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Question

How frequent is ergodicity among conservative systems?
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Conjecture

CONJECTURE [PUGH,SHUB] Stable ergodicity is Cr open
and dense among conservative partially hyperbolic
systems, r ∈ [2,∞]
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Main theorem

MAIN THEOREM: Stable ergodicity is Cr open and
dense among conservative partially hyperbolic systems
with dim Ec = 1, r ∈ [2,∞]
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Pugh-Shub program

THEOREM A Accessibility is Cr open and dense among
conservative partially hyperbolic conservative systems
with dim Ec = 1
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Pugh-Shub program

THEOREM A Accessibility is Cr open and dense among
conservative partially hyperbolic conservative systems
with dim Ec = 1

THEOREM B Essential accessibility ⇒ ergodicity in PH2
m(M)

if dim Ec = 1

THEOREM (BURNS,WILKINSON(2005))

Essential accessibility ⇒ ergodicity in PH2
m(M)

if f is center bunched
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Proof of theorem A

THEOREM (DIDIER (2003)) Accessibility is C1-open among
conservative partially hyperbolic systems with dim Ec = 1
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Proof of theorem A

PROPOSITION A.1 Cr densely in PHr
m(M), either:

◮ f has the accessibility property or

◮ Es ⊕ Eu is integrable and Per(f) = ∅
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Proof of theorem A

PROPOSITION A.1 Cr densely in PHr
m(M), either:

◮ f has the accessibility property or

◮ Es ⊕ Eu is integrable and Per(f) = ∅ (∗)

PROPOSITION A.2 (∗) is nowhere dense in PHr
m(M)
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Proof of theorem B - Hopf argument

φ±(x) = lim
N→∞

1

N

N∑
n=1

φ(f±n(x))
?

−→

∫
M

φdm
∀φ ∈ C0(M, R)

m-ae x
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H
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Proof of theorem B

X is essentially s-saturated
and essentially u-saturated

=⇒

the set of
Lebesgue density points
of X is s-saturated
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Proof of theorem B

PROPOSITION B.1 X is essentially s-saturated =⇒ the set of
SUCn-density points of X is s-saturated

– p.9/16



Proof of theorem B

PROPOSITION B.1 X is essentially s-saturated =⇒ the set of
SUCn-density points of X is s-saturated

PROPOSITION B.2 {SUCn(x)}n∈N is Vitali equivalent to Lebesgue
over essentially u-saturated sets

– p.9/16



Proof of theorem B

PROPOSITION B.1 X is essentially s-saturated =⇒ the set of
SUCn-density points of X is s-saturated

PROPOSITION B.2 {SUCn(x)}n∈N is Vitali equivalent to Lebesgue
over essentially u-saturated sets

DEFINITION M family of measurable sets
{Bn} and {Cn} are Vitali equivalent over M if

pointwise

Bn-density points(X)
↓
= Cn-density points(X) ∀X ∈ M
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Theorem A

Theorem A
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definitions
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partially hyperbolic

f : M → M is partially hyperbolic if

TM = Es ⊕ Ec ⊕ Eu invariant

where all vσ ∈ Eσ
x (unitary vectors) verify: (σ = s, c, u)

◮ ‖Df(x)vs‖ < ‖Df(x)vc‖ < ‖Df(x)vu‖

◮ ‖Df(x)vs‖ < 1 < ‖Df(x)vu‖
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accessibility

f : M → M has the accessibility property

if M is the unique non-void s and u-saturated set
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essential accessibility

f : M → M has the essential accessibility property

if s and u-saturated sets have either full or null measure
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essentiallyσ-saturated

X is an essentially σ-saturated set

if there exists a σ-saturated set Xσ such that

m(X△Xσ) = 0
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center bunching

f is center bunched if there are
continuous functions γ and γ̂ verifying, for all unitary vc ∈ Ec

◮ γ(x) ≤ ‖Df(x)vc‖ ≤ γ̂(x)

◮ ‖Df(x)vs‖θ <
γ(x)
γ̂(x)

for some suitable θ

– p.16/16



density points

◮x is a Lebesgue density point of a measurable set X if

lim
ε→0

m(X ∩ Bε(x))

m(Bε(x))
= 1

◮

x is a Bn-density point of X if

lim
n→∞

m(X ∩ Bn(x))

m(Bn(x))
= 1

where x 7→ {Bn(x)}n∈N is a countable neighborhood basis system
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