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Abstra
tFun
tional programs are often 
onstru
ted using a 
ompositional style. Thishas the advantages of 
larity and modularity. However, an intermediate datastru
ture is 
reated in every fun
tional 
omposition, giving rise in many 
ases toan eÆ
ien
y problem. Deforestation is a te
hnique that automati
ally removesintermediate data stru
tures from programs. Various deforestation methods havebeen proposed. However, not all of them 
an be applied to programs with e�e
ts.In this thesis, we present some program transformations that 
an be used for theelimination of intermediate data stru
ture from programs with e�e
ts.
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1 Introdu
tionIn fun
tional programming it is 
ommon pra
ti
e to write programs usinga 
ompositional style. In this approa
h a program is written by 
omposingsmall fun
tions using intermediate data stru
tures to 
ommuni
ate them.For example, the fun
tion any, whi
h tests if any of the elements of a listsatis�es a predi
ate, may be de�ned as follows:any p xs = or (map p xs)where or [℄ = Falseor (x:xs) = x || (or xs)map p [℄ = [℄map p (x:xs) = (p x): (map p xs)In this de�nition map produ
es an intermediate list of booleans whi
h is
onsumed by or to produ
e the �nal result.Although this style of programming allows us to write 
lear and modularprograms, the 
onstru
tion of intermediate data stru
tures gives rise to aneÆ
ien
y problem, sin
e ea
h element of these data stru
tures must be allo-
ated, examined and deallo
ated. If a stri
t evaluation strategy is used, theprograms also require spa
e to store the whole data stru
ture.A te
hnique that automati
ally transforms a program into another thatdoes not 
reate intermediate data stru
tures is 
alled deforestation [Wad90℄.Many methods have been proposed for this te
hnique. Probably, the mostsu

essful one is \Short
ut Deforestation" [GLJ℄. This method was in
or-porated in the Glasgow Haskell Compiler (GHC). It is based on a simpletransformation, 
alled foldr/build, whi
h is used to remove the intermedi-ate data stru
ture 
reated in the 
omposition of fun
tions written in terms offoldr and build . The fun
tions foldr and build standardize the way inwhi
h lists are 
onsumed and produ
ed, respe
tively. In the 
ase of fun
tionany we 
an de�ne the fun
tions or and map in terms of these fun
tions and6



then apply the foldr/build transformation to eliminate the intermediatelist, obtaining:any p [℄ = Falseany p (x:xs) = p x || any p xsIn [Sve02℄ a similar transformation was de�ned for the dual of foldr,
alled destroy/unfoldr. In this 
ase, the fun
tions destroy and unfoldrare used to represent fun
tions that 
onsume and produ
e lists, respe
tively.Both transformations 
an be generalized to any algebrai
 data type (see[TM95℄).The aim of this thesis is to present a transformation that extends short
utdeforestation to programs with e�e
ts, assuming that e�e
ts are modeledusing monads.An example of a program where we 
an apply su
h a transformation isthe following.as
iiTable = putStr (map 
hr (enumFromTo 0 255))This fun
tion prints all 
hara
ters of the ASCII table. The intermediate listsprodu
ed by (map 
hr (enumFromTo 0 255)) and (enumFromTo 0 255) donot form part of the result. A more eÆ
ient version of as

iTable, whi
hdoes not 
onstru
t any intermediate list is the following:as
iiTable = putS' (\i -> if i>255 then Nothingelse Just (
hr i, i+1)) 0where putS' f xs = 
ase f xs ofNothing -> return [℄Just (
, 
s) -> putChar 
 >> putS' f 
sWe obtain the transformation by extending fun
tion build to produ
emonadi
 values and the way in whi
h values are 
onsumed in short
ut defor-estation. We also present a generalization of ea
h operator and transforma-tion for any algebrai
 datatype. 7



The work is organized as follows. In se
tion 2, we present the mathemat-i
al framework whi
h serves as basis of this work. Se
tion 3 reviews previouswork on deforestation. Se
tion 4 introdu
es monads. In se
tion 5, we presentshort
ut deforestation for programs with e�e
ts and in se
tion 6, we showhow to 
orresponding transformation rules in the Glasgow Haskell Compilerand give some examples. Finally, se
tion 7 presents some 
on
lusions. [no seentiende, mirar 
orre

ion℄Throughout this work we will use a Haskell-like notation to write de�ni-tions and 
on
epts.
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2 Ba
kgroundIn this se
tion we introdu
e the mathemati
al framework whi
h provides thetheoreti
al basis of this thesis. A more 
omplete introdu
tion to this theory
an be found in [BdOM97, Fok92, Jeu93℄.Throughout this work, de�nitions and 
on
epts are given over the 
at-egory Cpo, the 
ategory of 
omplete partial orders with a least element ?and 
ontinuous fun
tions. This 
hoi
e will allow us to de�ne some re
ursiveoperators as least �xed points of re
ursive equations. We will model typesand programs in the following way: we interpret types as 
omplete partialorders and programs as 
ontinuous fun
tions.We start presenting a 
onstru
tion that 
aptures datatype de
larations.Based on that 
onstru
tion, we de�ne re
ursive operators asso
iated withdatatypes.2.1 Fun
torsFun
tors are used to 
apture the signature of datatypes. We represent type
onstru
tors with fun
tors on Cpo.De�nition 2.1 A fun
tor 
onsists of two 
omponents, denoted by F : a type
onstru
tor F , and a fun
tion F : (a ! b) ! (F a ! F b), whi
h satis�esthe following equations: F id = idF (f Æ g) = F f Æ F gThe �rst equation states that F preserves identities and the se
ond that Fpreserves 
ompositions.As examples of fun
tors we 
onsider the basi
 fun
tors: identity, 
onstant,produ
t and sum. These will permit us to 
onstru
t a parti
ular 
lass ofdatatypes, 
alled regular datatypes. 9



De�nition 2.2 (Identity) The identity fun
tor I, is de�ned as the identityon types and fun
tions. That is,type I a = aI :: (a! b)! (Ia! Ib)I f = fDe�nition 2.3 (Constant) For any type t, the 
onstant fun
tor t is de�nedas follows: type t a = tt :: (a! b)! (t a! t b)t f = idDe�nition 2.4 (Produ
t) The produ
t fun
tor (�), whi
h is a 
ase of abifun
tor (a fun
tor on two arguments), is de�ned as follows:data a� b = (a; b)(�) :: (a! 
)! (b! d)! (a� b! 
� d)(f � g) (a; b) = (f a; f b)The following operators are related to the produ
t fun
tor:exl :: a� b! aexl (a; b) = aexr :: a� b! bexr (a; b) = b4 : (
! a)! (
! b)! 
! a� b(f 4 g) 
 = (f 
; g 
)10



The fun
tions exl and exr are 
alled left and right proje
tions, respe
tively.They are used to inspe
t the elements of a produ
t. The fun
tion 4 is 
alledthe split operation and is used to 
onstru
t a produ
t from an obje
t.The relationship between these operators and the produ
t fun
tor is givenby the following equation:f � g = (f Æ exl) 4 (g Æ exr)De�nition 2.5 (Sum) The sum bifun
tor (+) is de�ned by:data a + b = Left a jRight b(+) :: (a! 
)! (b! d)! (a+ b! 
+ d)(f + g) (Left a) = Left (f a)(f + g) (Right b) = Right (g b)The following operators are related to this fun
tor:inl :: a! a+ binl a = Left ainr :: b! a+ binr b = Right b(O) :: (a! 
)! (b! 
)! (a + b! 
)(f O g) (Left a) = f a(f O g) (Right b) = g bThe fun
tions inl and inr are 
alled left and right inje
tions. The fun
tion(O) is 
alled the jun
 operation. It 
ombines the fun
tions f : a ! 
 andg : b ! 
 into (f O g), whi
h applies f to left-tagged and g to right-taggedvalues.The following equation gives the relationship between these operators andthe sum fun
tor: f + g = inl Æ f O inr Æ g11



