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Logarithmic energy

n n
Eiog(w) = —log | [ Iwi—wll2| == > log(llwi —wjl2)
iJ=L,i#j iJ=1,i#j
w=(w,...,wn), wj € 5°.

Elliptic Fekete points:

argmin Ejgg(w)
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Condition number and Bombiery-Weyl norm
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Condition number: u(p,z) = v/n <( + 1) ) | pll
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Log energy, condition number and Bombiery-Weyl norm

Theorem (Armentano, Beltran, Shub - 2011)

n lﬂl vV 14|z
Ejog(w) = Z log (u(p, zi)) + nlog (Il Toll ) + C(n)

=1

Conjecture (Beltran - 2020)

The following problems are equivalent:

n
argmin,, cs> Eiog(w), argmin,cc > log(u(p, z))
=1
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Gradient Ascent (n = 100)
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Final configuration - Elog=-1083.2644
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energy of argmax h(z) vs. argmin Ejog(w) [1]

Estimated logarithmic energy: max h vs. min Elog
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Reference [1]: “Electrons on the sphere” - Zhou, Saff, Rakhmanov (1995)



Logarithmic energy of argmax h(z) vs. argmin Ejpg(w) [1]

. (n):Kn2—”|°Tg(”)—|—Cn—l—o(n), K=—7log(%), C=?
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Estimated logarithmic energy (without n”~2 and n*log(n)) Relative difference from reference (without n”~2 and n*log(n))
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Reference [1]: “Electrons on the sphere” - Zhou, Saff, Rakhmanov (1995)



Challenges and future work

n 11 /1+zP
Eiog(w) = ; log (1(p, zi)) + nlog (Il Tpll ) + C(n)

1. We analyzed argmax of h(z) =log | = o - n < 300

2. Analyze argmin of

n n . 2 g—l
g(z) =) log(u(p,z)) =) log|+/n L+ ‘, "_) Il
— — P (2i)

3. g and h depend on ||p|| = \/Z 12 Byt gradient is w.r.t. z

4. Lower than O(n’) gradient = bigger n and smaller tolerance



