 <ig <
i1 < ... < i, then dist(fi(S1), fi(S2)) < kx".

2. if Sg and Sy are in a connected arc W of unstable manifold and if fU (Wg) C D5 for
0 <ig<iy <...<i, then dist(f~"(S3), 7 (S4)) < X"

Proof. We only prove the first assertion, the second one is proved using the same ideas. The

result follows from Lemma 2.6. There we have shown that there exists 0 < y = (1 — b)l/ 2 <

1 and C = (Cy/C1)Y? > 0 such that ||[Dfir(v)| < CX"||Df(v)| for 0 # v € Sp. Then
length fir (W 5) < C’XTlengthfZO(Ws( ) < erlengthWE(in(P)). The lemma follows defining

K= Clgleaﬁ{lengthWﬁ(P)}
U

Let 8 > 0 be smaller than « of the remark 3.1 and also smaller than one half the distance between
Dy and DS. Let « as in remark 3.1 and such that f~[P,Q] = [f~1(P), f~1(Q)] if dist (P, Q) < «.

Proposition 3.12. In the hypothesis of Theorem 1, there exists a constant H such that for any
P,Q € M and any natural number k > 0 with dist(f = (P), f7(Q)) < a for j =0,1,...,k then

k- .
1 J(f7(P))
S
Proof. 1t is enough to prove this proposition when A = 1 and a19 = 0. In the other case, A = —1
with any ajg, we shall consider f? instead of f, reducing the problem to the first case.
We denote S = [P,Q]. Let J={1<j<k: f9(P)e Dy, f7(Q)e Dy, f7(S)€ D1}; K =
{1<j<k: jd&J}. Observe that dist(f~7(P),f7(S)) < Band dist (f~7(S), f7(Q)) < 3 for

j=0,1,...,k The choice of 3 implies that for j € K the stable arc between f~7(P) and f~7(S)
and the unstable arc between f~7(S) and f~7(Q) are contained in D5.

k

J(f~(P)) 203) I (P))
log log log <
11 709 ZJ Q) 5;( Q)
I(P)) 1(8)) I(P)) —3(9))
];] log 7)) JEZJ log Q) ]ezKlog 75) ];( log Q) (3)

Let us write J as the disjoint union of [ (with [ minimum) subsets of consecutive naturals,
each one corresponding to each passage through D, that is 0 = kg < j1 < k1 < jo < ko... <
Gm Sk < ... < g <k <jiz1=k+1suchthat J =U _{j € N: jn<3j<kny} and
K=U,_o{j € N: kn <j<jmp}
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First, consider the iterates corresponding to J. They are within D;1; applying proposition 3.3:

Zlog ]SD)) Z Z 10g ]; oy dy JL/3

JjeJ m=1j=jm m=1

where d,,, max{dist (f =7 (P), f~9m(S)), dist (f~*=(P), f~#n(S))}. After the lemma 3.11

! 1/3,,1/3
K
e B () 2o 00
m=1
Then
I(P
Zlog S))i <c (4)
jeJ
and, analogously
(S
Zlog Qi; <C (5)
JjeJ

Let us now consider the iterates i € K, these iterates are in D§. Being J of class C', after the

lemma 3.11:

J' (P)) K
Zlog '5’ <C’Zdlst P), f~ (S))SCl_X (6)
JEK jeK
Analogously,
St LB <o @
= (Q))
The formulas (3), (4), (5), (6) y (7) prove the proposition.
U

4 Construction of the measure.

Let N be a rectangle as in 3.3. Let U(®) be a rectangle as in definition 3.2 such that U© ﬂ N =0,
we also suppose that for any S, 8" € U if &' ¢ W5(S), then §" € Wi(S) with @ and 8 as in
the considerations before proposition 3.12. Let U®) = U (0)). We consider the usual Lebesgue
measure v in M, it is not restriction to suppose v(U (0)) = 1. We define the sequence v of measures
in the borelians of M such that v (A) = v(fF(UF N A)) = v(UO N f7*(A)). Then, we define
pn(A) = (1/n) 373 vk(A). Let pn; be a convergent subsequence in the weak™ topology, let uu be
its limit. We will prove that an ergodic component of this invariant probability measure verifies
the thesis of Theorem 1.