De�nition 2.6 Given two fun
tors F and G, we de�ne the fun
tors F �Gand F +G as follows: type (F �G) a = F a�G a(F �G) f = F f �G gtype (F +G) a = F a+G a(F +G) f = F f +G gDe�nition 2.7 Regular fun
tors are fun
tors built from identities, 
onstants,produ
ts, sums and type fun
tors. They are generated by the following gram-mar: F ::= I j t j F � F j F + F jDwhere D stands for type fun
tors, whi
h are de�ned later.Now, we present some examples of fun
tors whi
h are used to 
apture thesignature of datatypes.Example 2.1 The signature of the datatype of natural numbers,data Nat = Zero j Su

 Nat1is 
aptured by the fun
tor Ntype N a = () + aN :: (a! b)! (N a! N b)N f = id+ fExample 2.2 For the datatype of lists with elements of type a,data List a = Nil j Cons a (List a)1Es
ribir interpreta
in de barra
12



we 
an derive a fun
tor La given bytype La b = () + a� bLa :: (b! 
)! (La b! La 
)La f = id+ id� fExample 2.3 The signature of the datatype of leaf-labelled binary treeswith elements of type a,data Btree a = Leaf a j Join (Btree a) (Btree a)is 
aptured by the fun
tor Batype Ba b = a + b� bBa :: (b! 
)! (Ba b! Ba 
)Ba f = id+ f � f2.2 Algebras, 
oalgebras and homomorphismsDe�nition 2.8 Let F be a fun
tor. An F -algebra is a fun
tion of typeF a! a. The type a is 
alled the 
arrier of the F -algebra.De�nition 2.9 Given two F -algebras h : F a ! a and h0 : F b ! b, anF -homomorphism is a fun
tion f : a! b su
h that:f Æ h = h0 Æ F fThe dualization of algebras leads to the notion of 
oalgebra.De�nition 2.10 Given a fun
tor F , a F -
oalgebra is a fun
tion of typea! F a. Like algebras, the type a is 
alled the 
arrier of the F -
oalgebra.De�nition 2.11 An F -homomorphism between the F -
oalgebras g : a !F a and g0 : b! F b is a fun
tion f : a! b that satis�es this equation:g0 Æ f = Ff Æ gWe often omit the pre�x F for referring to algebras, 
oalgebras, andhomomorphisms when it 
an be derived from the 
ontext.13



2.3 DatatypesIn this se
tion we de�ne datatypes as 
anoni
al �xed points of fun
tors.Every regular datatype is understood as a solution of an equation F x �=x, where F is the fun
tor that 
aptures its signature. The 
anoni
al solutionto this equation is spe
i�ed by a type �F together with an isomorphismgiven by an algebra inF : F �F ! �F and a 
oalgebra outF : �F ! F �F .We say that �F is the dataype de�ned by the fun
tor F . The algebra inFen
odes the 
onstru
tors of the datatype, whereas its inverse outF en
odesthe destru
tors.In the following examples we de�ne datatypes as 
anoni
al �xed pointsof the fun
tors given in 2.1.Example 2.1 The 
anoni
al solution to the type equation () + x �= x givesthe datatype of natural numbers and the fun
tions inN and outN ,inN : N Nat ! NatinN = 
onst Zero O Su

outN : Nat ! N NatoutN Zero = Left ()outN (Su

 n) = Right n
onst : a! b! a
onst a b = aExample 2.2 The datatype of lists with elements of type a and the fun
-tions inLa and outLa are given by the 
anoni
al solution to the equation
14



() + a� x �= x, inLa : La (List a)! List ainLa = 
onst Nil O un
urry ConsoutLa : List a! La (List a)outLa Nil = Left ()outLa (Cons a as) = Right (a; as)un
urry : (a! b! 
)! (a� b! 
)un
urry f (a; b) = f a bExample 2.3 The 
anoni
al solution to the type equation Ba x �= x givesthe datatype of leaf-labelled binary trees and the fun
tions inBa and outBa,inBa : Ba (Btree a)! Btree ainBa = 
onst Leaf O un
urry JoinoutBa : Btree a! Ba (Btree a)outBa Leaf a = Left aoutBa (Join u t) = Right (u; t)2.4 FoldEvery datatype has asso
iated a re
ursive operator 
alled fold. This operatoris used to represent fun
tions de�ned by stru
tural re
ursion.The fun
tion fold, denoted by foldF (h), is de�ned as the least homomor-phism between inF and any other algebra h : F a! a. By homomorphism'sde�nition the following equation is satis�ed:foldF (h) Æ inF = h Æ F foldF (h)This equation states that fold 
onsumes the input data stru
ture repla
ingthe 
onstru
tors by the operations of the algebra h.15



Sin
e the fun
tion outF is the inverse of inF , we 
an transform the lastequation to: foldF (h) = h Æ F foldF (h) Æ outFNow, we show instan
es of this operator for some datatypes.Example 2.1 For the datatype of natural numbers the fold operator is de-�ned as: foldN : (N a! a)! Nat ! afoldN (h1 O h2) n = 
ase n ofZero! h1 ()Su

 n0 ! h2 (foldN (h1 O h2) n0)For example, the fun
tion that 
omputes the produ
t of two numbers 
an bede�ned by: prod : Nat ! Nat ! Natprod m = foldN (
onst Zero O (+m))Example 2.2 The fold operator asso
iated to the datatype of lists is de�nedby: foldL : (La b! b)! List a! bfoldL (h1 O h2) as = 
ase as ofNil ! h1 ()Cons a as0 ! h2 a (foldL (h1 O h2) as0)As example we 
onsider the fun
tion length, whi
h 
omputes the length ofa list. length : List a! Natlength = foldL (
onst Zero O Su

 Æ inr)Example 2.3 The fold operator asso
iated to the datatype of leaf-labelledbinary trees is given by:foldB : (Ba b! b)! Btree a! bfoldB (h1 O h2) t = 
ase t ofLeaf a! h1 aJoin t0 u! h2 (foldB (h1 O h2) t0) (foldB (h1O h2) u0)16



The fun
tion that 
al
ulates the height of a tree 
an be de�ned by:height : Btree a! Natheight =foldB (
onst Zero O Su

 Æmax)where max (x; y) = if x > y then x else y2.5 UnfoldThe dual of fold is the unfold operator. This operator is used to representfun
tions de�ned by stru
tural 
ore
ursion2. It is denoted by unfoldF (g),where g is a F -
oalgebra.The de�nition of unfold is obtained by dualizing that of fold. As a resultwe get the following de�nition:unfoldF (g) = inF Æ F (unfoldF (g)) Æ gThis equation states that unfold 
onstru
ts a data stru
ture by de
omposingits arguments using the 
oalgebra g.Example 2.1 The unfold operator for the datatype of natural numbers isde�ned as: unfoldN : (a! N a)! a! NatunfoldN g a = 
ase (g a) ofLeft ()! ZeroRight a0 ! Su

 (unfoldN g a0)Example 2.2 In the 
ase of the datatype of lists, unfold is de�ned as:unfoldL : (b! La b)! b! List aunfoldL g b = 
ase (g b) ofLeft ()! NilRight (a; b 0)! Cons a (unfoldL g b 0)2A fun
tion is de�ned by stru
tural 
ore
ursion when its stru
ture depends on thevalues produ
ed as result. 17



