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any incompressible annulus with ∂A ⊂ ∂N is isotopic to a
subset of ∂N fixing ∂A
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proposition

proposition
An Anosov torus T cannot bound an acylindrical manifold.



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

strategy

strategy
use the global diffeo f : M → M

that is hyperbolic on T
to construct an annulus A
that is not isotopic to the boundary



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

strategy

strategy
use the global diffeo f : M → M
that is hyperbolic on T

to construct an annulus A
that is not isotopic to the boundary



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

strategy

strategy
use the global diffeo f : M → M
that is hyperbolic on T
to construct an annulus A

that is not isotopic to the boundary



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

strategy

strategy
use the global diffeo f : M → M
that is hyperbolic on T
to construct an annulus A
that is not isotopic to the boundary



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

step 1
NA acylindrical manifold

∂NA ⊃ T Anosov torus
exists S surface such that

1 ∂S ∩ T contains a non-trivial loop
2 S is not an annulus isotopic to the boundary



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

step 1
NA acylindrical manifold
∂NA ⊃ T Anosov torus

exists S surface such that

1 ∂S ∩ T contains a non-trivial loop
2 S is not an annulus isotopic to the boundary



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

step 1
NA acylindrical manifold
∂NA ⊃ T Anosov torus
exists S surface such that

1 ∂S ∩ T contains a non-trivial loop
2 S is not an annulus isotopic to the boundary



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

step 1
NA acylindrical manifold
∂NA ⊃ T Anosov torus
exists S surface such that

1 ∂S ∩ T contains a non-trivial loop

2 S is not an annulus isotopic to the boundary



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

step 1
NA acylindrical manifold
∂NA ⊃ T Anosov torus
exists S surface such that

1 ∂S ∩ T contains a non-trivial loop
2 S is not an annulus isotopic to the boundary



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

NA



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

NA



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

NA t NA



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

NA t NA



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

∂(NA t NA) = T t T



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

lemma

lemma (classic)
N orientable with boundary ∂N

i : H1(∂N) ↪→ H1(N)

rank(ker(i)) = 1
2 rank(H1(∂N))

rank
rank=“dimension"



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

lemma

lemma (classic)
N orientable with boundary ∂N
i : H1(∂N) ↪→ H1(N)

rank(ker(i)) = 1
2 rank(H1(∂N))

rank
rank=“dimension"



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

lemma

lemma (classic)
N orientable with boundary ∂N
i : H1(∂N) ↪→ H1(N)

rank(ker(i)) = 1
2 rank(H1(∂N))

rank
rank=“dimension"



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

lemma

lemma (classic)
N orientable with boundary ∂N
i : H1(∂N) ↪→ H1(N)

rank(ker(i)) = 1
2 rank(H1(∂N))

rank
rank=“dimension"



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

∂(NA t NA) = T t T



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

∂(NA t NA) = T t T

∂S ⊂ ker(i)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

∂(NA t NA) = T t T

∂S ⊂ ker(i)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

∂NA ⊃ T



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

step 1
exists S surface
such that

1 ∂S ∩ T contains a
non-trivial loop

2 S is not an
annulus isotopic
to the boundary



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 1

step 1

step 1
exists S surface
such that

1 ∂S ∩ T contains a
non-trivial loop

2 S is not an
annulus isotopic
to the boundary



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that
1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S

an integer N
such that

1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that
1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that

1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that
1 ∂1R ⊂ γ ⊂ T

2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that
1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that
1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S

4 ∂2R and ∂4B isotopic in
f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that
1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

γ ⊂ S ∩ T essential

k = max#{disjoint non-isotopic curves in S}
#(γ ∩ f N(γ)) ≥ 2(k + 1)2

γ ⊂ S ∩ T



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

γ ⊂ S ∩ T essential
k = max#{disjoint non-isotopic curves in S}

#(γ ∩ f N(γ)) ≥ 2(k + 1)2

γ ⊂ S ∩ T



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

γ ⊂ S ∩ T essential
k = max#{disjoint non-isotopic curves in S}
#(γ ∩ f N(γ)) ≥ 2(k + 1)2

γ ∩ f N(γ)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

we may assume f N(S) t S

consider curves in S ∩ f N(S)

there are ≥ (k + 1)2 disjoint curves with endpoints in
γ ∩ f N(γ)

there are ≥ (k + 1) disjoint such curves isotopic in S
there are at least 2 such curves isotopic in S and f N(S)

