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Question
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Conjecture

CONJECTURE [PUGH,SHUB] Stable ergodicity is Cr dense
among conservative partially hyperbolic systems
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Pugh-Shub program

CONJECTURE A : Accessibility ⇒ ergodicity in PH2
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Pugh-Shub program

CONJECTURE A : Accessibility ⇒ ergodicity in PH2
m(M)

CONJECTURE B : Accessibility is Cr open and dense among
partially hyperbolic systems

– p. 4/19



in 3-manifolds

THEOREM Stable ergodicity is Cr dense in PHr
m(M 3)
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problem

Describe the non-ergodic dynamics in PHr
m(M 3).
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conjecture

M 3 supports a non-ergodic diffeomorphism in PHr
m(M 3)

⇓

M is a mapping torus:

M = T2 × [0, 1]/(x, 1) ∼ (Ax, 0)

with

I A : T2 → T2 hyperbolic or

I A = ±id
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theorem

THEOREM A M 3 6= T3 nilmanifold =⇒ PHr
m(M 3) ⊂ { ergodic }

M is a mapping torus:

M = T2×[0, 1]/(x, 1) ∼ (Ax, 0)

with

A =

(

1 k

0 1

)
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accessibility classes

AC(x) = accessibility class of x
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accessibility classes

AC(x) = accessibility class of x

I U = {x : AC(x) is open }
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accessibility classes

AC(x) = accessibility class of x

I U = {x : AC(x) is open }

I Γ = M \ U
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AC(x) is not open -x ∈ Γ

 c

 s

 x

 sc

 u

– p. 11/19



AC(x) is not open -x ∈ Γ
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3 possibilities

I Γ = ∅
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3 possibilities

I Γ = ∅ ⇒ f has the accessibility property

I ∅ ( Γ ( M

I Γ = M

– p. 12/19



3 possibilities

I Γ = ∅ ⇒ f has the accessibility property

I ∅ ( Γ ( M

I Γ = M ⇒ M is foliated by su leaves
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definitions
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partially hyperbolic

f : M → M is partially hyperbolic if

TM = Es ⊕ Ec ⊕ Eu invariant

where all vσ ∈ Eσ
x (unitary vectors) verify: (σ = s, c, u)

I ‖Tfxv
s‖ < 1 < ‖Tfxv

u‖

I ‖Tfxv
s‖ < ‖Tfxv

c‖ < ‖Tfxv
u‖

– p. 14/19



accessibility

f : M → M has the accessibility property

if M is the unique s- and u-saturated set
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accessibility class

the accessibility class of x ∈ M

is the minimal s- and u-saturated set containing x.
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center bunching

f is center bunched if there are
continuous functions γ and γ̂ verifying, for all unitary vc ∈ Ec

I γ(x) ≤ ‖Tfxv
c‖ ≤ γ̂(x)

I ‖Tfxv
s‖θ < γ(x)

γ̂(x)

for some suitable θ
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references - conjecture A

I Mn with center bunching (⇒ case dim Ec = 1)
(Burns, Wilkinson ’05)

*
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references - conjecture A

I Mn with center bunching (⇒ case dim Ec = 1)
(Burns, Wilkinson ’05)

I Mn with dim Ec = 1
(R. Hertz, R. Hertz, Ures ’05)
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references - conjecture B

I Stable accessibility is C1 dense
(Dolgopyat, Wilkinson ’03)

*
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references - conjecture B

I Stable accessibility is C1 dense
(Dolgopyat, Wilkinson ’03)

I Accessibility is open if dim Ec = 1
(Didier ’03)

I Accessibility is C∞ dense if dim Ec = 1 & f conservative
(R.Hertz, R. Hertz, Ures ’05)

I Accessibility is C∞ dense if dim Ec = 1
(Burns, R.Hertz, R. Hertz, Talitskaya, Ures ’05)

*
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