For example, the fun
tion enumFromTo, whi
h takes two numbers a and band produ
es the list from a to b, 
an be de�ned in terms of unfoldL as:enumFromTo : Nat ! Nat ! List NatenumFromTo a b = unfoldL (� i : if i > b then Left ()else Right (i; Su

 i)) aExample 2.3 For leaf-labelled binary trees the unfold operator is de�nedas: unfoldB : (b! Ba b)! b! Btree aunfoldB g t = 
ase (g t) ofLeft a! Leaf aRight (t1; t2)! Join (unfoldB g t1) (unfoldB g t2)As example we 
onsider the fun
tion that maps a fun
tion over a tree.mapt : (a! b)! Btree a! Btree bmapt f = unfoldB (� t : 
ase t ofLeaf a! Left (f a)Join (t1; t2)! Right (t1; t2))2.6 HylomorphismThe 
omposition of a fold with an unfold is 
alled a hylomorphism.De�nition 2.12 Given an algebra h : F a! a and a 
oalgebra g : b! F b,an hylomorphism is a fun
tion hyloF h g : b! a de�ned as:hyloF h g = foldF h Æ unfoldF gNote that in this de�nition an intermediate data stru
ture is 
reated. Thereexists an alternative de�nition of hylomorphism whi
h avoids the 
onstru
-tion of this data stru
ture.De�nition 2.13hyloF : (F b! b)! (a! F a)! a! bhyloF h g = h Æ F (hyloF h g) Æ g18



The operators fold and unfold are two spe
ial 
ases of hylomorphisms:foldF h = hyloF h outFunfoldF g = hyloF inF gWe 
an instantiate this operator for any regular datatype. The followingexamples 
onsider the de�nition of hylo for some of them.Example 2.1 For the datatype of lists, hylo is de�ned as follows:hyloL : (La 
! 
)! (b! La b)! b! 
hyloL (h1 O h2) g b = 
ase (g b) ofLeft ()! h1Right (a; b 0)! h2 a (hyloL (h1 O h2) g b 0)For example, the fun
tion that 
omputes the fa
torial of a number is givenby: fa
t : Int! Intfa
t =hyloL (
onst 1 O (�)) gwhere g n = if n < 1 then Left ()else Right (n; n� 1)Example 2.2 The hylo operator 
orresponding to binary trees is de�ned asfollows.data Tree a = Empty j Node (Tree a) a (Tree a)type Ta b = () + b� a� bTa : (b! 
)! (Ta b! Ta 
)Ta f = id+ f � id� fhyloT : (Ta b! 
)! (Ta b ! Ta 
)hyloT (h1 O h2) g b = 
ase (g b) ofLeft ()! h1Right (t1; a; t2)! h2 (hyloT (h1O h2) g t1) a(hyloT (h1O h2) g t2)19



As an example we 
onsider an implementation of the algorithm for sortinglists known as Qui
ksort. It 
an be written as the 
omposition of a fold andan unfold, in whi
h we �rst 
onstru
t a binary sear
h tree with the elements ofthe input list, and then 
atten it into an ordered list by an in-order traversal.qui
ksort : (Ord a)) List a! List aqui
ksort = flatten Æmktreeflatten : Tree a! List aflatten Empty = Nilflatten (Node t1 x t2) = flatten t1 ++ (Cons x Nil) ++ flatten t2mktree : List a! Tree amktree Nil = Emptymktree (Cons a as) = Node (mktree xs) a (mktree ys)where (xs; ys) = split (� a) assplit : (a! Bool)!List a! List a� List asplit p Nil = (Nil ;Nil)split p (Cons a as) = if p a then (Cons a xs; ys)else (xs;Cons a ys)where (xs; ys) = split p asGiven these de�nitions we 
an get the usual de�nition of qui
ksort:qui
ksort =hyloT (
onst Nil O h) gwhere h xs a ys = xs ++ (Cons a Nil) ++ ysg Nil = Left ()g (Cons a as) = Right (zs; a; ws)where (zs; ws) = split (� a) as20



2.7 Type fun
torsA parameterized fun
tor Fa is obtained by �xing the �rst argument of abifun
tor F with a type A. We say that the datatype de�ned as least �xedpoint of the fun
tor Fa is parameterized by type A.For ea
h parameterized datatype, we 
an de�ne a type fun
tor, denotedby D in the following way.D a = �FaD f = foldF (inF Æ F f id)Example 2.1 As an example we 
onsider the list type fun
tor de�ned by:D a = List aD f = foldL (
onst Nil O (� a b : Cons (f a) bs))This 
orresponds to the well-known map fun
tion for lists that is present inmost fun
tional programming languages.

21



3 Short
ut DeforestationThe deforestation algorithm proposed in [GLJ, Gil96℄ 
onsists basi
ally instandardizing the way in whi
h lists are 
onsumed and produ
ed by twofun
tions foldr and build. The fun
tion foldr is well known in fun
tionalprogramming. It 
orresponds to the fold operator for lists. That is,foldr :: (a -> b -> b) -> b -> [a℄ -> bfoldr f n [℄ = nfoldr f n (x:xs) = f x (foldr f n xs)The fun
tion build is de�ned as:build :: (forall b. (a -> b -> b) -> b -> b) -> [a℄build g = g (:) [℄The main thing about this fun
tion is that it produ
es a list using the 
on-stru
tors (:) and [℄ only.If we build and 
onsume lists using these fun
tions the foldr/build rule
an be applied to eliminate the intermediate list that is 
reated in their
omposition.Law 3.1 (foldr/build rule)If for some �xed type a we haveg: forall b . (a -> b -> b ) -> b -> bthen foldr k z ( build g ) = g k zThe polymorphi
 restri
tion on g guarantees that g 
onstru
ts its resultonly using its two arguments. That way, we ensure that build does not useother fun
tions than the list 
onstru
tors to produ
e a list as result.The proof of this law is given by the \free theorem" asso
iated with g'stype ([Wad89℄). 22



ProofThe \free theorem" for g's type is that: For all types b and b', and fun
-tions f: a -> b -> b, f': a -> b' -> b', and (a stri
t) h: b -> b'the following rule holds:(forall x:a . forall y:b . h (f x y) = f' x (h y))=> (forall y:b . h (g f y) = g f'(h y))We instantiate this rule by taking h = foldr k z, f = (:), and f' = k,obtaining:(forall x:a . forall y:b . foldr k z (x:y) = k x (foldr k z y))=> (forall y:b . foldr k z (g (:) y) = g k (foldr k z y))The left hand side holds va
uously sin
e it is a 
onsequen
e of the de�nitionof foldr. Therefore, the rule redu
es to:forall y:b . foldr k z (g (:) y) = g k (foldr k z y)If we let y = [℄ and apply foldr's de�nition, we �nally get:foldr k z (g (:) [℄) = g k zwhi
h is the result we wanted to prove. 2As an example of the a
tion of this rule we 
onsider the following fun
tiontaken from [Gil96℄.sumFromTo :: Int -> Int -> IntsumFromTo = sum . enumFromTowhere sum [℄ = 0sum (x:xs) = x + sum (xs)enumFromTo n m = if (n>m) then [℄else n: enumFromTo (n+1) m23



First, we rewrite the list 
onsumption fun
tion sum in terms of foldr, andthe list produ
tion fun
tion enumFromTo in terms of build.sum = foldr (+) 0enumFromTo a b =build (\
 n ->letenumFromTo' a b = if a>b then nelse 
 a (enumFromTo' (a+1) b)in enumFromTo' a b)Then, we apply the foldr/build rule and �-redu
tions to get:sumFromTo a b =letenumFromTo' a b = if a>b then 0else a + (enumFromTo' (a+1) b)in enumFromTo' a bAs we 
an see, this de�nition of sumFromTo does not use any intermediatelist.In order to apply this rule automati
ally, some fun
tions of the standardlibraries of Haskell have been de�ned using foldr and build. (see [GLJ℄)3.1 The destroy/unfoldr transformationThe dual rule of foldr/build was de�ned in [Sve02℄. The rule, 
alleddestroy/unfoldr, is based on the fun
tions unfoldr and destroy whi
hprodu
e and 
onsume a list respe
tively.The fun
tion unfoldr 
orresponds to the unfold operator for lists. Thatis:unfoldr :: (b -> Maybe (a, b)) -> b -> [a℄unfoldr f b = 
ase f b of 24