23



For nearby points S, Sy € M we denote Sy = [Sp, S]. Let us denote dist (.9, Sy) the distance
between S and Sy measured on unstable manifolds, and dist s(Sp, Sy) the distance between Sy
and Sy measured on stable manifolds. For any Sy € M and small ¢, let us denote R:(Sp) or
simply R(Sp) (if there is not confusion) the set {S € M; dist (S, Sw) < t, dist (S, Sw) < t}.
For fixed Sy and ¢, let us denote W = {Sy € WE(SO) . dist (So, Sw) < t}.

The unstable foliation in R(Sp) determines a measurable partition on R(Sp) (see [R 1962])
and therefore, the conditional measures on the elements of the partition are well defined.

Let us denote 0“R(Sp) the two arcs of boundary of R(Sp) on unstable manifolds; let us denote
9*U%) the arcs of the boundary of U®*) on stable manifolds. We define A®) = U*) N R(Sy), let
B®) be the (possibly empty) union of the connected components of A®) which intersect 95U *)
or O“R(Sy), finally, let C*) = A%\ Bk)

We denote C}(Lk) with 1 < h < 4, each connected component of C,(Lk). We consider the arc
wWN C’,(Lk) and denote its extremes as S}(L ) and 5’( )

Lemma 4.1. There exists a sequence of measures o en W, a/(W) < 1 such that for any con-
tinuous function g : R(So) — RT supported in the interior of R(Sy), it is verified
k —m(q(k)
. o) 9(5) J((S,7))
g(S)du(S) = lim do’? (S / — dv(S
g 209 = Jim, o' (5 oo s L “gimisy )

where o’ is concentrated at S,(lk), 1<k<n;, 1 <h<ig J is the Jacobian of f, and

-m S(k )
"= ,gmmHl Ty o

Proof. We can write

S)d S)d +/ S) dvg(S) = 1F + 1M
/U(k)ﬂR(So) vi(S Z/C(k) v (S e g(8) dvi(S) 1 5

Now, |I§k)| < max(g)vp(B®) = Cv(f~*(B®)). This term converges to 0 when k goes to oo
because the length of unstable manifolds in f~*(B®) c U©® N N¢ goes uniformly to 0 when
k — oo (cf. lemma 3.11). On the other hand,

k;)_lk ik ]/ , y
_;/Cﬁk)g(s Z/ ! ) du(S") Z/c<k)H_J T

where the second equality is due to the definition of v, and the third one to the change of variable
S = f¥(9"). Therefore,

lm— L N(S}(lk)) g(S) k j(f_m(S}(lk))) )
s 71504 = 3 22 <,ﬁ>>>/ oy 1L "7y @)




We define a sequence of measures o/ on W, (not necessarily probabilities measures) concen-
trated at S,gk), with 1 <k <nj;, 1 <h <, so that if B is a borelian in W, then

nzjlzk - N(Si(zk)) 5(k)( B)

N S S T, TSy "
(k)

where 5§Lk)(B) is equal 1 if B contains S, and 0 in other case. We can write

= lim (g JU S’(lk))) v
J g, )0 = Jimn [ (s >/C(k> - sw H Sy S ®)
To prove that o/ (W) < 1, we observe that
12 i, (R(S0) = -5 KZ w(@i’”)) +u(B®)
7 k=1 L \n=1
1 nj ) 1 ng i N(Shk) )
> - =ol (W
g Z/c“) Hmf J(fm(8)) J;; I1E_ T(f(s)) W)
O

Let us denote J“(P) = ||Dfv|/||v] for 0 # v € TpW". Observe that J“(P) depends

continuously on P; due to corollary 2.5. Moreover, J*“(P) — 1 when P — P.