γ ∩ f N(γ)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

we may assume f N(S) t S
consider curves in S ∩ f N(S)

there are ≥ (k + 1)2 disjoint curves with endpoints in
γ ∩ f N(γ)

there are ≥ (k + 1) disjoint such curves isotopic in S
there are at least 2 such curves isotopic in S and f N(S)

S ∩ f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

we may assume f N(S) t S
consider curves in S ∩ f N(S)

there are ≥ (k + 1)2 disjoint curves with endpoints in
γ ∩ f N(γ)

there are ≥ (k + 1) disjoint such curves isotopic in S
there are at least 2 such curves isotopic in S and f N(S)

S ∩ f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

we may assume f N(S) t S
consider curves in S ∩ f N(S)

there are ≥ (k + 1)2 disjoint curves with endpoints in
γ ∩ f N(γ)

there are ≥ (k + 1) disjoint such curves isotopic in S

there are at least 2 such curves isotopic in S and f N(S)

S ∩ f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

we may assume f N(S) t S
consider curves in S ∩ f N(S)

there are ≥ (k + 1)2 disjoint curves with endpoints in
γ ∩ f N(γ)

there are ≥ (k + 1) disjoint such curves isotopic in S
there are at least 2 such curves isotopic in S and f N(S)

S ∩ f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that
1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S

an integer N
such that

1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that
1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that

1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that
1 ∂1R ⊂ γ ⊂ T

2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that
1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that
1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S

4 ∂2R and ∂4B isotopic in
f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 2

step 2

step 2
there exists

a strip R ⊂ S
an integer N

such that
1 ∂1R ⊂ γ ⊂ T
2 ∂3R ⊂ ∂S ⊂ ∂NA

3 ∂2R and ∂4B isotopic in S
4 ∂2R and ∂4B isotopic in

f N(S)



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

the annulus

the annulus

the annulus

A = R ∪ R′ where
R obtained in step 2
R′ subset in f N(S) such that

1 ∂1R′ ⊂ f N(γ) ⊂ T
2 ∂3R′ ⊂ ∂(f N(S))
3 ∂2R′ = ∂2R
4 ∂4R′ = ∂4R



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

the annulus

the annulus

the annulus
A = R ∪ R′ where

R obtained in step 2
R′ subset in f N(S) such that

1 ∂1R′ ⊂ f N(γ) ⊂ T
2 ∂3R′ ⊂ ∂(f N(S))
3 ∂2R′ = ∂2R
4 ∂4R′ = ∂4R



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

the annulus

the annulus

the annulus
A = R ∪ R′ where
R obtained in step 2

R′ subset in f N(S) such that

1 ∂1R′ ⊂ f N(γ) ⊂ T
2 ∂3R′ ⊂ ∂(f N(S))
3 ∂2R′ = ∂2R
4 ∂4R′ = ∂4R



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

the annulus

the annulus

the annulus
A = R ∪ R′ where
R obtained in step 2
R′ subset in f N(S) such that

1 ∂1R′ ⊂ f N(γ) ⊂ T

2 ∂3R′ ⊂ ∂(f N(S))
3 ∂2R′ = ∂2R
4 ∂4R′ = ∂4R



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

the annulus

the annulus

the annulus
A = R ∪ R′ where
R obtained in step 2
R′ subset in f N(S) such that

1 ∂1R′ ⊂ f N(γ) ⊂ T
2 ∂3R′ ⊂ ∂(f N(S))

3 ∂2R′ = ∂2R
4 ∂4R′ = ∂4R



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

the annulus

the annulus

the annulus
A = R ∪ R′ where
R obtained in step 2
R′ subset in f N(S) such that

1 ∂1R′ ⊂ f N(γ) ⊂ T
2 ∂3R′ ⊂ ∂(f N(S))
3 ∂2R′ = ∂2R

4 ∂4R′ = ∂4R



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

the annulus

the annulus

the annulus
A = R ∪ R′ where
R obtained in step 2
R′ subset in f N(S) such that

1 ∂1R′ ⊂ f N(γ) ⊂ T
2 ∂3R′ ⊂ ∂(f N(S))
3 ∂2R′ = ∂2R
4 ∂4R′ = ∂4R



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

the annulus

the annulus

the annulus



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

the annulus

the annulus

the annulus



introduction JSJ-decomposition T bounds an acylindrical manifold further questions

step 3

step 3

step 3
A is not isotopic to the boundary
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step 3

remark

remark
each loop ⊂ A ∩ T is homotopically non-trivial

γ1

γ2
(0,0)

(m,n)

Figure: a closed curve in T
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thanks

THANKS!
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