Nothing -> [℄Just (a, b') -> a: unfoldr f b'Here the fun
tion f is applied to b to determine whether we shall produ
eone more element of the output list or return the empty list.The de�nition of destroy is:destroy :: (forall a. (a -> Maybe (b, a)) -> a -> 
) -> [b℄ -> 
destroy g xs = g listpsi xswhere listpsi :: [a℄ -> Maybe (a, [a℄)listpsi [℄ = Nothinglistpsi (x:xs) = Just (x, xs)The main thing about this fun
tion is the �rst argument of g, the fun
tionlistpsi, whi
h is used to inspe
t the list. We ensure that g 
onsumes a listby doing pattern mat
hing on it using the fun
tion listpsi, through whi
hg 
an 
reate a kind of view of the list.The destroy/unfoldr rule is stated as:Law 3.2 (destroy/unfoldr rule)If for some �xed type b and 
 we have:g :: forall a. (a -> Maybe(b, a)) -> a -> 
then destroy g (unfoldr f e) = g f eAs with the foldr/build law, this law also requires a polimorphi
 re-stri
tion on g. This restri
tion guarantees that g only uses its �rst argumentto inspe
t a list.We prove this law by proving its generalization to any algebrai
 datatypein the next se
tion.
25



3.2 A
id RainThe a
id rain law was proposed by Takano and Meijer [TM95℄ with the aimto generalize the foldr/build rule to any algebrai
 datatype. They obtainedthis theorem by repla
ing in the foldr/build rule the fun
tion foldr by anarbitrary fold, the 
onstru
tors (:) and [℄ by the initial algebra inF , andthe arguments k and z by an arbitrary F -algebra.Law 3.3 (A
id Rain: Catamorphism)g : 8b : (F b! b)! a! b) foldF (h) Æ (g inF ) = g hwhere a is some �xed type.ProofThe \free theorem" for g's type is that: For all types a and a0, and fun
tionsh : F a ! a, h0 : F a0 ! a0 , and (a stri
t) f 0 : a ! a0 the following ruleholds: f 0 Æ h = h0 Æ (F f 0)) f 0 Æ (g h) = g h0We instantiate this result by taking f 0 = foldF (f), h = inF , and h0 = f ,obtaining:foldF (f) Æ inF = f Æ (F foldF (f))) foldF (f) Æ (g inF ) = g fThe left hand side of this rule holds be
ause fold satis�es its de�ning �xedpoint equation. Therefore, we obtain the desired result. 2This law 
orresponds to the most general version of A
id Rain, in thesense that fun
tion g has an extra parameter. The addition of this parameterpermits to express the law on the fun
tion level, where we 
an take the dualof it.The dual of this rule is the following law:26



Law 3.4 (A
id Rain: Anamorphism)h : 8b : (b! F b)! b! a) (h outF ) Æ unfoldF (g) = h gwhere a is some �xed type.We prove this law as a free theorem in the same way as the previous one.ProofThe \free theorem" for h's type is that: For all types a and a0, and fun
tionsf : a! F a, f 0 : a0 ! F a0 , and g0 : a! a0 the following rule holds:F g0 Æ f = f 0 Æ g0 ) h f = (h f 0) Æ g0We instantiate this result by taking g0 = unfoldF (h), f = h and f 0 = outF ,obtaining:F unfoldF (h) Æ g = outF Æ unfoldF (h) ) h g = (h outF ) Æ unfoldF (h)The premise of this rule is the �xed point de�nition of unfold. Therefore, weobtain the desired result. 23.3 The foldr/augment transformationThe fun
tion build 
an not always be used to represent list produ
ers fun
-tions. For example, 
onsider the following de�nition of append:xs ++ ys = foldr (:) ys xsIf we try to express append in terms of build, by abstra
ting (:) and [℄, weobtain this:xs ++ ys = build gwhere g 
 n = foldr 
 ys xs 27



This de�nition is ill-typed, sin
e the type of g is not general enough. Theproblem is that the 
ons 
ells in the list ys are not abstra
ted, so ys has typelist instead of b (see 3.1).To solve this problem, Gill [Gil96℄ introdu
es the augment fun
tion, whi
hgeneralizes build by abstra
ting the 
onstru
tor [℄ in a list:augment :: (forall b. (a -> b -> b) -> b -> b) -> [a℄ -> [a℄augment g ys = g (:) ysNow, the append fun
tion 
an be de�ned in terms of augment by,xs ++ ys = augment g yswhere g 
 n = foldr 
 n xsThe build fun
tion 
an be expressed in terms of augment as:build g = augment g [℄The foldr/build rule generalizes to foldr/augment:Law 3.5 (foldr/augment rule)If for some �xed type a we haveg:: forall b . (a -> b -> b ) -> b -> bthen foldr k z ( augment g ys) = g k (foldr k z ys)The generalization of foldr/augment to arbitrary indu
tive datatypesis given in the paper [GUV04℄. This de�nes this law using an alternativesemanti
 of indu
tive types.The augment operator 
an be de�ned for any indu
tive datatype by ab-stra
ting all non-re
ursive 
onstru
tor in build's de�nition. As an example,we 
ondider the augment operator for leaf-labelled binary trees:28



augmentB :: (forall b. (b -> b -> b) -> (a -> b) -> b) -> Btree a-> Btree aaugmentB g f = g Join fThe following fun
tion 
orresponds to the fold operator for leaf-labelledbinary trees:foldB :: (b -> b -> b) -> (a -> b) -> Btree a -> bfoldB j l (Leaf a) = l afoldB j l (Join u t) = j (foldB j l u) (foldB j l t)The foldB/augmentB rule is de�ned as:Law 3.6 (foldB/augmentB rule)If for some �xed type a we haveg:: forall b . (b -> b -> b) -> (a -> b) -> bthenfoldB j l (augmentB g f) = g j (foldB j l . f)
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4 MonadsMonads are used in fun
tional programming for des
ribing a wide range ofprogramming language features su
h as global state, ex
eptions, I/O and non-determinism. The 
on
ept of monad 
omes originally from 
ategory theory.It was proposed by Moggi [Mog91℄ as a devise to stru
ture denotational se-manti
s des
riptions of programming languages, and then applied by Wadler[Wad95℄ to stru
ture fun
tional programs.In this se
tion, we brie
y introdu
e monads. We will give its de�nitionin the 
ontext of fun
tional programming.4.1 De�nitionA monad is de�ned as a kleisli triple (m, return, >>=) where:- m is a fun
tor- return : a -> m a is a polimorphi
 fun
tion, and- (>>=): m a -> (a -> m b) -> m b is a polimorphi
 operator, 
alledbind.Monads permit to make a distin
tion between values and 
omputations.An obje
t of type m a is usually understood as a 
omputation that yields avalue of type a. In fun
tional programming a 
omputation may raise ex
ep-tions, a
t on states, generate outputs, or produ
e any other e�e
t.A fun
tion of type a -> m b is 
alled a monadi
 fun
tion. This 
an beread as a fun
tion that takes a value of type a and returns a value of type b,with a possible additional e�e
t 
aptured by m.The fun
tion return 
an be interpreted as the in
lusion of values into
omputations that yield these values without produ
ing any e�e
t. The bindoperator spe
i�es the way in whi
h 
omputations 
an be sequen
ed. Theexpression m >>= \x -> m' 
an be read as: evaluate 
omputation m, bindthe resulting value to the variable x, and then evaluate m' passing the e�e
t30



around. The way in whi
h e�e
ts are propagated throughout 
omputationsdepends on the spe
i�
 monad.The 
omponents of a kleisli triple (m, return, >>=) must satisty thefollowing three laws:1. Right identity m >>= \x -> return = m2. Left identity return a >>= \x -> m = m[x:=a℄3. Asso
iativity (m >>= \x -> m') >>= \x -> m'' =m >>= \x -> (m' >>= \x -> m'')4.2 Monads in HaskellMonads 
an be de�ned in Haskell using 
lasses.
lass Monad m wherereturn :: a -> m a(>>=) :: m a -> (a -> m b) -> m bWhen instantiating this 
lass with parti
ular de�nitions of return and (>>=)one must 
he
k that they satisfy the mondad laws given above.Another useful operator for sequen
ing two 
omputations is the following:(>>) :: Monad m => m a -> m b -> m bm >> m' = m >>= \_ -> m'In the expression m >> m' the result yielded by m is not used by the 
ompu-tation m', only the e�e
t is passed around.Example 4.1 (Identity) The trivial monad is the identity monad, de�nedas:data Id a = I a 31