Definition 4.2. We define dynamical ball of p iterates and radius € centered at S as

By(S,e) ={Q € M : dist(f'(S),f(Q)) <e: 0<i<p}

Lemma 4.3. For all 0 < A < 1 there exist real numbers C = C(A) > 0 and g = g9(A) > 0 such
that for all Sy € M there ezists an increasing sequence of natural numbers {p;};cz+, pi = pi(So, A)

such that
C

A=) [T, T(f™(S0))

1(Bp; (S0, €)) <
foralli>1 and all 0 < & < gg.

Proof. Given A we determine the value of ¢ defined at the beginning of this section. Let us take
t > 0 such that for any Sp € M, if S € Ri(Sp), then dist (Sp,S) < a/2 (where « is as in the
proposition 3.12) and if Sy = [Sp, 5], then Sy € WE(S) . Also, given A, we will take ¢ > 0
such that A < J%(P)/J"(Q) < 1/A for all Sy and for any two points P and @ in R(Sp). Let
g0 > 0 be such that By(Sp,e0) is in the interior of R(Sp) for any Sy € M. Let us observe that
for Sop € W*(Pp) the lemma follows immediately because J*(f"(S50)) goes to 1 when m goes to
0o. Then, we fix Sy & W*(Py). Let us take p;(So, A), i = 1,2,... so that R(fP(Sp)) C N¢. For
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i fixed, let 3 : M + [0,1] be a continuous bump function supported in ()_, 7P R(fP(Sp))
such that B(S) =1if S € By,—p, (fP*(Sp),€). Then

#(Bp; (50,)) < p(f ™" (Bp;—py (71 (50)€))) = t(Bp,—py (7 (S0), €)) < /(fm(s ) B(S) dp(S)

We now apply the equality (8); only for simplicity in the notation, we will work as if p; = 0, that
is, we will denote W the local stable manifold through fP!(Sp), o7 the measure in such manifold,

etc, but the reasoning does not depend on this. Then

j H?:l Xf Pz+p1 R(fP1(S )) k j( m S(k)))
1(By,(So,€)) <l /dﬂs(’“) 0 H f~ g
( pl( " 6)) lﬁnﬂsooup w U< h ) o) (S(k) m=1 ..7( V( )
(9>

The unstable foliation of f is not C!, but it is continuous; its leaves are C' and the tangent
space at P of the unstable leaf through P is Up = {v € TpM : B(Df™v) > 0¥m > 0} (we

recall corollary 2.5). For n € IN, let us consider the quadratic form f”#B , and let us integrate the

continuous direction such that f”#B = 0 and that at Py does not coincide with Up,. Thus, we
obtain a C3 foliation ®, whose generic local leaf will be denoted . We choose n (and therefore
®) so that for all P € M, Tp® and Up are sufficiently near to obtain A < jc;(,o)( P)/J"(P) < 1/A,
where jf (P) = [[Dfv||/|Iv] for 0 # v € Df'T—i(py®. Let us observe that the angle between
Df'Ty- (p)® and Up is decreasing with i, so that we can choose n such that A < j@ ( )/ T“(P) <
1/A for all i > 0 and all P € M.

Fixed k and h, we will partitionate C}(lk) so that S and S’ in C]sk) are in the same atom of the par—
tition if either S’ € ¢(.S) or if there exists a finite sequence Py, Pa, ... Py, in Wﬁ( ) UWg(S, ))
so that P € (S), P2 € Wi(P1),..., Paiv1 € o(P2i), Poita € W5(P2it1),..., 8" € p(Por). (The
points P; are not necessarily in C,(Zk).) We observe that the leaves of ® intersect transversally the
stable and unstable leaves of f. Let us denote P this partition, let us denote 7 a generic atom.
As ® is C3 it can be C! trivialized by a system of a finite number of local charts defined in open
sets E,...,Ey, ..., Es covering the manifold M. It follows that we can decompose the Lebesgue
area v(B) of any borelian set B C C(k) as v( fc““)/ 5 Ap(T) [y 94(S)dvr(S) where p is a
measure in the quotient space C /77 (it depends on R(Sp)), vy is the riemannian length on
and g, is a continuous positive density function defined in F; for some 1 < ¢ <'s.