instan
e Monad Id wherereturn a = I a(I a) >>= f = f aExample 4.2 (Ex
eption) The ex
eption monad is de�ned to model pro-grams with ex
eptions.data Ex
 a = Ok a | Fail Ex
eptiontype Ex
eption = ...instan
e Monad Ex
 wherereturn a = Ok a(Ok a) >>= f = f a(Fail e) >>= f = Fail eThe fun
tion return simply takes a value and returns it. The bind operatorpropagates an ex
eption if the �rst argument is an ex
eption, or applies these
ond argument to the value returned by the �rst one, in other 
ase.When there is a unique ex
eption value, the Maybe monad is used insteadof the ex
eption monad.data Maybe a = Just a | Nothinginstan
e Monad Maybe wherereturn a = Just a(Just a) >>= f = f a(Nothing) >>= f = NothingExample 4.3 (State) The state monad models programs that handle astate. In this monad a 
omputation is a state transformer that a

epts aninitial state and returns a value and a �nal state.data State s a = State (s -> (a, s))32



instan
e Monad State wherereturn a = State (\s -> (x, s))(State m) >>= f = State (\s -> let (s', a) = m sState m' = f ain m' s' )The fun
tion return takes a value and returns a 
omputation that yieldsthis value, leaving the state un
hanged. The bind operator applies the �rst
omputation to an initial state, yielding a value a and a state s', and thenapplies the se
ond 
omputation to a and s'.Example 4.4 (Output) The Output monad was de�ned to model pro-grams whi
h generate outputs. In this monad, a 
omputation 
onsists ofthe output generated paired with the value returned. We de�ne the Outputmonad for outputs of type string.data Output a = C (String, a)instan
e Monad Output wherereturn a = C ("", a)C (x,a) >>= f let C (y, b)= f a in(x ++ y, b)The fun
tion return takes a value and returns no output paired with thisvalue. The bind operator applies the two 
omputations and returns as outputthe 
on
atenation of the outputs produ
ed by ea
h of the 
omputations.4.2.1 The do notationHaskell provides an alternative notation for writing monadi
 programs, 
alledthe do notation.In general, programs written with this notation are easier to read thanthose written using the operators (>>=) and (>>). The syntax of a doexpression is de�ned by the following rules:33



do {x <- m; m'} = m >>= \x -> do {m'}do {m; m'} = m >>= do {m'}do {m} = m

34



5 Monadi
 Short
ut DeforestationIn this se
tion we present a monadi
 generalization of the a
id rain law andits dual whi
h will permit us to apply deforestation to programs with e�e
ts.The programs we want to fuse are written as the 
omposition of a monadi
fun
tion, that produ
es or 
onsumes a data stru
ture, with a re
ursive fun
-tion. We will 
onsider the 
ases in whi
h this re
ursive fun
tion is a fold oran unfold.5.1 Monadi
 A
id RainTo obtain a de�nition of this law for the monadi
 
ase we think of the fun
tiong in the a
id rain law as an e�e
t-produ
ing fun
tion and then we derive the\free theorem" asso
iated with its type. That is, we 
onsider a fun
tion gwith type: g : 8 a : (F a! a)! 
! m awhere 
 is some �xed type.The \free theorem" asso
iated with g's type states that: for all types band b0, and fun
tions f : F b! b, f 0 : F b0 ! b0 and h0 : b! b0, the followingimpli
ation holds:h0 Æ f = f 0 Æ F h0 ) (m h0) Æ (g f) = g f 0We instantiate this theorem by taking h0 := foldF (h), f := inF and f 0 := h,obtaining:foldF (h) Æ inF = h Æ F foldF (h) ) (m foldF (h)) Æ (g inF ) = g hThe premise of this rule va
uously holds be
ause fold satis�es its de�ning�xed point equation.Finally, we de�ne the monadi
 a
id rain law as the 
on
lusion of this rule:35



Law 5.1 (Monadi
 a
id rain: fold) Let 
 be some �xed type,g : 8a : (F a! a)! 
! m a) (m foldF (h)) Æ (g inF ) = g h5.2 Monadi
 A
id Rain (dual)To obtain a de�nition of the dual of a monadi
 a
id rain law we pro
eed in asimilar way as before. First, we de�ne the type of the polymorphi
 fun
tiong as: g : 8 a : (a! F a)! a! m 
The next step is to 
onsider the \free theorem" asso
iated with g's type.That is: for all types b and b0, and fun
tions f : b! F b, f 0 : b0 ! F b0 andh0 : b! b0, the following rule holds:F h0 Æ f = f 0 Æ h0 ) g f = (g f 0) Æ h0We instantiate this theorem by taking h0 := unfoldF (h), f := h and f 0 :=outF , obtaining the following:F unfoldF (h) Æ h = outF Æ unfoldF (h) ) g h = (g outF ) Æ unfoldF (h)By de�nition of unfold the premise of this rule is va
uously true. Therefore,we get the following law.Law 5.2 (Monadi
 a
id rain: unfold) Let 
 be some �xed type,g : 8a : (a! F a)! a! m 
) g f = (g outF ) Æ unfoldF (f)
36



5.3 Relationship with other fusion lawsWe note that fun
tion m foldF (f) in law 5.1 does not produ
e any e�e
t.This may be seen as a drawba
k sin
e it means that we won't be able toapply deforestation to the 
omposition of two e�e
tful fun
tions. An exam-ple of a transformation for su
h a situation was given by Meijer and Jeuring[MJ℄. They de�ned a rule for eliminating intermediate lists in the 
omposi-tion of monadi
 programs. Their rule 
an be generalized to other algebrai
datatypes, but important restri
tions need to be added in order to make therule appli
able.Law 5.1 
an be spe
ialized to obtain the fusion laws mhylo-fold and mfold-fold presented in [Par01, Par05℄, by instantiating the polimorphi
 fun
tion gwith parti
ular fun
tions 
alled monadi
 hylomorphisms. In a similar way,law 5.2 
an be instantiated to obtain fusion laws relating monadi
 hylomor-phisms with unfolds, for instan
e the laws unfold-mhylo and unfold-unfold.Finally, 
omparing law 5.2 with law 3.4, the di�eren
e between them isonly the type of the fun
tion g. In law 5.2, g must return a 
omputationof type m 
 while in law 3.4, it returns a value of type 
. Sin
e there isno restri
tion in how we 
hoose 
 in law 3.4, we 
an 
on
lude that law 5.2is a parti
ular 
ase of the other. As a 
onsequen
e of this fa
t, the lawsunfold-mhylo and unfold-unfold are also instan
es of law 3.4.[Falta: Dar un 
ontraejemplo de que no se puede fusionar 2 fun
iones queprodu
en efe
tos℄5.4 Case study: A monadi
 InterpreterIn this se
tion we present an example of a simple interpreter for arithmeti
expressions that illustrates the appli
ation of the monadi
 a
id rain law. We
onstru
t an interpreter in two phases. First we build a monadi
 parser ofsimple expressions and then we de�ne a fun
tion whi
h evaluates the resultof this parser.
37



5.4.1 Monadi
 ParserWe start by de�ning a type for parsers:newtype Parser a = Parser (String ! list (a� String))That is, a parser of type a is a fun
tion that takes a state representing thestring to be parsed, and returns a list 
ontainning a value of type a parsedfrom the string, and a state representing the remaining string to be parsed.The 
onvention is that the empty list denotes failure of a parser, and a non-empty list denotes su

ess. We say that a parser is deterministi
 if it allwaysreturns an empty list or a singleton list.The type 
onstru
tor Parser 
an be made into an instan
e of the 
lassMonad as follows:apply : Parser a! (String ! list (a� String))apply (Parser p) = pInstan
e Monad Parser wherereturn a = Parser (� xs : Cons (a; xs) Nil)p >>= f = Parser (� xs : 
on
at (map g (apply p xs)))where g (a; b) = apply (f a) bThis means that return takes a value and returns this without 
onsumingany input. The bind operator is a sequen
ing operator for parsers. Theparser p >>= f takes an input string xs and �rst applies p to xs to give alist of pairs of the form (ai; asi), then apply the parser f ai to ea
h stringasi. The result is a list of lists that is 
on
atenated to give the �nal list ofresults.Let us start by de�ning some primitive parsers.One of them is the parser item, whi
h returns the �rst 
hara
ter of theinput string and fails if the input is the empty list.38



item : Parser Charitem = Parser (� xs : 
ase xs ofNil! NilCons a xs0 ! Cons (a; xs0) Nil)The parser zero takes an input string and always fail.zero : Parser azero = Parser (� xs : Nil)The following parser is used for 
onsuming 
ertain spe
i�
 
hara
ters. Itstakes a predi
ate and yields a parser that returns the �rst 
hara
ter of theinput string if it satis�es the predi
ate, and fails otherwise.sat : (Char! Bool)! Parser Charsat p = item >>= (� x : if p x then return xelse zero)Using sat, we de�ne two parsers for spe
i�
 
hara
ters and single digits.
har : Char ! Parser Char
har x = sat (� y : x == y)digit : Parser Chardigit = sat (� x : x �0 00 ^ x �0 90)To form more useful parsers we will use the following parser 
ombinator.We de�ne the operator < j>, whi
h takes two parsers p1 and p2 and 
omputesas follows: applies the parser p1, if it fails then applies p2.(< j>) : Parser a! Parser a ! Parser ap1 < j> p2 = Parser (� s : let rs = (apply p1) s inif null rs then (apply p2) selse rs)39



5.4.2 Syntax AnalizerWe will 
onsider a parser for simple arithmeti
 expressions given by thefollowing datatype de
laration:data Exp ::= Add Exp Exp j Num IntThe stru
ture of this datatype is 
apture by the fun
tor E de�ned by:type E a = Int + Exp� ExpE : (a! b)! (E a! E b)F f = id+ f � fA sintax analizer for expressions of type Exp is given by the followingfun
tion: syntaxE : Parse r ExpsyntaxE = do f n digit;do f 
har 0+0;e syntaxE;return (Add (Num (ord n)) e) g< j> return (Num n) gThis fun
tion 
onstru
ts a value of type Exp by examining the string 
on-taining in the state. Sin
e this string is not an argument of the fun
tion, we
an not represent this dire
tly as a monadi
 build. First, we need to regardthis fun
tion as a fun
tion of type 1 ! Parser Exp. Doing so, and by ab-stra
ting the 
onstru
tors Num and Add from the de�nition of syntaxE, weobtain this:
40



buildmE : (8a : (E a! a)! 1! m a)! 1! ExpbuildmE g = g (Num O Add)syntaxE : 1! Parser ExpsyntaxE = buildmE gAddgAdd (h1Oh2) i = do f n digit;do f 
har 0+0;e syntaxE i;return (h2 (h1 (ord n)) e) g< j> return (h1 n) g5.4.3 EvaluationThe last phase of the 
onstru
tion of this monadi
 interpreter is the eval-uation of an expression. In this 
ase evaluating an expression will yield anumber.We 
onsider the following fun
tion whi
h evaluates an arithmeti
 expres-sion. eval : Exp! Inteval (Num n) = neval (Add e1 e2) = (eval e1) + (eval e2)We 
an de�ne this fun
tion in terms of foldE as:eval = foldE (id O (+))foldE : (E a! a)! Exp! afoldE (h1O h2) e = 
ase e ofNum n! h1 nAdd e1 e2 ! h2 (foldE (h1O h2) e1) (foldE (h1O h2) e2)41



Now, we 
an build an interpreter of arithmeti
 expressions by 
omposingthe fun
tion syntaxE with eval as follows:interpreter : 1! Parser Intinterpreter = m eval Æ syntaxEInlining the de�nitions of eval and syntaxE we obtain the following de�nition:interpreter = m foldE (id O (+)) Æ (buildmE gAdd)We 
an now apply the monadi
 a
id rain law to transform this de�nitioninto a more eÆ
ient one, whi
h does not generate any intermediate datastru
ture: interpreter = gAdd (id O (+))
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6 ImplementationIn this se
tion we present an implementation of the monadi
 a
id rain lawsin the Glasgow Haskell Compiler (GHC), obtained by using the rule pragmaof GHC [JTH01℄.6.1 Rewrite Rules in GHCWe start with a brief overview of the rewrite rule me
hanism implementedin GHC. The basi
 idea of this me
hanism is to allow the programmer toexpress rewrite rules that will be taken into a

ount by the 
ompiler. Rewriterules are expressed using Haskell syntax and must be en
losed in a pragma,whi
h is an expression between bra
kets of the form f-# ... #-g . This
onvention allows a non-optimizing 
ompiler to ignore the rules.As an example, 
onsider the following rule whi
h is used to repla
e theexpression map f (map g xs) by the equivalent one map (f.g) xs.{-# RULES"map/map" forall f g xs .map f (map g xs) = map (f . g) xs#-}Throughout a 
ompilation, GHC tries to spot instan
es of the left handside of a rule, and rewrites them into the right hand side.The form of a rule has a restri
tion. The left hand side of it must be afun
tion appli
ation.6.2 The mmap/foldr/buildm ruleWe want to add rewrite rules that implement instan
es of the law 5.1 onparti
ular datatypes.For example, the instan
e of law 5.1 for lists gives rise to the rulemmap/foldr/buildm. 43



mmap :: Monad m => ( a -> b) -> (m a -> m b)mmap f m = m >>= \a -> return (f a)buildm :: Monad m => (forall b. (a -> b ->b) -> b -> m b) -> m [a℄buildm g = g (:) [℄{-# RULES "mmap/foldr/buildm"forall k z (g :: Monad m => (forall b. (a -> b -> b) -> b -> m b)) .mmap (foldr k z) (buildm g) = g k z#-}The fun
tion buildm is the monadi
 version of build (see se
tion 3.1).This fun
tion 
onstru
ts a list by applying a monadi
 fun
tion g to thelist 
onstru
tors (:) and [℄. The rule states that, when (foldr k z) isapplied to the value returned by buildm, we 
an eliminate the intermediatelist by applying g to k and z, provided that g has type forall b.(a -> b-> b) -> b -> m b. The presen
e of mmap means that the e�e
t produ
edby buildm is simply propagated.To use the rule mmap/foldr/buildm for removing intermediate lists wemust express monadi
 list generating fun
tions in terms of buildm and list
onsuming fun
tions in terms of foldr. In �gures 1 and 2 we show somefun
tions taken from standard libraries de�ned in terms of buildm and foldr.6.2.1 Restri
tionOne 
an �nd a restri
tion with the appli
ation of the rule mmap/foldr/buildm.A programmer who don't know the existen
e of this rule 
ould write his pro-grams using a do notation instead of the fun
tion mmap.We would like to express the rule mmap/foldr/buildm using a mu
h more
ommon way to write monadi
 programs:{-# RULES "mmap/foldr/buildm"forall k z (g :: Monad m => (forall b. (a -> b -> b) -> b -> m b)) .do { xs <- buildm g ; return (foldr k z xs)} = g k z44



zipWithM :: Monad m => (a -> b -> m 
) -> [a℄ -> [b℄ -> m [
℄zipWithM f xs ys = buildm (\
 n ->let zip' (x:xs') (y:ys') = do p <- f x yzs<- zip' xs' ys'return (
 p zs)zip' _ _ = return nin zip' xs ys )getLine :: IO StringgetLine = buildm (\
 n -> do x <- getCharif x == '\n' then return nelse do xs <- getL' 
 nreturn (
 x xs) )a