The last term of (9) is equal to

J—oo

~ I
limsup/ dO‘J(S,(Lk))/ Ldp(m) (10)
w ol h
where

: k J(fm S(k)
I:/7r <HXf—Pl+P1(R(fPl(SO)))(S)> (H w> 9(5) dix(5)

=1



Now denoting 7

= 7N\ Ni=; PP (R(f7(Sp))) and changing variables S' = fPi~71(S) it fol-

lows

~ RC) gq<f*pf+p1<S’>>dufpfplm<5'>
I_/fpl P1(n(0)) (H j f m— PH-:Dl( )) sz D1 j@z —p1— m)(f*m(S’)) =

J(f~ (S(k))) 9q(f7PHPUS")) AV i1 () (S”)
< /fp’b P1(7(3)) (H j f m— PH‘Pl(S/))) A2(pi—p1) Hlfrzl;;l ju(fm(so)) (11)

We now claim that there exists a real C' independent of Sy € M (but that may depend on A) such
that

k fom (k)
/fpz 1 0) (f:[ = pz(fpwg/)))gq(f PP d g ) (8) <

TS
<cf ( s >gq<s>duﬂ<s> (12)

The set of functions g, is bounded by a certain number K, and bounded away from 0 by, say
1/K. We observe that dist (f~"(S), f™™

(Sw)) < a for all m > 0 (by the election of t); similarly,
dist (f~™(Sw), f~™

(S,(lk))) < « for all m < k (by the construction of Uy). Then, writing

S IESNN (1 TS (1 JU T Ew)
(%) = (I 5 ) (I 50
and applying the proposition 3.12

/fpZ —p1( <H j{”({” pf+p1(2,) ) gq(f_pi-i-pl (S/)) dyfpi,pl (w)(S/)

k *)
TGS | 50

m=1

AV tpi—p1 () (S
/fm—m(ﬂ(i)) PPl ( )( )

/ﬂ dvs(S)

To prove the claim 12 it is enough to show that there exist positive constants L; and Lo
(independent of fP1(Sp) € N¢ but that depend on ¢ and thus on A) such that

/duﬂ(S) > Ly / AV ppi—p1 () (S) < L2
lis fPiPL(x())
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To prove this we will integrate the continuous field of directions such that B = 0 and such that
at Py coincides with Up,, obtaining the foliation ®*. Analogously, we will denote ® the foliation
obtained after integrating the other field of null directions of B. The unstable foliation and the
foliations ®*, ® and ® are pairwise transversal in Ny forming angles bounded away from 0. We
project the arcs that form 7 following the leaves of the foliation ®* on a local leaf of ®. The
projections overlap, then L; exists.

Similarly, to prove that there exists Lo > 0 we project the arcs that form fPi—P1 (Tr(i)) on a
local leaf of ®* following the leaves of the foliation ®, and observe that the projections do not
overlap.

Denoting C' = H*K?Ly/L; the claim (12) is proved.

Collecting (9), (10), (11) and (12) we have

pi—1
A2(pi—p1) H j“(fm(SO))M(Bpi(So,a?)) <
m=pi
(k)
‘ 5 ol S )) (S)dz/w(S):
< Cllﬁgp/w do’ (S}, )/C(mﬂ, / H J N(S,(f))
| s%)M& :
= Climsup / doi (S /Cm H ST sy~ e, (RO (o) < €

O

To continue the proof of the theorem 1, we adapt the proof of the proposition 5.1 in [K 1988].
Recalling the Brin-Katok definition of the entropy (see [BK 1984]) we have:

) = |t (1imsup ol B350, ) (o) >

1 pi(S0,A)—1
> lim | lo A2+hmsu 410 T ™S, du (S

For Sp a regular point; 0 # v € Tg,(W"(Sp)) and p; fixed we have:

lim ~ log H T (50)) = lim —(10gHDf”(So)V|| —log [ Df**(So)vl) = x"(S0)

p—00
m=pi

where xT(Sp) is positive or 0. As A can be taken arbitrarily close to 1 and the set of regular

points has p measure equal to 1:

hu(f) > /M x " (So) du(So)
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After the inequality of Ruelle (see [R 1978]) it follows

half) = /MX+(So)dM(So)

We now recall the following theorem:

Theorem 4.4 ([LY 1985]). p has absolutely continuous conditional measures along strong un-

stable manifolds if and only if

hu(f) = Y xi(So) dim E;(So) dpu(So)
M ixi(S0)>0

where h,(f) is the metric entropy of f.

Proof. See [LY 1985]. O

In fact, it is shown there that the conditional measures on strong unstables manifolds are
equivalent to the riemannian measure on W"*(Sy) for p almost every point Sp.
The former theorem implies that p has absolutely continuous conditional measures on unstable

manifolds. We have not proved that it is necessarily ergodic, so we begin by the following lemma.
Lemma 4.5. u({F}) <1

Proof. By contradiction, let us suppose p({Fp}) = 1. Then for n; large enough and ¢ > 0 small,
pin; (R /2(Fo)) is as near of 1 as wanted. This implies that ju,, (R¢(FPo) \ Ry /2(Fo)) would be as near
of 0 as wanted. We denote B = Ry(Fo) \ Ry/2(FP). Applying lemma 4.1 and proposition 3.12 we

obtain ®
. 1 v(Cy"NB ,
fin; (Re(Po)) < 2/ do’,  pn;(B) > ﬁ/ (hi(k))daj
W wo v(C)
To obtain the contradiction it is enough to prove that Z/(C}(Lk) N B) /I/(C}(Lk)) is bounded away
from zero. In fact, we decompose the Lebesgue measure v as in the proof of lemma 4.3, along
a measurable partition P of C’}(Lk), whose atoms 7 are local leaves of a C2 foliation ¢ (that is

transversal to stable and unstable leaves). We then have:

v(cP nB) = /

[ 0 [ 0(8)a0(9

O = [, ot [ o(8)dun(s)

where g is a continuous positive function. To end the proof it is enough to show that v (m N

B)/vy(m) is bounded away from zero. As in the proof of lemma 4.3 we have a positive constant
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Ly such that v (BN7) > Li, because B excludes a neighborhood of Py, and so the angle between
stable and unstable leaves in B is bounded away from zero. We have also a positive constant
Ly such that vz(m) < Lo. (Note that we do not need uniform transversality between stable and
unstable leaves to obtain the bound Ls) O

If u({Po}) # 0, we define a new measure of any borelian A as u(A\{FPo})/n({Fo}¢). For sim-
plicity we will continue denoting p to this new measure. It has absolutely continuous conditional
measures on unstable manifolds.

The Pesin region > has p-measure 1 after Theorem 1.12. Then, recalling Theorem 1.13 we
conclude the existence of a countable union of ergodic attractors, each one corresponding to one
ergodic component of p. After the construction of basin of attraction of the ergodic attractors in
[PS 1989] (saturation of positive Lebesgue measure sets) and taking into account the density of
stable manifolds, it follows that the basin of attraction of each ergodic attractor has total Lebesgue
measure (see also subsection 4.3 in [E 1998]). Then, there is a unique ergodic attractor. The same
argument proves that the Lyapounov exponents of Lebesgue-almost all regular points are different
of zero, because these points are in the strong stable manifolds of points in the attractor. Finally,
the theorem 5.10 of [Le 1983], asserts that f is Bernoulli, thus ending the proof of the theorem 1.
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