umulate :: Monad m => [m a℄ -> m [a℄a

umulate xs = buildm (\
 n -> let f xs = 
ase xs of[℄-> return n(x:xs')-> do y <- xys<- f xs'return (
 y ys)in f xs )mapM :: Monad m => (a -> m b) -> [a℄ -> m [b℄mapM f xs = buildm (\
 n -> let g xs = 
ase xs of[℄-> return n(x:xs')-> do y <- f xys <- g xs'return (
 y ys)in g xs )hGetContents :: Handle -> IO StringhGetContents h = buildm (\
 n -> do eof <- hIsEOF hif eof then hClose h >> return nelse do x <- hGetChar hxs <- hgetC 
 nreturn (
 x xs) )Figure 1: De�nitions of some standard fun
tions using buildm45



a

umulate :: Monad m => [m a℄ -> m [a℄a

umulate = foldr (\ma mb -> do x <- maxs<- mbreturn (x:xs))(return [℄)
on
atMap :: (a -> [b℄) -> [a℄ -> [b℄
on
atMap f = foldr (\x xs -> (f x) ++ xs) [℄length :: [a℄ -> Intlength = foldr (\x n -> n+1) 0mapM :: Monad m => (a -> m b) -> [a℄ -> m [b℄mapM f = foldr (\a mb -> do y <- f ays<- mbreturn (y:ys))(return [℄)produ
t :: Num a => [a℄ -> aprodu
t = foldr (*) 1sum :: Num a => [a℄ -> asum = foldr (+) 0and :: [Bool℄ -> Booland = foldr (&&) Trueunlines :: [String℄ -> Stringunlines = foldr (\ x y -> x++"\n"++y) [℄map :: (a -> b) -> [a℄ -> [b℄map f = foldr (\ x y -> f x : y) [℄Figure 2: De�nitions of some standard fun
tions using foldr
46



#-}However, this new form of writing the rule 
an not be added to GHC. Theproblem is that the left hand side of the rule is not a fun
tion appli
ation. Onealternative 
ould be the addition of a prepro
essing that applies a synta
ti
transformation to programs in order to repla
e some uses of the do-notationby mmap.6.3 The destroy/unfoldr ruleInstead of de�ning a rule for the dual of monadi
 a
id rain law, we use therule destroy/unfoldr, whi
h is the implementation of law 3.4 for lists. Therewrite rule asso
iated with this transformation is written as:{-# RULES "destroy/unfoldr"forall k e (g :: forall a. (a -> Maybe(b, a)) -> a -> 
) .destroy g (unfoldr f e) = g f e#-}This rule states that when destroy 
onsumes the result of applying unfoldrto f and e we 
an eliminate the intermediate list by applying g to f and e,provided that g has type forall a.(a -> Maybe(b, a)) -> a -> m 
.Sin
e we are interested in the appli
ation of the rule destroy/unfoldrto monadi
 programs, we only write list 
onsuming fun
tions that produ
ese�e
ts in terms of destroy.Figure 3 and 4 show some fun
tions of standard libraries de�ned in termsof destroy and unfoldr.6.4 Case StudiesWe present two small examples that illustrate how deforestation is 
arriedout. In ea
h of them we measure eÆ
ien
y improvements obtained by theappli
ation of deforestation. 47



putStr :: String ->IO ()putStr xs = destroy putS xswhere putS f xs = 
ase f xs ofNothing -> return [℄Just (
,
s) -> putChar 
 >> putS f 
sfoldM :: Monad m => (a -> b -> m a) -> a -> [b℄ -> m afoldM f z xs = destroy foldM' xswhere foldM' f xs = 
ase f xs ofNothing -> return zJust (x, ys) -> f z x >> foldM' f ysa

umulate :: Monad m => [m a℄ -> m [a℄a

umulate xs = destroy a

 xswhere a

 f xs = 
ase f xs ofNothing -> return [℄Just (
, 
s)-> do y <- 
ys<- a

 f 
sreturn (y:ys)mapM :: Monad m => (a -> m b) -> [a℄ -> m [b℄mapM f xs = destroy mapM' xswhere mapM' f xs = 
ase f xs ofNothing -> return [℄Just (
, 
s)-> do y <- f 
ys<- mapM' f 
sreturn (y:ys)hPutStr :: Handle -> String -> IO ()hPutStr h xs = destroy hPutS xswhere hPutS f xs = 
ase f xs ofNothing -> return ()Just (
,
s) -> hPutChar h 
 >> hPutS f 
sFigure 3: De�nitions of some standard fun
tions using destroy48



init :: [a℄ -> [a℄init = unfoldr (\xs -> 
ase xs of[x℄ -> Nothing(x:xs') -> Just(x,xs'))iterate :: (a -> a) -> a -> [a℄iterate f = unfoldr (\x -> Just(x, f x))repli
ate :: Int -> a -> [a℄repli
ate n x = unfoldr (\y -> if y==0 then Nothingelse Just (x, y-1)) ntakeWhile :: (a -> Bool) -> [a℄ -> [a℄takeWhile p = unfoldr (\xs ->
ase xs of[℄ -> Nothing(x:xs') -> if p x then Just(x, xs')else Nothing)zip :: [a℄ -> [b℄ -> [(a,b)℄zip xs ys = unfoldr (\(ms, ns) ->
ase ms of[℄ -> Nothing(x:ms') -> 
ase ns of[℄ -> Nothing(y:ns') -> Just ((x,y), (ms', ns')))(xs,ys)zipWith :: (a->b->
) -> [a℄->[b℄->[
℄zipWith f xs ys = unfoldr (\(ms, ns) ->
ase ms of[℄-> Nothing(x:ms')-> 
ase ns of[℄-> Nothing(y:ns')-> Just (f x y, (ms', ns')))(xs,ys)enumFromTo x y = unfoldr (\i -> if i>y then Nothingelse Just (i, i+1)) xFigure 4: De�nitions of some standard fun
tions using unfoldr49



6.4.1 Example 1We 
onsider �rst a program that eliminates the 
hara
ter ^M from a �le.main = do xs <- hGetContents hys <- return (filter (/='\^M') xs)hPutStr h ysTo apply the rule mmap/foldr/builm we need to rewrite this fun
tion interms of mmap.main = do xs <- mmap (filter (/='\^M')) (hGetContents h)hPutStr h xsIf we unfold these fun
tions we get:main = do xs <- mmap (foldr (\x xs-> if (x /='\^M') then (x:xs)else xs) [℄)(buildm hgetC')hPutStr h xswhere hgetC' 
 n = do eof <- hIsEOF hif eof then hClose h >> return nelse do x <- hGetChar hxs <- hgetC' 
 nreturn (
 x xs)Now we 
an apply the mmap/foldr/buildm rule and �-redu
tions, obtainingthe following de�nition, whi
h reads and �lter the �le simultaneously.main = do xs <- hgetChPutStr h xswhere hgetC = do eof <- hIsEOF hif eof then hClose h >> return [℄else do x <- hGetChar hxs <- hgetCreturn (if (x /='\^M') then (x:xs) else xs)50



Observe that the intermediate list between hGetContents and filter waseliminated. The list between hgetC and hPutStr 
an not be eliminated usingthe rule mmap/foldr/buildm, sin
e both fun
tions produ
e e�e
ts.We run this program with a �le of 630 Kbytes. Compiled without addingthe rule mmap/foldr/buildm to GHC, it took 3.38 se
onds and allo
ated atotal of 196 Megabytes of memory. Compiled with the rule, it run in 2.76se
onds and allo
ated 178 Megabytes of memory. So it had a speed up of18,34 % and allo
ated 9.18 % less memory.6.4.2 Example 2We 
onsider now a fun
tion that 
ompares two lists and prints as result a listof 
hara
ters '0' and '1', where '1' represents 
oin
iden
e and '0' the 
ontrary.This fun
tion 
an be de�ned as:main = putStr (zipWith g xs ys)where g x y = if (x==y) then '1' else '0'Unfolding putStr and zipWith, we obtain:main = destroy putS (unfoldr (\(ms, ns) ->
ase ms of[℄ -> Nothing(x:ms')-> 
ase ns of[℄ -> Nothing(y:ns')-> Just (g x y, (ms', ns')))(xs,ys))where putS f xs = 
ase f xs ofNothing -> return ()Just (
,
s) -> putChar 
 >> putS f 
sg x y = if (x==y) then '1' else '0'After applying the rule destroy/unfoldr we get the more eÆ
ient de�nition:51



main = putS (\(ms, ns) ->
ase ms of[℄-> Nothing(x:ms')-> 
ase ns of[℄-> Nothing(y:ns')-> Just (g x y, (ms', ns')))(xs,ys)where putS f xs = 
ase f xs ofNothing -> return ()Just (
,
s) -> putChar 
 >> putS f 
sg x y = if (x==y) then '1' else '0'We gave two lists of size 3.8 Megabytes as argument to this fun
tion.Compiled without the rule destroy/unfoldr, it takes 9.76 se
onds and allo-
ates a total of 1120 Megabytes of memory. Compiled with the rule, it takes8.28 se
onds and 
onsumes 944 Megabytes of memory. This means a speedup of 15.16 % and a redu
tion of 15.71 % in memory allo
ation.6.5 Measuring resultsTo get an idea of what e�e
ts the rules produ
e on the eÆ
ien
y of programs,we measure run time and memory allo
ation for a set of programs.Table 5 gives the results of applying the rule mmap/foldr/buildm to 10programs written using some fun
tions de�ned in Figures 1 and 2. As we 
ansee, the appli
ation of this rule produ
es signi�
ant 
hanges in the eÆ
ien
yof some programs and does not produ
e mayor 
hanges in the eÆ
ien
y ofothers. None of the programs is getting worse with the appli
ation of therule. The best one improves 45% its run time and 97% its memory allo
ation,whereas the worst 
ase improves only 1:4% in run time and 4:8% in memoryallo
ation. In average it produ
es an improvement of 19.6 % in run time and19.9 % in memory allo
ation. 52



Table 6 gives the results of applying the rule destroy/unfoldr to 10programs written using the fun
tions de�ned in Figures 3 and 4. The im-provement is similar in all these programs. Run time de
reases 20.9 % inaverage and memory allo
ation de
rease 25.5 % in average.Program De
rease in De
rease inrun time (%) allo
ation (%)1 31.5 50.32 22.1 20.03 11.2 20.04 36.0 32.55 1.4 4.86 13.5 4.87 20.6 4.88 6.7 20.09 7.9 0.810 45.0 97.2Figure 5: Run time and memory allo
ation improvements for rulemmap/foldr/buildm6.6 The mmap/foldR/buildRm ruleLet us now instantiate the law 5.1 for rose trees.data Rose a = Empty | Fork a [Rose a℄buildRm :: Monad m => (forall b. (a -> [b℄ ->b) -> b -> m b) -> m (Rose a)buildRm g = g Fork EmptyfoldR :: (a -> [b℄ -> b) -> b -> Rose a -> bfoldR k z Empty = z 53



Program De
rease in De
rease inrun time (%) allo
ation (%)1 16.3 21.62 24.6 16.73 9.7 15.74 20.4 17.75 28.3 16.96 10.8 15.17 16.4 20.08 25.5 17.79 28.5 38.110 28.8 20.0Figure 6: Run time and memory allo
ation improvements for rule de-stroy/unfoldrfoldR k z (Fork a xs) = k a (map (foldR k z) xs){-# RULES "mmap/foldR/buildRm"forall k z (g :: Monad m => (forall b. (a -> [b℄ -> b) -> b -> m b)).mmap (foldR k z) (buildRm g) = g k z#-}We present an example of a program that 
an be optimized using thisrule. The program takes a rose tree and produ
es as result the sequen
e ofdistin
t elements found by traversing the tree in depth-�rst order. To de�neit we introdu
e �rst the following de�nitions:type MS a b = State [a℄ bisDup :: a -> MS a BoolisDup a = ST (\s -> (any (==a) s, s))54



addS :: a -> MS a ()addS a = ST (\s -> ((), (a:s)))elimDups :: Rose a -> MS a (Rose a)elimDups t = buildRm gwhere g = (\f e -> 
ase t ofEmpty -> return eFork a xs -> do b <- isDup aif b then return eelse do addS ats <- mapM g xsreturn (f a ts))flat :: Rose a -> [a℄flat = foldR (:) [℄The fun
tion elimDups traverses a rose tree in depth-�rst order maintainingin the state the nodes visited along the way. In ea
h iteration, it 
alls thefun
tion isDup to 
he
k if a node of the tree has been visited before. In 
asea node is marked as visited, the fun
tion dis
ards the subtree that has thisnode as root. In other 
ase, it 
alls the fun
tion addS to 
ompute a new stateby inserting the node in the list of visited nodes.The fun
tion flat takes a rose tree and produ
es the sequen
e of nodesthat are found by traversing the tree in depth-�rst order.The program we want to 
ompute is the 
omposition of elimDups andflat:main t = do xs <- mmap flat (elimDups t)return ()After applying the rule mmap/foldR/buildRm and some �-redu
tions, theintermediate tree is removed, leading to the following version:55



main t = do (
ase t ofEmpty -> return [℄Fork a xs -> do b <- isDup aif b then return [℄else do addS ats <- mapM g xsreturn (a:ts))return ()6.7 The mmap/foldr/augmentm ruleIn this se
tion we will present a monadi
 generalization of the foldr/augmentrule.For the de�nition of this rule we need �rst to introdu
e the monadi
version of augment:augmentm :: Monad m => (forall b. (a -> b ->b) -> b -> m b)-> [a℄ -> m [a℄augmentm g ys = g (:) ysThis fun
tion generalizes buildm by abstra
ting the 
onstru
tor [℄ in a list.The mmap/foldr/augmentm rule is stated as:{-# RULES "mmap/foldr/augmentm"forall k z (g :: Monad m =>(forall b.(a -> b -> b) -> b -> m b)).mmap (foldr k z) (augmentm g ys) = g k (foldr k z ys)#-}6.8 The mmap/foldB/augmentBm ruleIn the same way as in the previous se
tion, we 
an write a monadi
 general-ization of the foldB/augmentB rule: 56



augmentBm :: Monad m => (forall b. (b -> b -> b) -> (a -> b) -> m b)-> Btree a -> m (Btree a)augmentBm g f = g Join f{-# RULES "mmap/foldB/augmentBm"forall j l (g :: Monad m => (forall b. (b -> b -> b)-> (a -> b) -> m b)).mmap (foldB j l) (augmentBm g f) = g j (foldB j l . f)#-}
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7 Con
lusionIn this thesis we have presented generalizations of monadi
 short 
ut defor-estation. To de�ne them we needed some notions of 
ategory theory. Thea
id rain theorem and free theorems were also useful to give these de�nitions.We show that the fusion laws obtained here 
over other fusion laws de�nedin [Par01℄ as spe
ial 
ases.We have made an implementation in the Glasgow Haskell 
ompiler, usingrewrites rules, of monadi
 short 
ut deforestation for lists and rose trees. Wedes
ribe some pra
ti
al appli
ations of these, and 
on
lude with a report ofperforman
e improvements on a range of monadi
 programs.The following are possible future works:� The 
onstru
tion of an algorithm that derives foldr, builm, destroyand unfoldr from re
ursive de�nitions, so that monadi
 short 
ut de-forestation be
omes appli
able. A work in this dire
tion 
an be foundin [LS95, ZHT96℄.� The 
onstru
tion of an algorithm whi
h applies a synta
ti
 transforma-tion to programs to introdu
e the fun
tion mmap.� An implementation in GHC of an algorithm that 
hoose among di�er-ent de�nitions of a fun
tion in terms of foldr, destroy, buildm andunfoldr, so that both rules mmap/foldr/buildm and destroy/unfoldr
an be applied.
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